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Total vertex irregularity strength of comb product of two cycles
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Abstract. Let G = (V(G),E(G)) be a graph and k be a positive integer. A total k-labeling of G is a map f: V(G) U
E(G) — {1,2:--k}. The vertex weight v under the labeling f'is denoted by w¢(v) and defined by ws(v) = f{v) +
Yuver(e) f (uv). A total k-labeling of G is called vertex irregular if there are no two vertices with the same weight.
The total vertex irregularity strength of G, denoted by tvs(G), is the minimum k such that G has a vertex irregular
total k-labeling. This labeling was introduced by Bata, Jendrol’, Miller, and Ryan in 2007. Let G and H be two
connected graphs. Let o be a vertex of H . The comb product between G and H, in the vertex o, denoted by Go
H, is a graph obtained by taking one copy of G and |V (G)| copies of H and grafting the i-th copy of H at the vertex
o to the i-th vertex of G. In this paper, we determine the total vertex irregularity strength of comb product of

Cy and C,,, where m € {1,2}.

1 Introduction

Mathematics is a logical, analytical, and systematic
thinking framework in helping human to solve their
problems. One of the topics in mathematics that is
interesting to study is graph labeling. One of the
applications of graph labeling are to solve network
problem.

In this paper, we discuss a kind of graph labeling,
which is total vertex irregular labeling.

Let G = (V,E) be a graph and k be a positive integer. A
total k-labeling of Gisamap f: V(G) U E(G) - {1,2, -+ k}.

In 2007, Baca et al. introduced total irregular labeling.
[1]. There are two kinds of the total irregular labeling,
which are an edge irregular total labeling and a vertex
irregular total labeling.

Definition 1.1. [1] For an integer k, a total labeling
f:VUE = {1, 2, -k} is called an edge irregular total
k-labelling of G if every two distinct edges e = uv and
f=wx in E satisfy we(e)#w(f), where
we(e) = f(w) + f(e) + f(v).

The notation wy(e) is called by the weight of edge e
under the labeling f-

Definition 1.2. [1] The minimum k for which a graph
G has an edge irregular total k-labeling, denoted by
tes(G), is called the total edge irregularity strength of G.

Baca et al [1] gave a lower bound and an upper bound
on tes(G) for arbitrary graph G. The bounds is given by
Theorem 2.1.

Theorem 1.1 [1] LetG = (V,E) be a graph with
vertex set IV and a non-empty edge set E. Then

[IEIT+2 < tes(G) < |E|. (M
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In the same paper, they also gave the exact value of
tes(G) for G are paths, cycles, stars, complete graphs,
wheels, and friendships. [1]

Ivanco and S. Jendrol’ [2] posed a conjecture that for
arbitrary graph G # K,

es(6) = o[22 )

Ramdani, et al [3] gave an upper bound on the total
edge irregularity strength of disjoint union of graphs as
follows.

Theorem 1.2 [3] The total edge irregularity strength
of disjoint union of graphs G;, Gy, -, G, m = 2, 1is

tes(UiZ, Gp) < Xit tes(Gy) — lmT_lJ 3)

In [4], Nurdin et al. determined the total edge irregular
strength of the corona product of paths with some graphs.
Definition 1.3. [1] For an integer k, a total labelling
f:VUE ={1, 2, .-k} is called a vertex irregular
total k-labelling of G if every two distinct vertices
u and v in V satisfy wg(u) #wg(v), where

wr(w) = f(u) + Luzer f (u2).

The notation wy(u) is called by the weight of vertex u
under the labeling f.

Definition 1.4. [1] The minimum k for which a graph
G has a vertex irregular total k-labeling, denoted by
tvs(G), is called the total vertex irregularity strength of
G.

In [1], Baca et al determined a lower bound and an
upper bound on the total vertex irregularity strength of
arbitrary graph G with p vertices, q edges, the minimum
degree §, and the maximum degree A, as follows.
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)
Y <tvs@) <p+a-26+1 (4

In [5], Nurdin et al. determined another lower bound
of tvs(G) for G a connected graph as follows.
Theorem 1.3 [5] Let G be a connected graph having n;
vertices of degree (i =4, 6§+ 1, 6§ +2, -+, A), where §
and A are the minimum and the maximum degree of G ,
respectively. Then

A
vs(6) = max {[2ne] [ormetton] . [23an]) (s)
Ramdani et al., in [6], determined an upper bound on the
total vertex irregularity strength of Cartesian product of
P, and arbitrary regular graph G.
Theorem 1.4 [6]. Let G be an r-regular graph forr >
1. Then

tvs(P,1/G) < 2tvs(G). (6)

In [7] and [8], Ramdani et al. determined an exact
value of tvs(G) for G are ladders and books. Nurdin et al.
[9] gave the exact values of the total vertex irregularity
strength for several types of trees and disjoint union of
paths. Przybylo, in [10], gave a linear bound on tvs(G).

Combining edge and vertex irregular total labeling,
Marzuki et al., in [11], introduced new irregular labeling,
namely totally irregular total labeling, defined as follows.

Definition 1.5 [11] For an integer k, a total labelling
f:VUE = {1, 2, -k} is called a totally irregular total
k-labelling of G if every two distinct edges e = uv
and f=wx in E satisfy we(e)#w(f) and
every two distinct vertices u and v in V satisfy
wr(u) # wp(v), where we(e) = f(u) + f(e) + f(v)
and wr (W) = f(u) + Xyzer f (uz).

Definition 1.6. [11] The minimum k for which a graph
G has a totally irregular total k-labelling, denoted by
ts(G), is called the total irregularity strength of G.

In the same paper, Marzuki gave a lower bound on
ts(G) that

ts(G) = max{tes(G), tvs(G)}. (7

An upper bound on ts(G) was given by Ramdani et al.
in [12] as follows.

Theorem 1.5 [12] Let G be a graph of order p. Let the
sequence F, of Fibonacci numbers be defined by the
recurrence relation F, = F,_; + F,_,, n > 3, with seed
values F; = 1 and F, = 2. Then the total irregularity
strength of a graph G is

ts(G) < E,. ®)

In the same paper, [12], Ramdani et al. determined the
exact value of ts(G) for G are gears, fungus, and m copies
of stars.

Other results about ts(G) were given by Ramdani et al
in [13]. In the paper, they gave the exact value of ts(G)
for G are Cartesian product of P, and some families of
graphs. In [14], Ramdani et al. gave the total irregularity
strength of freindship.

In[15], Ramdani et al. determined the total irregularity
strength of regular graphs. In the paper, they gave an upper
bound on total irregularity strength of m copies of
arbitrary graph G. Also they gave the exact value of the
total irregularity strength of m copies of path P,.

In this paper, we determine the exact value of the total
vertex irregularity strength of comb product of two cycles.
The definition of comb product graph is given below.
Definition 1.7 Let G and H be two connected graphs. Let
o be a vertex of H . The comb product between G and H,
in the vertex o, denoted by G &, H, is a graph obtained by
taking one copy of G and |V (G)| copies of H and grafting
the i-th copy of H at the vertex o to the i-th vertex of G.

2 Main Results

In this paper, we give the exact value of the total vertex
irregularity strength of C, =, C, and C,, &=, Cs. The first
result is given by Theorem 2.1
Theorem 2.1 Let C,, be a cycle with n vertices and

C, be a cycle with 4 vertices, then for n > 3,

tvs(C, >, Cy) =n+ 1. 9)
Proof. Let the vertex set of C, >, C, be

{ujlt<isn 1<j<4} (10)
and the edge set be

{Uintiz, UiWis , Wistig, gupn|1 < i<n} (11)
U {unugenll S i< n—1}0 {ugugd. (12)

The ilustration of graph C,, =, C, can be seen in the
Fig. 1.

Unz

Fig. 1. A graph C,, &>, Cy

Graph C, =, C, has 3n vertices with degree § = 2 and
n vertices with degree A = 4. By using Theorem 1.3, we
have

tvs(C, = o C,) = max {[M], [5+n5+n5“], - [MZ?:"W]}. (13)

5+1 5+2 A+1

= max {[2+3n] ’ [2+3n+n]} (14)

2+1 4+1
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~ max {[2+33n] ’ [4n5+2]} (15)
[2+3n] (16)
(17

So that, we have
tvs(Cp > €)= n+ 1. (18)

Define a labeling f of V(C, =, C,) UE(C, >, C,) as
follows :

flup)=n+1,fort <i<n; (19)
fu) = f(ui) = f(uw) =i, forl<i<n; (20)
(uinuz) = f(uus) =i, for1 <i<mn; 2D
flupuy) = fuuy) =i+ Lforl <i<n; (22)
fugugeny) =n+1,forl<i<n-—1; (23)
fuup)) =n+1. (24

The labeling f gives weight of each vertex, for1 < i < n,
as follows :

fuin) + f(ugui) + f(uiauyg)
+ f(winugen) + fUg-1y1tin)
M+D+@O+G+1) (25)
+(n+1D)+Mm+1)
= 3n+ 4+ 2i,

Wy (1)

wr(uz) = f(u) + fWigu) + f (upugs)
= O+O+® (26)
= 3i

wr(uizs) = f(us) + f(uipuz) + f (Wizia)
= @O+@O+0GE+1 27)

fuia) + f(uiztia) + f (Uiais)
= OW+E+D+G+1) (28)
= 3i+2

Wr (wia)

It can be seen that there are no two vertices of the same
weight.

So, 1 is a total vertex irregular labeling of C,, =, C,.
The maximum label of the labeling fis n + 1. So, we have

tvs(C, >0 C)<n+ 1. (29)
From (18) and (29), we can conclude that for n > 3,

tvs(C, &, C,)=n + 1. (30)
|

This paper also determine the total vertex irregularity
strength of C,, &, Cs. The result can be seen in the theorem
below.

Theorem 2.2 Let C, be a cycle with n vertices and
Cs be a cycle with 5 vertices. Forn > 3,

tvs(C,, >0 Cs) = [ (1)

4n+2]

Proof. Let the vertex set of C,, &, C5 be
{ujlt<i<n 1<j<5} (32)
and the edge set be

{un s, upls, Wil Walis, wisup |1 <i<n} (33)
Uf{upugenill <i<n—1} (34)
U {upus ) (35

In the Fig. 2, we can see the ilustration of graph  C,, &,
Cs .

Fig. 2. A graph C,, &, Cs

It can be seen in the Fig. 2. that graph C, >, Cs has
4n vertices with degree § = 2 and n vertices with degree
A = 4. We use Theorem 2.3 to have

tvs(C, & 0 Cs) = max {[MI [5+n5+n5+1]’ . [6+Zf:§nil}. (36)

s+1 17 §+2 A+1

([ )
=max (|52, [557]) G9)
:[4n3+2] (39)

So that, we have

tvs(C [ Cs) [

4n+2]

(40)

Next, define a labeling f of V(C, &, C5) U E(C,, &, Cs)
as follows :

an+2

flu) = flusuy) = [=2], for1 < i<n; @1
flup) = r” 3] forl<i<mn 42)
fuiz) = fupup) = [41 2] forl1 <i<mn; (43)
fuia) = fupuis) = (44)
flus) = fluus) = [5] for1<i<n;  (45)
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4an+1
3

Jforl <i<n; (46)

fuiauis) = [

fupugen) = [4n3+2 ,fori<i<n-—1; (47)
fuiun) = [4n3+2] (48)

The weight of vertices of C, =, C5 under labeling f
vertex, as follows :

Forl <i<n,

Wf (uil) =3 [4n3+2] + [413—2] + [41;—2]’ (49)
wr(up) = 4i—1, (50)
Wf(uiS) = 41, (51)
wr(uy) = 4i+ 1, and (52)
wr(u;s) = 4i + 2. (53)

It can be seen that there are no two vertices of C, &,
Cs under labeling f of the same weight.
So that, f* is a total vertex irregular labeling of C, &,

5. The maximum label of labeling f'is [4113—”] So, we have

tws(C, = Co)< [ (54)
From (40) and (54), we conclude that
tvs(C, =0 C))=n+1, (55)
forn > 3.
]
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