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Abstract. In order to solve the problem of sustainable energy supply for low-power electronic products
used in low-frequency vibration environment, the mathematic model was established based on the theory of
piezoelectricity and Euler-Bernoulli beam. Also, the effects of different parameters of PZT unimorph beams
such as the length, width, and tip mass on generating capacity were studied by FEM. The results show that
the energy harvester with PZT unimorph beam and tip mass is suitable for low-frequency vibration
environment. Increasing the length or reducing the width of the beam can significantly lower the first-order
modal frequency of energy harvester when other conditions remain the same. Within certain range, the firstorder modal frequency of the beam also gradually reduced as the tip mass increasing. When the size of the
PZT unimorph beam is 60x60x0.33mm, the tip mass is 8.92g and an exciting force of 0.01N is applied to it
along z axis, an output of 8.1V can be obtained. Meanwhile, the PZT unimorph beam is under the first
vibration mode and the resonant frequency is 16.296Hz.

1 Introduction
With the development of MEMS technology, wide
application of small electronic components and Wireless
Sensor Networks (WSNs), many disadvantages of the
traditional way using chemical battery as the main
energy supply have been revealed, one of the biggest
defects is the short service life, which means that
batteries are difficult to fundamentally solve the problem
of providing sustainable energy supply [1]. In recent
years, the technology of collecting vibration energy from
ambient environment and transforming it into usable
electricity has been a research hot-spot [2,3].Besides, the
research on the power generator based on vibration is
trending to three common orientations: piezoelectric
power generator, electrostatic power generator and
electromagnetic power generator. [5,6], compared with
the other two methods, the piezoelectric power generator
based on vibration has long life, simple in structure, easy
to miniaturize, no electromagnetic interference and clean
environment. It can provide and meet the electric energy
demand for low power electronic products and WSNs
working
in
low-frequency
vibration
ambient
environment. Therefore, the research on piezoelectric
power generator has drawn an increasing attention [7].
Previous studies have shown that the power
generating capacity of energy harvester with PZT beams
depends mainly on the structural parameters of the PZT
beams and the vibration energy in ambient environment
[8, 9]. Generally, the vibration energy is very limited and
the frequency is relatively low in the environment.
Under this circumstances, in order to make the

piezoelectric energy harvester has good capacity to meet
the power demand of small electronic components and
WSNs working in low-frequency vibration environment
(10-30Hz), we must adjust the structure and shape
parameters of the piezoelectric vibrator to reduce the
first-order modal frequencies. Most studies have shown
that the PZT beam has a relatively larger power density
in low-frequency vibration environment, and can obtain
larger energy output [10]. Thus, through the
establishment of mathematic model and FEM, the paper
studied the influence on the first-order modal frequency
and power generating capacity of the piezoelectric
energy harvester, when the PZT beams has different
length, width and tip mass with the aim of better meeting
the requirements for energy supply using in lowfrequency vibration ambient environment.

2 Mathematic model
The PZT unimorph beam is composed of metal substrate
and piezoelectric layer, and these two layers are stuck
together. Figure 1 shows the structural schematic
diagram of the PZT unimorph beam. In the Cartesian
coordinate system, we take the length direction as x axis
and take the vertical direction as z axis.
When the PZT beam is driven by external excitation,
the bending deformation along the z direction will
appear. Usually, the ratio of length to thickness of the
PZT beam is very large, so that the effects of shear
deformation and rotary inertia are ignored. The bending
deformation in the PZT beam will cause the change of
stress and strain in piezoelectric body. Based on the

© The Authors, published by EDP Sciences. This is an open access article distributed under the terms of the Creative Commons Attribution License 4.0
(http://creativecommons.org/licenses/by/4.0/).

MATEC Web of Conferences 208, 04003 (2018)
ICMIE 2018

https://doi.org/10.1051/matecconf/201820804003

direct piezoelectric effect, the piezoelectric body will be
polarized on the upper and lower surfaces, and free
charge is generated, thus the voltage output is formed
between the two surfaces.

where n is the number of piezoelectric layer,
Tm  Em S1 is the stress in the metal substrate along x
direction.
From formula (1) and (4) can obtain equation:

Fig 1. Structure schematic diagram of the PZT unimorph beam
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and  is the dielectric constant.
Because the metal substrate and piezoelectric body
are different materials, the neutral layer of the PZT
unimorph beam may not be the geometric center layer.
Therefore, in this paper, the location of the neutral layer
is determined by Euler-Bernoulli bean [4]. The PZT
unimorph beam will bend along its neutral layer when an
external force acts on the free end of the beam, in this
situation, the distance between the top surface of the
piezoelectric layer to the neutral layer can be written as:
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The last formula is a general formula about the
charge when external force and self-excited electric field
of the PZT unimorph beam both exist. As for
piezoelectric power generator, the impacts of voltage
generated by its own to the power generator are ignored,

When an external force acts on the free end of the
beam, the moment equation is given in [12] as:
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  Em / E p is the elastic modulus ratio.

w

(10)

The charge generated on the piezoelectric electrode is
obtained by integrating the electric displacement to the
area. As the electrode is on the equal potential surface,
so the charge generated on the piezoelectric surface is:

hp2

0

(9)

The formula (8) can be reduced to:

where, Em is the young's modulus of metal substrate,
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The coefficient B and k312 can be written as:

t
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is the dielectric impermeability,
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The electric field strength can be obtained by
combining (6) with (2), by integrating the electric field
strength with z and then voltage can be expressed as:

generated in x direction, E p and g31 are the young's
modulus and piezoelectric voltage constant of the
piezoelectric material, D3 is the electric displacement in
z direction, E3 is the electric field strength in z
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When a force is applied at the free end of the beam,
the stress and strain generated in piezoelectric layer are
obviously functions of  . According to the elastic
theory of materials, the relationship between the stress
and strain can be given as [11]:
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By S1    z and the formula (3) and (5), the
curvature radius of the beam can be obtained as:

We respectively use L , w and h to indicate the
length, width and total thickness of the PZT unimorph
beam. The subscript p and m stand for piezoelectric
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which means that V  0 . Therefore the electric charge
generated only by the external excitation can be
expressed as:

Qg  

3 1      g31 L2

33T Bh2

constant matrix ( e  C / m 2 ) and relative dielectric
constant matrix (  ) of PZT-5H are respectively [13]:
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According to the relation between charge and voltage:
Q  CV and formula (12), the free capacitance of the
piezoelectric vibrator is obtained as:
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The open circuit voltage can be given according to
the formula (13) and (14).
Vg  F   

3 1     g31 L
Awh

(15)

F

The finite element analysis of the PZT unimorph
beam is a coupled field analysis. The coupled field
analysis process usually consider the cross effect and
interaction of two or more engineering physical fields. In
this paper, direct coupling method is adopted. The PZT5H adopts Solid5 piezoelectric coupling unit, the metal
substrate and tip mass adopt Solid45 entity unit. The
influence of the bonding layer is neglected and it is
assumed that the force and displacement between PZT5H layer and metal substrate are continuous [14]. The
FEM is shown in figure 2:

At last, on the basis of formula: U g  QgVg / 2 , the

U g can be written as:
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3 Finite element analysis
3.1 The establishment of finite element model
In order to fit the low-frequency vibration environment,
we establish the finite element model of the PZT
unimorph beam with tip mass .The piezoelectric body is
PZT-5H, which has high electro-mechanical coupling
coefficient, high piezoelectric strain coefficient, nonaging and large time constant. It is suitable to be used as
a transducer [13]. The metal substrate is made of
phosphorus bronze, which has large modulus of
elasticity and strong fatigue resistance, can bear larger
deformation. The structure and material parameters of
the piezoelectric vibrator with tip mass are as follows:

Fig 2. FEM of the PZT unimorph beam with tip mass

3.2 Modal analysis
In order to study the factors that influence the power
generating capability of the piezoelectric energy
harvester, the impacts of different length, width and tip
mass of the cantilever beam on the modal frequency of
piezoelectric vibrator is studied respectively.

Table 1. Structure and material parameters of the PZT
unimorph beam
Structure
and
material
parameters
Length of the beam, (mm)
Width of the beam, (mm)
Thickness of the beam, (mm)

PZT5H
60
10
0.22

Metal
substrate
60
10
0.11

Density of the materials, (kg/m3)

7500

8920

5.6

106
0.35

Young’s modulus, (Gpa)
Poisson’s ratio

The electrical boundary condition of the PZT
unimorph beam is open connection. The elastic stiffness
coefficient matrix ( c  1010 N / m 2 ), piezoelectric stress

3
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Fig 3. Variation of the PZT unimorph beam’s first and second
order modal frequencies with the length of the beam

3.3 Harmonic response analysis
Harmonic response analysis was carried on when an
external exciting force of 0.01N is applied in z direction
on the tip mass. In ANSYS, the analysis frequency
ranging from 0 to 200Hz, the voltage of lower PZT
surface was set to 0, and the voltage on the upper surface
of the PZT layer was coupled. Through the simulation,
we can get the voltage output from the coupling point on
top surface of the PZT beam. What is shown in figure 6
is the relation between voltage output and vibration
frequencies.
We can see from figure 6, the peak voltage of firstmodal frequency is about 8.08V, and because the second
vibration mode of the PZT unimorph cantilever is
distortion, the polarization of PZT layer along z axis is
very small, which make the output voltage here is almost
zero. Besides, the peak voltage output of the thirdvibration mode is 1.65V.

Fig 4. Variation of the PZT unimorph beam’s first and second
order modal frequencies with the width of the beam

The figure 3 shows that with the length of the
cantilever beam increase, the first and second order
modal frequencies are reduced. When the length of the
beam is over 70mm, its effect gradually becomes weaker
and weaker. Besides, we can see from the figure 4, with
the width of the beam increasing, the first and second
order modal frequencies are increased too.
What is shown in figure 5 is the trend of first and
second order modal frequencies of the beam when the tip
mass changed only. We can find that with the increase of
tip mass, the resonant frequencies of first vibration mode
are also gradually reduced.
According to the study, when the length is 60 mm
( L  60mm ), the width is 10 mm ( w  10mm ) and the
tip mass at the end of the beam is 8.92g ( M  8.92 g ),
the frequency at first vibration mode is 16.296 Hz.

4 Conclusion
In this paper, the energy harvester designed which based
on the PZT unimorph beam can effectively convert the
mechanical vibration energy into electrical energy in
low-frequency vibration environment. The length, width
and tip mass of the beam have different effect on the
conversion ability. When the size of the PZT unimorph
beam is 60x60x0.33 mm, the tip mass is 8.92g, the firstorder modal frequency can be as low as 16.296 Hz.
When an external exciting force of 0.01 N is applied in
z axis at the tip mass at this time, the peak voltage
output of the piezoelectric energy harvester at the firstmodal is 8.08V, which can better meet the power
requirement of small electronic components using in
low-frequency vibration ambient environment. In
practical applications, all the above parameters can also
be optimized according to different ambient environment.
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