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Abstract. Studying the stress-deformed state of structures with complex-
shaped boundary is an urgent task for designing and developing numerical
and analytical methods of constructions, buildings and structures research.
Stress concentration due to geometrically nonlinear shape of the
boundaries — cutouts, notches, causes stress, deformation zones with
significant magnitudes and gradients. Theoretical analysis of the boundary
angle cutout domain stress-deformed state (SDS) under rupturing forced
deformations comes down to studying singular solutions of elasticity
theory homogeneous problem with power-type specifics. Novelty of the
studies given herein is that the SDS in the vicinity of an irregular boundary
point — the domain boundary angle cutout vertex, is characterized by stress
limit values similar to stress intensity coefficients when applying force
criteria in fracture mechanics. Asymptotics of elastic problem solution in
the random opening boundary angle cutout domain is written using the
stress limit values. Obtained asymptotic expression for elasticity theory
plane problem solution allows to analyze the SDS of the domain boundary
angle cutout zone as a function of the domain cutout opening angle,
mechanical characteristics and eigenvalues of elasticity boundary-value
problem in case of stresses homogeneous boundary conditions.

1 Introduction

Stress-deformed state (SDS) of a composite domain in the boundary angle cutout zones
under forced deformations with a finite rupture of forced deformations along the contact
line (surface) of the domain elements entering the boundary cutout vertex is considered.
This paper is aimed at determining the SDS in the domain boundary angle point, to which
forced deformation rupture enters, using the limit stress values called stress intensity
coefficients in a manner similar to the force criteria in fracture mechanics.

Elasticity theory problem in the vicinity of an irregular point on the domain boundary
special line comes down to consideration of two plane problems [1-5]: plane deformation
and anti-plane deformation or transverse shear.

The SDS specifics conditioned by the domain boundary shape geometry — cutout, notch,
is determined by the singularity of solution, the order of which depends on an elasticity
theory homogeneous boundary-value problem eigenvalues [4, 6-11]. The eigenvalues of a
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homogeneous boundary-value problem depend on the boundary shape, type of
homogeneous boundary conditions, mechanical characteristics of the domain material and
have a set of values [12-14]. Let’s consider solution of a plane deformation elastic problem
in the vicinity of the plane domain boundary angle cutout vertex in more detail.

2 Materials and Methods

2.1 Problem statement and solution

To obtain an asymptotic solution in the vicinity of the boundary irregular point — the angle
cutout vertex, we consider the solution of a homogeneous boundary-value problem for
wedge. A plane wedge-shaped domain with the opening 2o € (m, 2m) consists of two
symmetrical domains: Q;, 6 €[0,a] and Q,, 8 €[—a.,0], in one of which there are forced

temperature deformations &; = o7 51]‘- A deformation discontinuity (jump) Ag; =oT 81-1-

appears along the domains interface L = M), entering the domain boundary angle

cutout vertex. Stresses boundary conditions are homogeneous. Concentrated forces are not
considered.

Let’s introduce a polar coordinate system with the polar pole O (0.0) at the boundary
angle cutout vertex and polar axis along the wedge symmetry axis. Solution of the
homogeneous elastic problem in displacements for a wedge-shaped infinite domain in the
vicinity of an arbitrary opening boundary angle point is written [4,6,8] as follows:

A A
ur =r g(e)7 MG =r f(e)’ (1)
where A is an unknown parameter, f(0), g(0) are unknown functions of the angle 0 to

be determined. By substituting (1) in the Lame equations, we obtain the SDS, which depend
on four arbitrary constants A4, B,C, D to be determined:

7 u, = Acos[ (1+2)0]+ Bsin[ (1+2)0 ]+ Ceos[ (1-2)0 ]+ Dsin[ (1-2)6],
r ug=Beos[ (1+1)0]- Asin[ (1+1)0]+v,D cos[ (1-1)0] v, Csin[(1-1)6],
u 't o9 = —22dcos[ (1+1)0] - 2ABsin[ (1+1)0 ]~ | o
—(1+1)(1-v,) Ceos| (1-1)6 |- (1+1)(1-v, ) Dsin[ (1-1)6 |
W' 1,9 =—22sin[(1+1)0]+21Bcos[ (1+2)0] -
—(1=1)(1=v,) Csin[ (1-1)0 ]+ (1-1)(1=v, ) Deos[ (1-1)6 ]
u't o, =21 {(Acos[(1+1)0]+ Bsin[ (1+1)0]+

>

3-)\ KBS >
+——Ccos|(1-A)0 |+ Dsin| (1-21)0
- Ceos[(1-2)0] 2= Dsin(1-1)6])
where p= 2(1E ), E, v is an elastic modulus and domain material Poisson’s ratio,
+vV
respectively; v, =M, 1-v, =ﬂ k=3-4v, A are the homogeneous
3-A—4v k—\

boundary-value problem eigenvalues.
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By satisfying the homogeneous boundary conditions: 64 =1,y =0 with 6 =20, we obtain
two homogeneous systems of linear equations:

{ 20 Acos[(1+A)a] + (1+A)(1=v,)Ccos[(1-A)a] =0, G3a)
20 Asin[(1+A)a] + (1-=A)(1—v,)Csin[(1-A)a] =0,

{ 2ABsin[(1+A)a] + (1+A)(1—v,)Dsin[(1-A)a] =0, (3b)
2ABcos[(1+A)a] +(1-A)(1—v,)Dcos[(1-1)a] =0,

For the homogeneous boundary-value problem to have non-zero solutions, it is necessary
and sufficient that the determinants of each system (3a) and (3b) are equal to zero. The
determinant of the first system (3a) is equal to:
Asin2o+sin2Ao. =0 or sin2Ao=-Asin2a . 4)
Only the components A and C (B, D=0) written for the characteristic equation (5) A roots
are retained (kept) in the SDS of the form (2). Let’s designate the equation root system (4)
with A; .
The determinant of the second linear equations system (3b):
—Asin20+sin2Aa=0 or sin 2Aa = Asin 2o . (5)
Only the components B and D (A, C = 0) written for the characteristic equation (5) A roots
are retained (kept) in the SDS of the form (2). Let’s designate the equation root system (5)
with 1.
The characteristic equations (4), (5) have an infinite set of eigenvalues A;, A; . The
values A <0 result in unlimited movements at the angle cutout vertex when there are no
loads on the domain cutout edge. The values A; >1result in unlimited stresses at infinity.

According to the problem physical meaning, the values A; €[0,1]are taken. Among the set

of roots (4), (5) A" =min Re?»;', A~ =minRel; is chosen to construct the asymptotic
solution (2), since the subsequent higher values A; result in unlimited increase in
deformation energy.
Taking into account the boundary conditions (3a), we obtain ratios for the coefficients A
and C:

(1-2") sin[(l—k‘)a}

A= C. (6)

(k—;f) sin[(l+7f)0c}
Taking into account the boundary conditions (3b), we obtain ratios for the coefficients B
and D:

(1421 sin[(l—w)a}
B = D
(k—;ﬁ) sin[(1+7ﬁ)a}

Let’s designate the stresses limit values in the vicinity of the domain boundary irregular
point as follows:

)

K; = lim ™ o4 . (8)
r—0 ’
_ g 1At
Kpp= lim 7™ 1.9 . ©)
r—0 ’

Taking into account the designations (8), (9) and ratios (6), (7), the coefficients A and B, C
and D are expressed in terms of the stress limit values as follows:
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. (13- Jsin] (13 )|

ZK_u_(k _1 Sm[ a}+(k +1 sm[ 1+x )aﬂ Ao (102

. (k27 sin| (1427 )a | . "

_27L_u (7» —1 sm[ G]+(k +1)Sm[ 1+7u_)0cﬂ I> (10b)

B-— (Hv)m[(l o] K. (10d)
2x+u_(k +1 sm[ J 1 7»+)sm[ 1+7u+)ocﬂ

= wr)sm[(l Nr)a K;;.  (10c)

2.2 Stress-deformed state in the vicinity of the plane domain boundary angle
cutout vertex

Solution of the homogeneous boundary-value problem (2) considering the coefficients (10)
in the vicinity of the domain boundary angle cutout vertex is written as follows:

u, =1+ {Acos[(l i x‘)e} + Ceos [(1 —x‘)e]} n
r”{Bsin[(lwﬁ)e]+Dsin[(1—w)e] ’
ug =r* {—Asin[(1+k_)9}—v5 Csin[(l—?f)e]}+
P {Bcos[(l+%+)9j| e Dcos[(l—x+ )e}}
S :ur”‘l{—zx‘Acos[ (1427 9] )(1- vz)Ccos[(l x‘)eJ}Jr
ur”‘l{—zﬂBsin[ (142" e} (1= vg)Dsin[(l—V)eJ}
; - )e}r
b

tre:ur}“__]{—ZX_Asin[ l+k 9 )1 v, | Csin (1 A

Jesin]
)Dcos[

Jo]-(1- )
+;,tr7‘+_1 {2X+Bcos[ 1+7\.Jr 9} 7\,+) 1 V}r

3—

G, = 2 (A cos [(1+7f)6} + k—ii: Ccos[(l—?f)@}} +
ot ! {Bsin[(1+x+)e]+ 2:?; Dsin[(l—k+)9]} |

where the coefficients A, B, C, D satisfy the ratios (10).
Taking into account the set of eigenvalues A; of the equation solutions (4) and (5), solution

of the elastic problem in the plane domain boundary angle cutout zone is represented as
follows:
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_ i oA - A —-A;
ur_i%r {Alcos[(1+kl )9]+Clcos[(1 A )9}}+

El

+ Y M (s, sin[(nxi*)e}/)i sin[(l—kf’)e}+uﬁ

Cat
l,}\.i

ug= 3 1M {4 sin[(lmg)e}vg C sin[(l—x;)eJH

iA7

o =1 Y I =207 doos| (14270 |~ (1427
iy
e Y e Bysin| (142 )0 |- (1427

st
l,;mi

)

)
To=p Yt 207 dsin (1+x;)e —(1—x;)(1—v5

(

i
S M B, cos[(uxj)e}(l—xj) 1-v3)D, cos[(l—kf)@}+rie

LAt
l,)\,l’

o, =20y A 4, cos[(1+ki—)9]+ 37h cos[(l—?{)@}}+
i, i

R
w2 2 B, sin[(1+k;r)6]+ Z‘; Disin[(l—k;r)e]}Jrci

iAf -

where u; ,ij are the displacements and stresses caused by general displacement and

stresses field [12-16] or given forced temperature deformations discontinued along the
wedge symmetry axis 6 =0 of the following form: Ag;; =79 .

According to (10), the coefficients A, B, C, D are expressed in terms of the stress limit
values K ;, K;;, therefore stress-deformed state in the vicinity of the domain boundary

irregular point depends on the parameters K ; ,K;; and is written as follows:

w =K, P f 0+ 'K, 0
=0 Kt f, @)+ Ky fi,x+()+

- + (13a)
+ 2GS, O+ G, (O)] 4y
inF o o
AT A"
o =Kyt f L O+K  rt f (O
(13b)

A >\,+ s
+u z+[r Gty O G (0)]+03;
i,j,A\j
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where A~ =minRe);, A" =minRe); are the minimum values of the characteristic

equations (4), (5) complex roots real part, respectively; fl 2t (9), f: ot (0) are functions of

the angle 6 €[—a, a], u; =(u,,ug) are displacements, c;; =(0g,T,9,0,) are stresses for

which the principal expansion term, written through intensity coefficients K ,;,K,;;, is

extracted; u; , o,

jj are displacements and stresses caused by specified forced temperature

deformations.
Taking into account the SDS of the form (13), the principal term of the problem
solution asymptotics in the vicinity of the domain boundary irregular point is as follows:

w ="K, O+ K f L (0)+ 00 14
i= Kyt S @)+ K fi,x+()+ "), (14a)

1A 1t _
S S A O A ORGP (14b)

where A =minReA; , A" =minReA;, A=min(A",A"). In the vicinity of the domain
boundary irregular point O (0.0) singularity order for stresses is equal to
(A-1), Ae[0.51], lin(}rx"1 =400, and the mean value of the stresses (14b) in the small

vicinity of this point is finite. This follows from convergence of the improper integral of the
following form:

1 «
—1+r . rdrd® . A
([0 1y, 0=k i [ 7, @9k | 1, @ an.
Q. G \Uy, r Pn —Q

where {pn} is the sequence of vicinities centered at the beginning of the polar coordinate

system (excluding the boundary cutout vertex) in the form of central sectors which radii
p,, lim p,, =0. For function of the angle fij N (6) =1, the improper integral value:
n—>0 >

200 .. gl 20,
— lim =—UK;(K;y).
1+7un—>oop p, 1+A 1&Krr)
Taking into account general stress field from the given forced deformations and
homogeneous problem solution asymptotics (14), the SDS in the vicinity of the domain

boundary irregular point is as follows:

-1 - -1 +

wp =K [, @+ 'K 7 [ ©®)+u], (14c)
140 —14+2"

o =K, " Lo @+K 7 i o @ +0i;, (14d)

where A~ =minReA; , A” =minRe);, coefficients K ;, K, ; are the stress limit values
of the form (8), (9).

3 Conclusions

A solution of the elasticity theory boundary-value problem for a boundary angle cutout
domain in the form (12), taking into account differences in the minimal values of the
characteristic equation root real parts (4), (5), is obtained.
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The SDS in the plane domain boundary angle point which is entered by forced
deformations rupture in the form (13) using the stress values (8), (9), called stress intensity
coefficients similar to the force criteria in fracture mechanics, is obtained.

The principal term of elasticity theory boundary-value problem solution asymptotics in
the vicinity of a domain boundary irregular point with an arbitrary opening of the boundary
entering angle cutout in the form (14) is given. The obtained solution of the elastic problem

(14) allows to analyze the influence of the stress limit values K, , K,, on the SDS in the

vicinity of the plane domain boundary cutout vertex.
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