
a Corresponding author: katarina.mramor@imt.si 

Modelling of macrosegregation with mesosegregates in a binary metallic 
cast by the diffuse approximate meshless method 

Katarina Mramor1,2,a, Vanja Hatić1, Boštjan Mavrič1,2 and Božidar Šarler1,2  

1Institute of Metals and Technology, Laboratory for Simulation of Materials and Processes, Lepi pot 11, 1000 Ljubljana, Slovenia 
2University of Ljubljana, Faculty for Mechanical Engineering, Laboratory for Fluid Dynamics and Thermodynamics, Aškerčeva cesta 6, 1000 
Ljubljana, Slovenia 

Abstract. The solidification of binary metallic alloy (Sn-10%Pb) is simulated in 2D with a diffuse approximate 

meshless method. The macrosegregation with mesosegregates is described by a coupled set of volume-averaged 

partial differential equations. The incompressible Newtonian fluid is described by coupled mass and momentum 

equations and the mushy zone is treated as a Darcy porous media. The energy transport is described with enthalpy 

formulation and the species transfer is incorporated by considering the Lever rule approximation. The thermo-solutal 

Boussinesq hypothesis is applied in order to account for the double-diffusive effects in the melt. The mathematical 

model is solved by a diffusive approximate method on local subdomains with Euler time stepping. Pressure-velocity 

coupling is incorporated by applying the fractional step method. The instabilities due to the convective terms are 

smoothed out by applying the upwinding technique. The results are presented on a regular node arrangement and are 

compared to other benchmark results. The present paper demonstrates that the results calculated with the diffuse 

approximate meshless method are in good agreement with reference results.  

1 Introduction  

Solidification is a phase change process that combines 

many different research areas ranging from continuum 

mechanics to thermodynamics. In recent years, the 

demand for materials with better structural quality and 

advanced physical properties resulted in steady raise in 

the research topic interest as the number of research 

articles has grown from 83 in 1970 to 3383 in 2017 [1]. 

The growth in the popularity of this research topic is 

mainly due to the requirements from industry, 

particularly those involving casting, as the solidification 

process plays an important role in the quality of the final 

cast product. By better understanding the physical 

phenomena during the solidification process, many 

defects, such as inhomogeneities can be either avoided or 

diminished. As experimenting with the casting of 

industrial size ingots can be often very expensive and 

time-consuming, the simulation programs can play an 

important role in the adjustment of the cast parameters. 

The simulation programs have to be thoroughly tested 

before they can be used for the application on an 

industrial project, especially when using novel numerical 

methods, such as meshless methods. 

Among many varieties of meshless methods 

developed in recent years [2–6], the diffuse approximate 

method (DAM) [7] is chosen for the model presented in 

this paper. The method applies weighted least squares 

functions to determine a locally smooth and differentiable 

approximation of the discontinuous data in each 

particular computational point.  

 The DAM has already been applied to convective 

diffusive problems [8], natural convection in porous 

media [7], macrosegregation in columnar solidification 

[9], heat conduction and transport [10, 11] problems. In 

the present paper, a benchmark test case devised for 

macrosegregation with mesosegragtes in binary metallic 

alloy by [12] was chosen and tested for Sn-10%Pb.  

 The problem describes the solidification of binary 

alloy in a rectangular cavity. Numerically, it is described 

by a set of tightly coupled momentum, mass, energy and 

solute transport equations. The strong coupling and the 

transition from fully liquid to fully solidified state results 

in the formation of mesoscale channels– mesosegregates. 

The formation of mesosegergates has been previously 

observed for a similar alloy (Pb-18%Sn), both 

experimentally [13] and numerically [9, 14]. The present 

paper provides the results for Sn-10%Pb alloy and 

compares them to reference results calculated in [14].  

2 Model description and numerical 
solution  

2.1 Problem description 

The present paper addresses a simplified solidification 

model previously described in [12, 14]. The referenced 
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SMACS (Simulation of MACrosegregation and 

Structures project founded by the French Research 

Agency) benchmark solidification example is here 

presented for Sn-10%Pb alloy for thermo-physical 

properties listed in Table 1. The test case is defined for a 

rectangular domain which is schematically represented in 

Figure 1. The size of the domain is 10 cm x 6 cm. Due to 

the symmetry, the computational domain is reduced to 5 

cm x 6 cm. 

Table 1. Thermo-physical properties of Sn-10%Pb and process 

parameters. 

Property Symbol Value Unit 

Density   7.00e+03 kg/m3 

Specific heat pc  2.60e+02 J/kgK 

Thermal conductivity   5.50e+01 W/mK 

Latent heat of fusion L  6.10e+04 J/kg 

Liquid dynamic 

viscosity 
  1.00e-03 Pa s 

Thermal expansion 

coefficient T  6.00e-05 K-1 

Solutal expansion 

coefficient C  -5.30e-03 %-1 

Reference temperature refT  2.19e+02 °C 

Reference concentration refC  1.00e+01 % 

Reference density ref  7.00e+03 kg/m3 

Permeability constant 0K  2.34e-11 m2 

Melting temperature fT  2.32e+02 °C 

Eutectic temperature eT  1.83e+02 °C 

Eutectic concentration eC  3.81e+01 % 

Solubility at eutectic 

temperature eSC  2.49e+00 % 

Liquidus slope Lm  -1.28e+00 °C/% 

Gravity acceleration yg  -9.80e+00 m/s2 

External temperature extT  25 °C 

Heat transfer coefficient q  400 W/m2K 

Equilibrium partition 

coefficient pk   0.0656 / 

2.2 Mathematical model 

2.2.1 Governing equations 

The problem is described by a set of coupled partial 

differential equations describing energy and solute 

transport, and incompressible Newtonian fluid flow with 

Darcy’s approximation for porous media. The 

microscopic transport is considered through coupling of 

the solute transport equation and Eutectic phase diagram. 

Kozeny-Carman relation is used to account for the 

porosity of solidifying fluid and Boussinesq 

approximation is applied to account for the buoyancy 

forces.  

 

Figure 1. Schematic representation of the computational 

domain. 
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The liquid velocity 
LLfv v depends on liquid fraction 

Lf  and intrinsic liquid velocity 
Lv .  represents density, 

P  stands for pressure,   for viscosity and 

3 2

0 (1- )L LK ffK  for permeability, where 
0K  is 

permeability constant. The buoyancy term 

[1 ( ) ( )]ref T ref C refT T C C     b g  depends on 

thermal expansion coefficient 
T , solutal expansion 

coefficient 
C , temperature T , concentration C , 

reference values of temperature 
refT , density ref  and 

concentration refC , and gravitational acceleration g . 

Liquidus temperature 
L F L LT T m C   is defined as a sum 

of fusion temperature of the pure solvent 
FT  and a 

product of liquidus slope 
Lm  and liquid concentration 

LC , whereas concentration is defined as 

MATEC Web of Conferences 207,            (2018) 
ICMMPM 2018

2

03002 https://doi.org/10.1051/matecconf/201820703002



[ (1 ) ]L L p LC f f k C   , where 
pk  is equilibrium 

partition coefficient. The enthalpy 
p Lh c T f L   

depends on specific heat at constant pressure 
pc , T , 

Lf , 

and latent heat of fusion L .  is thermal conductivity 

and t  is time.  

The pressure-velocity coupling is performed by a 

fractional step method, where the intermediate velocity is 

calculated by omitting the pressure correction term. The 

pressure is then calculated from the Poisson’s equation 

and the velocity is then incremented by a pressure 

gradient term in order to obtain the divergence-free 

velocity in the next time step.  

2.2.2 Boundary and initial conditions 

The boundary conditions (Figure 1) at the symmetry line 

are 

             0
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At the thermally isolated walls, the boundary conditions 

are  

                          0
T


n
, 

0C C , 0v   (6) 

and at the heat exchange wall, the boundary conditions 

are  

               ( )ext

T q
T T




 

n
, 

0C C , 0v .  (6) 

The initial conditions in the whole domain and on the 

boundaries are 

       ( 0) 0t  v , ( 0) refT t T  , 
0( 0)C t C  .  (7) 

2.3 Meshless solution procedure 

The main challenge addressed in this paper is the 

application of a meshless approach for the solution of 

macrosegregation modelling of mesosegregates. The 

DAM is used for spatial approximation and Euler time 

stepping scheme is used for time integration.  

The global computational domain is divided into local 

subdomains in such a way that each of the computational 

nodes k  has its own subdomain ( k ). Each subdomain 

has n  computational nodes. The number of nodes in the 

subdomain must be at least equal to the size of a 

polynomial basis m . In the present paper, the second 

order polynomial basis is used ( 6m  ) and each of the 

subdomains has 13 nodes ( 13n  ). For each of the 

subdomains, a smooth and differentiable approximation 

function 
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is obtained. The )( , kp x x  is the second order polynomial 

basis vector for subdomain k  with central computational 

point 
kx  and k

α  vector of coefficients. In order to obtain 

the approximation coefficient, the following expression 

has to be minimized 
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The ( )if x  are the exact values in point 
ix  and the 

2 2( , ) ( / )i k iexp cr h  x x  is Gaussian weight function, 

with 
ir  representing the Euclidian distance between 

points 
ix  and 

kx , 5c   standing for free parameter of 

the weight function and max( )ih r  is a scaling factor. 

Due to the dominance of the convection term, an upwind 

scheme is implemented in the DAM weight function [15]. 

3 Numerical example 

The code for the present example is implemented in 

FORTRAN 2008. Intel Visual Fortran compiler (XE14) 

is used to compile a 64-bit executable. The examples are 

run on 6 parallel threads on an Intel Xenon at 2GHz. It 

takes about 17 h to calculate the present example. The 

calculations are performed on 151 x 181 node 

arrangement with time step 3101t     s. 

4 Results and discussions 

The present paper solves the solidification of Sn-10%Pb 

alloy defined by process parameters presented in Table 1. 

The results are compared to the results obtained by local 

radial basis functions colocation method (LRBFCM) [14] 

and are presented for representative evaluation points P1 

to P9 listed in Table 2. The horizontal and vertical cross-

sections were observed for three different horizontal (H1 

to H3) and vertical (V1 to V3) lines, the details of which 

are listed in Table 3. The upwinding factor is set to 1, 

which means that the calculation point is moved at most 

halfway in the upwind direction. At the end of each time 

iteration, the smoothing stage described in [16] is 

performed and the smoothing factors, which are one of 

the free parameters of the model are set to 1.0cf   for 

velocity, and 0.025(1 ( '))c ff t   for concentration. The 

smoothing factor for concentration is applied with a delay 
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where ramp factor is 0.25  .  

 Figures 2a-f represent time development of 

concentration and velocity throughout the solidification 

process. The thermo-solutal convection starts as a 

consequence of the cooling of the liquid due to the heat 

exchange at the outer wall. Thus the flow in the 

clockwise direction is formed. As the temperature drops 

MATEC Web of Conferences 207,            (2018) 
ICMMPM 2018

3

03002 https://doi.org/10.1051/matecconf/201820703002



 

below the liquidus temperature, the solidification starts. 

The solute-rich liquid is carried by the flow and thus the 

solute-poor region is formed at the top of the cavity 

(Figures 2b-f) and the solute-rich area is gradually 

formed at the bottom (Figures 2b-f) and at the centre of 

the cavity (Figures 2e-f). The mesosegregates form in the 

shape of channel-like anomalies in the mushy zone region 

(Figures 2d-f). The instabilities that are the driving force 

behind the formation of these channels propagate the 

flow and consequently the segregation, thus forming the 

patches with alternating areas of positive and negative 

segregation (Figures 2d-f). Although the mechanism 

behind the formation of these channels is not well known, 

the numerical instabilities are not the reason for their 

appearance, as these mesosegragate formations have also 

been observed experimentally [13].  

 

  
a) 10t  s. b) 20t  s. 

  
c) 40t  s. d) 80t  s. 

  
e) 120t  s. f) 600t  s 

 Figure 2. Concentration [%] and velocity vector at different times. 
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The results have also been analysed for reference 

points defined in Table 2 and cross-sections defined in 

Table 3. Figure 3 presents concentration profiles for 

horizontal cross-sections. The profiles correspond to the 

final time step of the computational example (Figure 2f). 

The H3 line shows a smooth distribution of concentration 

in the top part of the cavity. The Sn concentration is the 

highest at the centre of the cavity and at the outer (heat 

exchange) wall and the lowest in the middle of the 

computational domain. The H1 line shows horizontal 

cross-section close to the bottom of the cavity and shows 

a perturbation at the middle of the computational domain. 

The perturbation corresponds to the segregation channels 

(mesosegregates). Figure 4 presents the concentration of 

Sn for vertical cross-sections at V1 to V3. The peak in 

blue line (V3) corresponds to the increased concentration 

at the bottom of the cavity close to the outer wall. The 

concentration of Sn then gradually drops toward the top 

of the cavity. The V1 line presents the concentration at 

the centre of the cavity where the area with the positive 

Sn concentration is formed. The slight decrease in the 

middle is due to the velocity recirculation pattern in the 

final stages of solidification as can be seen in Figure 2e. 

The pattern is formed due to the temperature, which in 

term causes the change in liquid fraction. The liquid 

consequently flows around this part and thus the velocity 

in the totally liquid part of the fluid is increased in 

contrast to the velocity in the partially solidified fluid, 

which is decreased. In both cases (horizontal and 

vertical), the H2 and V2 lines present the cross-sections 

in the middle of the horizontal and vertical domains. 

Table 2. Definition of benchmark control points defined for 

SMACS benchmark test case. 

Point Coordinates (x [m], y[m]) 

P1 (0,0.01) 

P2 (0.025,0.01) 

P3 (0.045, 0.01) 

P4 (0.0,0.03) 

P5 (0.025, 0.03) 

P6 (0.045,0.03) 

P7 (0.0, 0.05) 

P8 (0.025,0.05) 

P9 (0.045, 0.05) 

 

 The results for temperature, liquid fraction and 

concentration are listed in Table 4 for all representative 

points P1 to P9. The results are listed at 570t  s, when 

the whole computational domain is solidified. It should 

be noted here, that in comparison with [14], the results of 

the present study show lower positive segregation in the 

central area than the results calculated with LRBFCM 

[14]. The results for V2 and V3 are in good agreement 

with reference results as are points P2, P3, P5, P6, P8 and 

P9 that do not lie on the centre line. 

 Time developments of temperature, liquid fraction 

and concentration fields are presented in Figures 5 to 7. 

As already mentioned, the solidification starts once the 

temperature drops below the liquidus temperature and 

lasts until it reaches the eutectic temperature 

( 183eutT  °C). Figure 5 compares temperature for 

calculated results (lines) with reference results [14] 

(crosses) in representative points (P1 to P9). The results 

are in good agreement. 

Table 3. Definition of benchmark control lines defined for 

SMACS benchmark test case. 

Line Location ([m]) 

H1 y = 0.01 

H2 y = 0.03 

H3 y = 0.05 

V1 x = 0.00 

V2 x = 0.025 

V3 x = 0.045 

 

Table 4. Representation of results in representative points at 

570t  s. 

Point T [°C] Lf   C [%] 

P1 109.30 0.00 12.76 

P2 105.91 0.00 10.81 

P3 98.49 0.00 10.43 

P4 109.30 0.00 10.72 

P5 105.90 0.00 9.17 

P6 98.49 0.00 9.97 

P7 110.29 0.00 12.29 

P8 105.91 0.00 7.77 

P9 98.49 0.00 9.28 
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Figure 5. Time development of temperature in representative 

points P1 to P9. Lines and smaller nodes depict results 

calculated with DAM and bigger nodes depict results calculated 

with LRBFCM [14]. 

 

 The time development of liquid fraction is presented 

in Figure 6 for calculated results. In the present case, the 

solidification stops, when the temperature falls below 

eutectic temperature, which can be clearly seen in Figure 

6, where the liquid fraction drops to zero after reaching 

the eutectic temperature. The effect of the described 

model is best observed for points at the centre line (P1, 

P4 and P7) and can be also seen on the temperature graph 

(Figure 5).  

 

Figure 6. Time development of liquid fraction in representative 

points P1 to P9. 
 

 Figure 7 presents the time development of Sn 

concentration in representative points. The solidification 

begins when the temperature drops below the liquidus 

temperature and stops when the eutectic temperature is 

reached. 

 Finally, a comparison is made for a uniform and non-

uniform node arrangement with randomly positioned 

nodes [17] and is presented in Figures 2f (uniform) and 8 

(non-uniform). Although the final macrosegregation 

pattern is similar for both of the cases, there are 

observable differences in the mesosegregates. The 

formed channels are much more pronounced in non-

uniform grid example, which can be clearly seen in 

Figures 3 and 4. The difference might be due to the 

upwind and smoothing parameters, which might require 

different values for a non-uniform node arrangement. 

However, this was not observed in previous simulations 

of macrosegregation [15] without mesosegregates. The 

results show that formulation of channels strongly 

depends on the node density and arrangement. Similar 

observations were made in [9]. The simulation with 

various models and methods showed that it is not 

possible to obtain mesh-converged results. 

 

Figure 7. Time development of concentration in representative 

points P1 to P9. 

 

Figure 8. Concentration [%] and velocity vector for a fully 

solidified case for a non-uniform node arrangement ( 600t  s). 

5 Conclusions 

The present paper presents a solution of a mathematical 

model for macrosegregation with mesosegregates in a 

binary substrate solved by DAM. The problem 

corresponds to the benchmark example for Sn-10%Pb 

alloy proposed in [12] and the results are compared to 

those obtained with LRBFCM presented by [14]. The 

results are in good agreement with reference results.  
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