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Abstract. The behavior of bodies subjected to impulse loading is of prime importance in the study of forces that
occur in impulse facilities. Before performing the actual tests, theoretical and numerical simulations are carried out to
obtain the response of bodies subjected to impulse loading. The simplest model for this study can be considered as a
rod of circular cross section fixed at one end and free at other end. When a transient impulse load is applied on a body,
vibrations occur in the body for the brief period of time. In this paper, the effect of a half sine impulse force applied
on a cantilever rod in the axial direction has been discussed. The displacements at the tip of the rod were obtained
based on two theories, the basic vibration formulae and FEM analysis. Simulations were performed using ANSYS

and  compared with  the  displacements

1 Introduction

Impulse facilities like wind tunnels and shock tunnels
are used for testing of various scaled aerodynamic
models to find the forces and moments which it
undergoes when subjected to various types of loads.
These facilities are of short test duration in the order of
milliseconds. The theoretical and numerical analysis to
find forces and moments are generally carried out
before actual testing in shock tunnels and wind tunnels.
These analysis are usually performed by Computational
Fluid Dynamics (CFD) and Finite Element (FE)
simulations. However, the vibrations occurred in the
body due to the applied forces can also be studied to
know the effect of the forces on the body. The
vibrations result in deformation of the body, and the
forces can be predicted from various techniques by
analyzing the deformation occurring on the body as a
result of the applied force. Some of the researchers have
worked on determining the response of the system
subjected to various kinds of loads. Jia-shi et al. [1]
studied the longitudinal forced vibration of a rod with
non-linear boundary conditions having a concentrated
mass at one end and supported by a spring on the other
end. Wei [2] reviewed the vibration analysis of strings,
rods, beams, membranes and thin plates using the
discrete singular convolution algorithm. Temel and
Calim [3] studied the forced vibration of cylindrical
helical cantilever rod subjected to impulse loading in
the Lapalce domain using the complementary functions
method. The Timoshenko beam theory was used to

obtained from the two theoretical methods.

derive the governing equations for cylindrical helical
rods. The displacements and moments obtained were
compared with those obtained from ANSYS
simulations. Arani et al. [4] calculated the natural
frequencies and mode shapes of rods with variable cross
section considering various boundary conditions like
clamped-clamped, clamped-free, free-free and free-
clamped. They used a wave propagation method to find
the natural frequency and mode shapes and compared it
with the analytical method. A higher accuracy was
obtained from the wave propagation method than the
analytical method. Shokrollohi and Nejad [5] studied
the longitudinal free vibration of non-uniform clamped-
clamped and clamped-free rods to find the natural
frequency by using discrete singular convolution. Kruti
[6] studied the free longitudinal vibrations of a straight
rod fixed at one end to find the natural frequencies of
the rod. The rod was considered with uniform properties
throughout the length of the rod and the method of force
integration was used. Mei [7] studied the vibrations in
uniform and stepped rods using four rod theories, the
elementary theory, the Love theory, the Mindlin-
Herrman theory and the three mode theory in which the
motion of the rod is described by the propagation and
reflection of waves through the rod. Shali et al. [8]
studied the vibration of non-uniform rods having
clamped-clamped and clamped-free ends to find the
natural frequency using differential transform method
by solving ordinary and partial differential equations.
Collini et al. [9] studied the vibration analysis of tie
rods having elastic bed type boundary conditions and
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compared with a model having both end fixed boundary
conditions. The natural frequency of the tie rod was
found from which the axial loads on the tie rod was
determined. The vibrations on a rod due to an applied
force were also studied using finite element analysis by
researchers. Mottershead [10] studied the vibrations of a
helical rod using finite element analysis to find the
natural frequency of the helical rod. The frequency
obtained was compared with those of a helical spring.
Karami et al. [11] studied the free vibrations of spatial
rods fixed at one end using finite element analysis.
Adhikari et al. [12] studied the free and forced axial
vibrations of rods with non-local elasticity using finite
element analysis.

Although a considerable amount of work has been
carried out on the study of vibration of cantilever rods,
very limited work has been reported in literature in
comparing the response using analytical techniques
such as vibration formulae and the finite element
method. In this paper, a solid rod of circular cross
section made of aluminium has been considered for the
analysis. Axial half sine impulse force has been
considered to apply on the model to find the
displacement at the tip of the rod due to the force. The
analysis is performed using vibration formulae and
FEM analysis along with simulations in ANSYS. The
displacements obtained from the three techniques were
compared with each other. The schematic diagram of
the cantilever rod and a half sine impulse force is shown
in Figure 1(a) and Figure 1(b).
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Figure 1: (a) Schematic (b) Half sine impulse
diagram of a cantilever rod ~ force

2 Formulation

To find the displacement at the tip of the cantilever rod
subjected to impulse load, the vibration theory and the
FEM theory has been used. The displacement at the tip
of the cantilever rod is measured for transient loading.
The transient load is considered to follow a harmonic
behavior with very short time duration in the order of
milliseconds. The force is acting at the end of the rod in
the axial direction i.e. no deformation occurs in the y
and z direction. The rod cross section is considered to
be circular and the displacement at the tip of the rod is
found for various lengths and loads on the rod. The
displacement at the tip of the rod is also found for
different values of time for transient loading. Let the
length of a cantilever rod be L on which an axial

transient load f = F sin wt is acting at the end of the rod,
where F is the amplitude of the load, w is the frequency
of the load and t is the time for which the load is acting.
Let the stiffness of the rod be k and the displacement at
the tip of the rod be denoted by u. For a constant force
F)
Force (F) = Stiffness (k) x displacement ()
ie. u=Flk (1)
Here E is the Young’s modulus, 4 is the cross
section area of the rod and / is the length of each
element of the rod. The generalized stiffness and force
matrices considering 3 eclements of the rod are
represented as given below using FEM,
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The force considered in the present condition is
transient impulse force in the form, f'= F sin wt.

The displacements with respect to time at any node
denoted as U and the expression for the same is given
by

U=k 1Fsina)t (%)
where ¢ varies from zero to the total time.
According to vibration theory, the equation of
motion of a rod in axial direction is given by

ou 62u
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where p is the density of the material of the rod.
If the property of the rod do not change with length,
then
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where ¢ = — is the speed of sound in the rod. The
P

equation (7) is the one dimensional wave equation
which describes the propagation of electromagnetic
waves in a homogenous medium. The boundary
conditions of a cantilever rod fixed at one end are

o
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Equation (7) can be solved as an eigen value
problem for vibration of a rod using method of
separation of variables i.e.

u(x,t) =U ()T (1) (®)
which gives the following equation
1 d T 2! d%u

T d® UK d’
Let each of the terms in equation (9) be equal to a

®

constant —a)2 . Thus

1 dT
=0 (10)
T(t) dt
2
1 d?U
And c2772=—w2 (11)
U(x) dx

On solving the equations (10) and (11) and applying
the boundary conditions, the natural frequency (®,) of
the cantilever rod is given the following formula [13],

«/E/
v, NELP (12)

2L
For transient impulse force, f= F sin wt,
displacements with respect to time during the pulse
duration at any node is given by [14],

F
U= / {sm a)t [ ]sin(a}nt):l (13)
on

where ¢ varies from zero to the total time.
After the pulse, the displacement with respect to
time is given by [14],

7

{2

where t/ is the impulse duration.

U= [ j sin(wnt)— sin(a)n(t—t/))} (14)

3 Results and discussion

3.1 Effect of the length of the rod on the
displacement at the tip

The half sine impulse force f = F sin wt, having an
amplitude of 10 N has been applied on the aluminum
rod with 0.01 m diameter for a time of 1 ms. The
displacement at the tip of the cantilever rod is plotted
for three different lengths i.e. 0.2 m, 0.5 m and 0.8 m.
The displacement history obtained using the analytical
FEM and vibration theory for the applied forces are
shown in Figure 2(a) and Figure 2(b).

The displacement at the free end of the rod increases
with increase in the length. Since the stiffness of a body
is inversely proportional to the length, hence the

displacement at the end of the rod increases with
increasing length.

- - Length=0.2m - - Length=0.2m
-+-= Length=0.5m -++= Length=0.5m
- Length=0.8m e Length=0.8m

s0/(a) | i (0)

~
[
=
—_
~>
=
(=]

[2=3

=

—

~

#
(o r] [fa)
= =
=1 (=1
-

~

[o%3
Py
=3
o
b
A
’
b4
-
(%]
=
(=1
hY
Y
]
r
rd

Displacement (nm)
-
Displacement (nmj)

- S | SN
0.0000 00005 00010 00015 00000 00005 00010 00015
Time (5) Time {s)

Figure 2: (a) Displacement (b): Displacement history
history obtained from obtained from vibration
analytical FEM method of the analysis of the rods with
rods with different lengths. different lengths.
Numerical simulations were performed in ANSYS
using finite element method for different lengths of the
rod and is compared with the displacements obtained
from analytical FEM and vibration analysis. The
parameters were kept the same as those used for the two
techniques. One end of the rod was fixed while the
other end was free and the displacement was considered
only in the axial direction. Hexahedral elements were
used for the simulation and the number of element were
560. The displacements obtained from the ANSYS
simulations for three given lengths are given in Figure 3.
The obtained displacements agree well with the
displacements obtained from the theoretical techniques.
The displacements obtained from FEM, vibration and
ANSYS simulations for 0.2 m length of rod are
compared in Figure 4.

—— Length=0.2m
2000+ T Length=0.5m
.’- \ =-= Length=0.8m
£ 1500- I
= ! \
T i 3
£ 1000- I A
Q I Ve
i Foe
& 5001 / \
= / ‘s,
. \ .
0 . . : Mo
0.0000 0.0003 0.0006 0.0009 00012 0.0015
Time (s}

Figure 3: Variation of displacement with time at three
different lengths obtained using ANSYS
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Figure 4: Variation of displacement with time for 0.2 m length
of rod obtained using FEM, vibration and ANSYS

3.2 Displacement at the tip of the cantilever rod
on varying the load

The displacement history obtained at the tip of the
cantilever rod was plotted for three different amplitude
of loads applied at free end of the rod, i.e. 10 N, 20 N
and 30 N. The force is considered to act harmonically
following the equation f = F sin w? for a time of 1 ms.

The other parameters were kept the same for three cases.

The graphs obtained using the FEM analysis and
vibration theory are shown in Figure 5(a) and Figure
5(b).

The displacement at the free end of the rod increases
with increase in amplitude of load. The displacements
obtained from the FEM analysis and vibration analysis
are found to agree well with each other.
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Figure 5 : (a)Variation of (b):Variation of

displacement with time at displacement with time at
three different amplitude of three different amplitude of
loads obtained from FEM loads obtained from
analysis vibration analysis

Using the same ANSYS model as used earlier, the
simulations were performed to find the displacement at
the free end of the rod for three different amplitude of
loads and the displacements were found to agree well
with the theoretical results. The displacements obtained
from the simulation are shown in Figure 6.

Figure 6: Variation of displacement with time at three
different loads obtained using ANSY'S

3.3 Displacement at the tip of the cantilever rod
on varying the total time of impulse

The total time for which the harmonic load is applied is
varied for three different times- 1 ms, 2 ms and 3 ms.
The effect of the varying impulse time on the
displacement at the free end of the cantilever rod is
analyzed keeping other parameters like length of the rod
and amplitude of the load as constant for the three cases.
The length of the rod is considered as 0.2 m and
amplitude of the load applied is considered as 10 N. The
graphs obtained using the FEM analysis and vibration
theory are shown in Figure 7. It is found that the
maximum displacement at the tip of the rod remains
same for all the three duration of impulses for both the
theoretical methods. Both the theoretical methods to
find the displacement are found to agree well with each
other.
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Figure 7: Variation of displacement with time at three
different impulse durations obtained from FEM analysis and
vibration analysis

The same ANSYS model is again used to perform
simulations to analyze the effect of different impulse
duration on the displacement at the tip of the cantilever
rod. The displacements obtained agreed well with those
obtained from theoretical analysis. The maximum
displacement is almost same for all the three time
durations. The displacements obtained from the ANSYS
simulations are shown in Figure 8.
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