
© The Authors, published by EDP Sciences. This is an open access article distributed under the terms of the Creative Commons 
Attribution License 4.0 (http://creativecommons.org/licenses/by/4.0/).

MATEC Web of Conferences 211, 04005 (2018)	 https://doi.org/10.1051/matecconf/201821104005
VETOMAC XIV

The acoustic waves propagation in a cylindrical wave-
guide with the laminar flow

Alexander Petrov1,∗ and Valentina Rumyantseva2,∗∗

1MISIS National University of Science and Technology
2Bauman Moscow State Technical University

Abstract. The problem of modeling of acoustic wave propagation in inhomo-
geneous flow is considered. There is an approximate analytical solution of the
hydrodynamics equations in the presence of annular acoustic oscillations source
in the case of laminar flow.
Special attention is to paid to the propagation of acoustic waves modes. The am-
plitudes and phases dependences of the individual modes on the Mach number
in the linear approximation were established.

1 Introduction

The task of the gas-air flows measurement is relevant for many areas of science and tech-
nology, for example, such as medicine (spirometry), occupational safety, ventilation control,
etc.

A number of requirements to the sensors of air flow speeds, are imposed, such as: ac-
curacy, reliability, inertia-free, large dynamic range, relatively low cost. The ability to meet
these requirements depends on the measurement principle. In our opinion, the most promis-
ing method for measuring of the velocity of gas-air flow is the acoustic phase method pro-
posed by Professor Shkundin (Russia) [1].

The method consists of mounting two piezoelectric ring transducers (main parts of the
sensor) into the cylindrical waveguide-air duc’s wall . One of them is an acoustic wave trans-
mitter and the other is a receiver. Periodically they turn their roles. An external flow creates
a flow within the sensor as well. The phase of the acoustic signal depends on the flow rate in
the waveguide-air duct. The receiver and transmitter change roles at each measurement step.
Flow velocity values are determined by the phase difference between the signals propagating
along and against the flow.

Samples of such sensors already exist and successfully operate as part of mine anemome-
ters. A theoretical description of this method was developed. However, all models of aero-
acoustic interaction use the approximation of uniform flow. This approximation is correct in
the case of large Reynolds numbers, when the average velocity plot is similar to rectangular.

In this paper, we consider the description of the aeroacoustic interaction with a laminar
flow, i.e. a flow with a parabolic velocity plot. To improve the existing devices, as well
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as to develop new ones: spirometers, anemometers, flowmeters, it is necessary to theoreti-
cally describe the physical processes underlying the measurement principle, i.e. the model of
aeroacoustic interaction in the waveguide-air duct.

Figure 1. Cilindrical waveguard

2 Problem statement

Consider an acoustic waveguide-air duct with a source of acoustic vibrations having the form
of a ring mounted in the wall of the waveguide. We obtain the acoustic field of the wave
propagating from the source. The ring oscillates in the radial direction according to the
harmonic law with a frequency of ω. Since we will not consider reflections from the ends of
the waveguide, let us assume that in this approximation the waveguide of unlimited length
is considered. The walls of the waveguide are considered infinitely rigid. We introduce a
cylindrical coordinate system, as shown in Fig. 1. The problem has cylindrical symmetry,
so vectors have only two components: r = (r, z). Let a laminar flow with a velocity profile
constant along the z axis be established in the waveguide. Then, according to [2], its field
will be determined by the expression (1).

u(r) = 2u
(
1 − r2

R2

)
(1)

where u -the average in cross-section velocity.
To describe the wave field, we use the acoustic approximation. We believe that the pa-

rameters of the medium are the sum of constant and small oscillatory component. vz =
u(r) + v′z, vr = v′r, ρ = ρ0 + ρ

′, p = p0 + p′, where v = (vr, vz) = v(r, t), ρ = ρ(R, t),
p = p(r, t) - speed, density and pressure of the medium, respectively. The boundary condi-
tion for the velocity on the inner wall of the waveguide will be:

vr |r=R =

{
V0eiωt, |z| ≤ h/2

0, |z| > h/2
(2)

Here V0 is the surface of the ring vibration speed amplitude, ω is the angular frequency of
oscillation, i is the imaginary unit.

We solve the basic system of hydrodynamics [3, 5–9]. For the air in the acoustic approx-
imation the viscosity is small. Therefore, the equation of motion for us will be the Euler
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equation for the ideal gas. The equation of continuity:

∂ρ

∂t
+
∂

∂z
(ρvz) +

∂

∂r
(ρvr) +

ρvr
r
= 0 (3)

The equations of motion (longitudinal and radial projections) are

∂vz
∂t
+ vz
∂vz
∂z
+ vr
∂vz
∂r
= − ∂p
ρ∂z

(4)

∂vr
∂t
+ vz
∂vr
∂z
+ vr
∂vr
∂r
= − ∂p
ρ∂r

(5)

where � = ∂2

∂r2 +
1
r
∂
∂r +

∂2

∂z2

However, the inhomogeneity of the flow does not make the velocity field potential (vis-
cosity is taken into account when calculating the shape of the velocity plot), so the solution
will be expressed in the form of the acoustic potential Φ and the current function Ψ. The
vibration speed dependence on these functions has the form:

v′z =
∂Φ

∂z
+

1
r
∂Ψ

∂r
, v′r =

∂Φ

∂r
+

1
r
∂Ψ

∂z
(6)

3 Problem solution

3.1 System of equations obtaining

We obtain a system of differential equations with respect to potentials and acoustic pressure.
To do this we substitute the expression of the medium parameters into the main system and
apply linear approximation for acoustic (vibrational) components. We assume that sound
propagation is adiabatic, supplementing the system with p = c2ρ, where c2 =

∂p′

∂ρ
, c is the

adiabatic speed of sound.
In this case, we introduce the auxiliary function F, and also represent the density as a

relative dimensionless value: ρ̃ = ρ
′

ρ0
. Substituting expressions (6) into the system (3-5) :

(
∂

∂t
+ u
∂

∂z

) (
1
r
∂2Ψ

∂r2 −
1
r2

∂Ψ

∂r
+

1
r
∂2Ψ

∂z2

)
− 4u

r
R2∆Φ = 0 (7)

∂

∂t
Φ + u

∂Φ

∂z
+ c2ρ̃ + F = 0 (8)

(
∂

∂t
+ u
∂

∂z

)
ρ̃ + ∆Φ = 0 (9)

∂F
∂z
=
∂u
∂r

(
∂Φ

∂r
− 1

r
∂Ψ

∂z

)
+

(
∂

∂t
+ u
∂

∂z

)
1
r
∂Ψ

∂r
= 0 (10)

We will look for a solution in the form of:

Φ(r, z, t) = φ(r)ei αct+βz
R , Ψ(r, z, t) = ψ(r)ei αct+βz

R (11)

ρ̃(r, z, t) = Ω(r)ei αct+βz
R , F(r, z, t) = f (r)ei αct+βz

R

Let us introduce the operators:

A =
∂2

∂r2 +
1
r
∂

∂r
, B =

∂2

∂r2 −
1
r
∂

∂r
(12)
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Substituting the form of the solution (11) into equations (7 - 10) and after a series of
transformations, we obtain equations for the radial dependences of the acoustic potential and
current function: (

4βr2α + 8β2r2M
(
1 − r2

)
+ 16Mr3 ∂

∂r

)
φ(r)+ (13)

+iβ
(
B − β2

)
ψ(r) − 4iαrM

∂

∂r
ψ(r) = 0;

i
(
α + βM

(
1 − r2

)) (
B − β2

)
ψ(r) − 4r2

(
A − β2

)
φ(r) = 0.

We will look for a solution in the linear approximation of the Mach number, in the form of

φ = φ0 + Mφ1, ψ = ψ0 + Mψ1, β = β0 + Mβ1, (14)

Substituting the expression (14) into equation (13) we group the components of the equa-
tions by powers of M. We neglect the second order of smallness and divide the system into
two: zero approximation and the first.

Get the equation separately for ψ0 and φ0:
(
A + α2 − β2

0

)
φ0 = 0 (15)

iα
(
B − β2

0

)
ψ0 = −4r2α2φ0 (16)

Then we obtain the equations for the first approximation. The equation for determining
φ1: (

A − β2
0 + α

2
)
φ1 =

(
−4α
(
1 − r2

)
β0 + 2β1β0 − 4rα

1
β0

∂

∂r

)
φ0 +

iα2

β0r
∂

∂r
ψ0; (17)

and the equation to determine ψ1:

(
B − β2

0

)
ψ1 =

(
8ir2
(
1 − r2

)
β0 + 16ir3 1

β0

∂

∂r

)
φ0+ (18)

+4ir2αφ1 +

(
2β1β0 + 4αr

1
β0

∂

∂r

)
ψ0.

We got equations for determining all the components. We solve them.

3.2 Zero approximation solution

We have to start the solution for the zero approximation with Eq. (15). The boundary condi-
tions (2) must be taken into account . This problem is a case of acoustic waves propagation in
a cylindrical waveguide in the presence of a harmonic oscillations circular source in the ab-
sence of a flow. The solution of this problem is presented in [4] if the flow rate is set to zero.
It is the sum of the harmonic components of z - normal modes propagating in two directions
from the source. In our notation we may write

ϕ±(r, z) =
∞∑

n=0

∓AnJ0 (µnr) e∓isnz, where An =
2iRv0 sin

(
sn

h
R

)

J0 (µn) s2
n

(19)

here the upper sign applies when z > 0, lower at z < 0, β0 = ∓sn = ∓
√
α2 − µ2

n, α = ωR
c , J0

is the Bessel function of the first kind, of zero order, µn, (n = 0, 1, 2...) are zeros of the first
kind, first order Bessel functions (J1).
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In the future we will consider separately n - th mode. Then it is clear that φ0(r) =
(∓An)J0(µnr).

We obtain an expression for the radial component of the current function in the zero
approximation of ψ0(r). We substitute this expression (19) for φ0(r) and β0 for n−th mode in
the right part of Eq. (16). Then we get

(
∂2

∂r2 −
1
r
∂

∂r
− β2

0

)
ψ0 = 4iα (∓An) r2J0 (µnr) (20)

We obtain the solution of the Eq. (20) with zero boundary conditions on the waveguide wall,
where the source was taken into account in the calculation (19):

ψ0(r) = −4iα (∓An)
α2 r2J0 (µnr) +

8iα (∓An) µn

α4 rJ1 (µnr)+ (21)

+ (∓An)
4i
α

J0 (µn)
J1 (iβ0)

rJ1 (iβ0r) .

3.3 Solution in the first approximation

We find the equations for the first approximation by collecting first-order summands of M.
We get the equation for φ1(r) by substituting solutions (19) and (21) into the Eq. (17). The
solution of this equation is:

φ1(r) = (∓An) J1(µnr)
(
r

8β0/α − 4αβ0/3
2µ0

− r
4αβ0

3µ3
n
+

2β0r3

3µn

)
+

+ (∓An)
2αβ0r2J0(µnr)

3µ2
n

− ∓4iαAnJ0(µn)

α2J1

(
i
√
α2 − µ2

n

) J0(iβ0r)

Upon obtaining this solution, it was shown that zero boundary conditions are satisfied for
this function when:

β1 =
4α
3
. (22)

Consider the relationship between the acoustic potential phase and the average airflow
velocity. It is defined by expression (22). It can be shown that the phase difference of the
acoustic signals propagating along and against the flow at a distance of l from the source will
be equal:

∆φlam = 2β1lM =
8
3
ω

c2 lu (23)

In [1], we obtain a similar expression as Eq. (22) for the phase difference depending on the
velocity of the homogeneous flow (with a rectangular plot). From it in a linear approximation
of M it can be obtained:

∆φturb = 2
ω

c2 lu (24)

Comparison of expressions (23) and (24) allows to estimate influence of inhomogeneity
of a stream on indications of the device measuring speed of a flow by an acoustic phase
method. It can be seen that the proportionality factor between the measured velocity and the
phase difference in the laminar flow will be 3/4, if we talk about the average cross-section
velocity and 3/2, if about the maximum.
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4 Conclusion

We considered the problem of acoustic wave propagation in a cylindrical waveguide in an in-
homogeneous flow with a parabolic velocity plot. The solution was obtained for the acoustic
potential and current function. The amplitude and phase of acoustic waves were expressed
in a linear Mach-number representation. This approximation holds because the laminar flow
(flow with parabolic plot) is set at low flow rates. Expression (22) makes it possible to deter-
mine the influence of the shape of the velocity plot on the phase of the acoustic signal, which
is an informative parameter in the phase acoustic method for measuring flow velocities.

This solution can be used to describe the acoustic principle of measuring air flow and
velocity, as well as to calibrate the acoustic spirometer by flow.

The work was supported by the Russian Science Foundation, use project No 14-19-01633.
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