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Abstract. In most NATO countries, helicopter pilots are prepared in accordance with a modern system of three-
stage training: selection, basic and advanced. The training in the air is performed according to the parallelism of
the training. The scheduling of pilot training process based on parallel model, which includes the technological
relationships between the individual exercises, whereby for each air exercise, the exercises are specified, which
must be done beforehand.
The purpose of this contribution is to propose a multi-criteria mathematical model which would enable the
selection of exercises for each pilot, the appropriate selection of the aircraft and the moment of beginning of
each exercise, so that all required exercises will be carried out in the shortest possible time and the number of
trained, in a state of readiness pilots, should be as high as possible. Additionally, in this paper the sketch of
a multi-criteria solution is presented. A crucial feature of this work is the model application to optimize pilot
training.

1 Introduction

The practical training in the air is performed according to
the parallelism of the training, which describes the techno-
logical relationships between the individual exercises. For
each exercise, the exercises are specified, which must be
done beforehand [1]. There is a possibility of repeating
previously performed exercises, which is more suitable to
reflect the real problem occurring in Military Units. The
duration of each exercise is fixed and different types of air-
craft are at the disposal.

The commander has at his disposal different types of
aircrafts [2]. For each type, the number of aircraft shall be
determined. Exercises are only possible on the appropriate
type of aircraft. Exercises can be performed on exactly one
aircraft by one pilot. A single aircraft allows one pilot to
be trained in a single exercise [3]. The purpose of this con-
tribution is to propose a mathematical model which would
enable the selection of exercises for each pilot, the appro-
priate selection of the aircraft and the moment of begin-
ning of each exercise, so that all required exercises are
carried out in the shortest possible time. Developing a
mathematical model, an additional optimisation criterion
will be the number of trained, in a state of readiness pilots,
which should be as high as possible.

Additionally, in this paper the sketch of a multi-criteria
solution is presented. This contribution stands at the be-
ginning of research thesis on optimization of aviation pilot
training process and subsequent development will be the
subject of future papers.
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1.1 Schedule of training in helicopters

The programme of aviation training in helicopters in the
Polish Armed Forces of the Republic of Poland standard-
izes the process of training of flying personnel in heli-
copters and constitutes the basis for developing a long-
term plan of air training for flights used for combat op-
erations [4, 5]. The block graphics of the parallelism of
pilot training process is presented in figure 1. It is an ex-
ample of the implementation of the scope of training. Ex-
ample of schematic sequence of pilot training process for
one module is presented in the following figure 2.

2 The sketch of the mathematical model

2.1 Mathematical description of the essential
attributes

N ∈ P - the number of pilots,
C ∈ P - the number of exercises,

ai j =
{

1 if exercise no. j requires exercise no. i
0 otherwise

i, j = 1,C,

bnc =
{

1 if pilot no. n has to perform exercise no. c
0 otherwise

c = 1,C, n = 1, N ,
H ∈ P - the number of aircraft types,
SPh ∈ P - the number of aircraft of type h,
h = 1, H ,
dc ∈ R+0 - the duration of exercise no. c, c = 1,C,

ehc =



1
if the aircraft type h may be used

for the exercise c
0 otherwise
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Figure 1. Sketch of the parallelism of pilot training process [4]

Figure 2. Example of schematic sequence of of pilot training
process for one module [4]

h = 1, H , c = 1,C,

f nc =



1
if pilot no. n has performed

the exercise no. c
0 otherwise

c = 1,C,

n = 1, N ,

Kn ∈ P - the number of exercises to be carried out by
pilot no. n,

vgnc =



1
if pilot no.n has to perform exercise no. c

in order to be in the state of readiness
0 otherwise

c = 1,C, n = 1, N ,

xh
nk
=




1
if it is planned that kth in turn exercise

will be performed by pilot no. n
using aircraft of type h

0 otherwise
n = 1, N , h = 1, H , k = 1, Kn,
vnk ∈ P - the number of the kth consecutive exercise

performed by pilot no. n, k = 1, Kn, n = 1, N ,
yn
k
∈ R+ - the moment when kth in turn exercise be-

gins by pilot no. n, n = 1, N , k = 1, Kn,
Z ∈ R+0 - the duration of all training [6],
NG ∈ P - the number of qualified pilots in a state of

readiness [7].

2.2 Mathematical description of the relevant
relationships between attributes

1. Each pilot may perform the exercise only on the type
of aircraft appropriate for the particular exercise:

∀
n=1,H

∀
h=1,H

∀
k=1,Kn

∀
c=1,C

xhnk ≤ ehc (1)

2. The starting moment of each subsequent exercise
shall not be less than the sum of the starting mo-
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ment of the preceding exercise and the duration of
the preceding exercise:

[(
H∑
h=1

xh
nk
= 1
)
∧
(
H∑
h=1

xh
nk+1 = 1

)]

⇒
(
yn
k
+ dvnk ≤ ynk+1

) (2)

3. If the exercise no. k+1 was carried out after exercise
no. k by pilot n, exercise k also had to be planned
or performed by pilot n:

[(
avnk vnk+1 = 1

) ∧
(
H∑
h=1

xh
nk+1 = 1

)]
⇒

[(
H∑
h=1

xh
nk
= 1
)
∨
(

f nvnk = 1
)] (3)

4. The duration of all trainings should not be less than
the moment of the end of each planned exercise:

Z ≥
(
ynk + dvnk

)
, n = 1, N, k ∈ P (4)

5. No more aircraft can be used during the exercise
than are available [8–10]:

∀
h=0,H

∀
t≥0

K∑
k=1

��������

n = 1, N :(
yn
k
≤ t ≤ yn

k
+ dvnk∧

∧xh
nk
= 1
)

��������
≤ SPh

(5)

6. For each exercise, exactly one single Aircraft is
used:

∀
n=1,N

bnvnk = 1⇒
H∑
h=1

xhnk = 1 (6)

7. In accordance with the training schedule, an exer-
cise with an earlier number may not require the re-
alization of an exercise with an later number:

∀
i≥ j

ai j = 0 (7)

8. If the k+1 exercise is scheduled, its number depends
on the numbers of the previous exercises according
to the A[ai j] matrix [11]:

∀
n=1,N

∀
k=1,Kn

avnk vnk+1 = 1 (8)

9. The duration of all training courses should be kept
to a minimum:

Z →〈
Kn,

[
xh
nk

]
N×K×H ,

[
v
nk

]
N×K ,

[
yn
k

]
N×K

〉min (9)

10. The number of trained, on standby pilots should be
as high as possible:

NG →〈
Kn,

[
xh
nk

]
N×K×H ,

[
v
nk

]
N×K ,

[
yn
k

]
N×K

〉max (10)

11. The number of trained, on standby pilots depends on
the exercises that the pilot has to complete in order
to be able to be on standby. If all the exercises re-
quired for the pilot to be in standby mode have been
completed, then the pilot will be in standby mode:

NG =
N∑
n=1

C∏
c=1

[
vgnc ⇒ f nc

]
(11)

2.3 The division of the characteristics into
decision variables, criteria and data

List of data:

g =

〈
N,C,

[
ai j

]
i=1,C, j=1,C

,
[
bnc
]
c=1,C,n=1,N, H,

〈SPh〉h=1,H, 〈dc〉c=1,C,
[
ehc
]
c=1,C,h=1,H

,
[

f nc
]
c=1,C,n=1,N,

[
vgnc
]
c=1,C,n=1,N

〉 (12)

List of decision variables:

q =
〈[

xchn
]
N×C×H,

[
ync
]
N×C, Z, NG

〉
(13)

Criterion:
Z, NG (14)

2.4 Analysis of the information content

The decision-maker will know the values of all the data.
The decision-maker will not know the values of the fol-
lowing attributes [12]:

• Z - the duration of all training, as this is the result of
decisions taken,

• NG - the number of qualified pilots in a state of readi-
ness, as this is the result of decisions taken,

• Kn - the number of exercises to be carried out by pilot
no. n, since it is a decision that decision-maker wishes
to be taken,

• xh
nk
=




1
if it is planned that kth in turn exercise

will be performed by pilot no. n
using aircraft of type h

0 otherwise
n = 1, N , h = 1, H , k = 1, Kn, since it is a decision that
decision-maker wishes to be taken.

• ync ∈ R+0 - the moment when exercise no. c begins by
pilot no. n, c = 1,C, n = 1, N , since it is a decision that
decision-maker wishes to be taken.

• ync ∈ R+0 - the moment when exercise no. c begins

2.5 Definition of sets of correct values, limit values
for decision variables and possible criteria
values

The set of correct data values may be defined as follows:

G =
{〈

N,C,
[
ai j

]
i=1,C, j=1,C

,
[
bnc
]
c=1,C,n=1,N, H,

〈SPh〉h=1,H, 〈dc〉c=1,C,
[
ehc
]
c=1,C,h=1,H

,
[

f nc
]
c=1,C,n=1,N,[

vgnc
]
c=1,C,n=1,N

〉
∈ P × P ×BC×C ×BC×N × P × PH×

×
(
R+0

)C ×BC×H ×BC×N ×BC×N :
(
∀
i≥ j

ai j = 0
)}

(15)
A set of acceptable values for decision variables is as

follows:
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Ω (g) =
{〈

[Kn]N,
[
xh
nk

]
N×K×H,

[
v
nk

]
N×K,

[
yn
k

]
N×K, Z, NG

〉

∈ (P)N ×BN×K×H (P)N×K ×
(
R+0

)N×K × R+0 × P :

�
�
∀

n=1,N
∀

h=1,H
∀

k=1,K
∀

c=1,C
xh
nk
≤ ehc�

�
∧

{ [(
H∑
h=1

xh
nk
= 1
)
∧
(
H∑
h=1

xh
nk+1 = 1

)]
⇒
(
yn
k
+ dvnk ≤ ynk+1

)}
∧

∧
{ [(

avnk vnk+1 = 1
) ∧
(
H∑
h=1

xh
nk+1 = 1

)]
⇒

⇒
[(

H∑
h=1

xh
nk
= 1
)
∨
(

f nvnk = 1
)]}
∧

∧

∀

h=0,H
∀
t≥0

Kn∑
k=1

���
[
n = 1, N :

(
yn
k
≤ t ≤ yn

k
+ dvnk∧

∧xh
nk
= 1
) ��� ≤ SPh

]
∧ NG =

N∑
n=1

C∏
c=1

[
vgnc ⇒ f nc

]∧

∧ �
�
∀

n=1,N
bnvnk = 1⇒

H∑
h=1

xh
nk
= 1�

�
∧

∧ �
�
∀

n=1,N
∀

k=1,Kn

avnk vnk+1 = 1�
�




(16)

2.6 Draft formulation of the optimization task

For data g ∈ G determine such q∗ =〈
K∗,

[
x∗hnk

]
N×K×H,

[
v∗nk

]
N×K,

[
y∗nk

]
N×K

〉
∈ Ω(g) that

Z
(
q∗
)
= Z∗ = min〈

Kn,
[
xh
nk

]
N×K×H ,

[
v
nk

]
N×K ,

[
yn
k

]
N×K

〉 Z and

NG
(
q∗
)
= NG∗ = max〈

Kn,
[
xh
nk

]
N×K×H ,

[
v
nk

]
N×K ,

[
yn
k

]
N×K

〉 NG

.

2.7 A function to assess the achievement of the
aim

A function to assess the achievement of the aim is pre-
sented in the following form [13]:

F
(
q
)
=
(
F1
(
q
)
, F2
(
q
))
= y ∈ R2, q ∈ Ω(g) (17)

where:
F1
(
q
)
= −Z is the maximising function,

F2
(
q
)
= NG is the maximising function.

3 A sketch of a multi-criteria solution

This task may be qualified as a task of the following type
(X, F,M (P)) [14, 15] where the collection X corresponds
to the collection Ω(g), a function to assess the achieve-
ment of the aim F is presented as F (q) and the decision
preference model M (P) is maximisation, indicated in lit-
erature [16, 17] as ’≥’.

The proposed method of resolving the problem may
be a compromise method, as the decision-maker is only
interested in one, any solution that is not dominated. In
addition to providing a non-dominant solution, the com-
promise method also allows for a solution that is "biased"
and has interesting practical interpretations [18, 19]. An
important problem is the question of choosing a specific

form of the norm, related in this paper to the parameter p
[20–22].

The Pareto cone is defined by the expression:

Λ =
{
(λ1, ..., λn, ..., λN ) ∈ RN |λn ≤ 0, n ∈ N

}
(18)

which, for the optimisation sentence under consideration,
will take the form of:

Λ =
{
(λ1, λ2) ∈ R2 |λ1 ≤ 0, λ2 ≤ 0

}
(19)

The Pareto-dominance relation is defined by R = ’≥’
⊂ R2 × R2.

The formula of preferences ϕ(y, z) was adopted in the
form of ϕ(y, z) = ’y1 ≥ z1, y2 ≥ z2’, therefore, this is the
task of maximizing the two-criterion solution.

Distance from the template, being an aggregate mea-
sure of the quality of the elements y ∈ Y can be defined
by:

Ry∗
p (y) = 

y∗ − y

p = �

�

N∑
n=1

(| y∗n − yn |
)p�
�

1/p
, p ≥ 1

(20)
The compromise solution with parameter p = 2 con-

sists in finding such an element q∗ ∈ Ω(g), that:



y∗ − F (q∗)

2 = inf
q∈Ω(g)



y∗ − F (q)

2 (21)

where:
‖·‖2 is the Euclidean metric defined as Ry∗

2 (y) =√
N∑
n=1

(y∗n − yn)2 for N = 2,

y∗ =
(
y∗1, y

∗
2

)
is the ideal point with coordinates y∗1 =

sup
q∈Ω(g)

F1
(
q
)
,

y∗2 = sup
q∈Ω(g)

F2
(
q
)

for tasks of type (X, F, ≥), which

are suitable for describing the problem under considera-
tion.

4 Conclusions
In the presented article the model of the training of the
pilots is described. The multi-criteria model is based on
the current instructions and programmes, which are im-
plemented in Polish Army. Additionally, the algorithm is
described, which allows to find the best order of making
the exercises. A sketch of a multi-criteria solution was de-
scribed in this paper as one of the examples of achieving
the results.

This contribution stands at the beginning of research
thesis on optimization of aviation pilot training process
and subsequent development will be the subject of future
papers. The content of this paper, introducing a multi-
criteria primary mathematical model for pilot training pro-
cess, is the second paper of the series.

The key feature of the model, is the use of a prediction
function to optimize the training of the pilots. Planed sim-
ulation studies, as well as comparison with data collected
in Polish Air Force Academy, will give the information,
if the model can be used in the process of planning the
training, or should be optimized.
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