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Abstract. The article presents an analytical and numerical study of a 
dynamic conical indentation during impact process. The circular plate 
laying on the elastic base is subjected to impact load by the conical 
indenter. Local deformations in imprint zone are considered as elastic-
plastic and general plate deformations are only elastic. According to 
Timoshenko method, the general plate displacement is considered as the 
sum of the elastic-plastic displacement of the indenter and the elastic 
displacement of the plate at the impact point. The solution is constructed 
with Fourier transforms and the Green function of the dynamic process is 
obtained. The numerical study of impact indentation is received by FEM 
method. The dependences of displacements, velocities, and accelerations of 
the plate on time is obtained during impact. The experimental data 
obtained with the special device is compared with the results of the 
numerical analysis. The method of an assessment of the mechanical 
characteristics of steel is proposed on the basis of the research. Analysis of 
the dynamic response and non-stationary effects on structural elements is 
carried out on the base of the calculated impact process. 

1 Introduction 
The problem of the dynamic response of a plate laying on an elastic base is widely applied 
in the construction field. The most dangerous are dynamic or impact loads that can cause 
critical damage to a structure. Such models are widely used in practice in construction, road 
and highway design, mechanical engineering, the theory of composite structures, in the 
production of body armor and many other areas.  

Depending on an application area, it is advisable to distinguish three ranges of impact 
speed. First is low-velocity impact till 10 m/s. It is considered that in this case, wave 
processes and inertial forces in the imprint area do not have a significant influence on the 
reaction of the material and they can be neglected. The second is a high-velocity impact 
from 10 m/s to 100 m/c. In this case, the inertial resistance of the material increases, and the 
mechanical characteristics of the material change significantly. And the third is ultra-high 
speed. The impact resistance of the material increases even more and can reach the limit of 
elasticity.  

In this paper, we consider low-velocity impact as the most common in construction 
practice and can be used for non-destructive testing of structures. The method of non-
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destructive test is considered in [1-3] on the basis of conical indentation and the number of 
mechanical characteristics is determined with the special device. 

The dynamic response of a plate laying on a soil medium subjected to a moving load is 
analytically obtained under conditions of plane strain in [4,5]. The plate is assumed to be 
isotropic, linear elastic and obeying Kirchhoff’s theory of bending. 

The simple expression for the dynamic response of stiffened rectangular plates 
repeatedly impacted by a rigid knife-edged strike was proposed in [6]. The method was 
based on the hypothesis of the rigid-perfectly plastic body to examine the influence of the 
mechanical properties on theoretical prediction of the impact parameters. 

The dynamic response of polycarbonate plates subjected to the spherical indenter 
impact in different velocities was investigated in [7]. The numerical investigation of impact 
response of a polycarbonate plate is conducted by using LS-DYNA. Polycarbonate material 
behaves in an elastoplastic manner. The velocities were in a range of 50 – 120 m/s. 

The analytical and numerical investigation of the stress-strain state of the corrugated 
plate on an elastic foundation by the Bubnov-Galerkin method is obtained in [8,9,10]. The 
displacements are expressed in the form of an expansion in a series with unknown 
coefficients by special polynomials, which are a combination of Legendre polynomials. 
Dynamic behavior of structural elements allows estimating risks of sudden structural failure 
[11,12].  

All cases show that the problem of the impact of a hard body on the plate under 
elastoplastic deformation is a relevant task and the assessment of the parameters of state-
strain state of the plate is a necessary part of the dynamic research. 

2 Materials and methods 
Let’s consider a circular plate with the radius L and thickness H lying on the elastic base of 
Winkler with a stiffness coefficient 0k . The mechanical characteristics of a plate resume to 
be elastic perfectly plastic with the yield strength y . A conical body with mass m moving 
at a velocity 0v  and hit in the center of the plate with angle 90. We consider the cylindrical 
coordinate system 0r  , the origin of which is coincides at the point of initial contact. 
The local deformations in the contact zone are elastoplastic and general deformations of the 
plate are considered elastic. It’s necessary to determine main characteristics of impact: the 
stress-strain state and kinematic parameters - the displacement S(t), the velocities V(t), the 
accelerations W(t) during impact.  

The differential equation of motion of a plate subjected to contact force P(t)  
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where  ,w r   the displacement of the plate, P(t) -  contact force, D – the plate cylindrical 
stiffness. 

The boundary conditions for a plate with a free edge have the form 
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The motion z(t) of the impactor is described by the equation 

      0, 0 0, 0mz P t z z v        (3) 
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The motion z(t) of the impactor is described by the equation 

      0, 0 0, 0mz P t z z v        (3) 

The dependence of the contact force P(t) is taken from the static solution of conical 
indentation 𝑃𝑃(𝛼𝛼) [3]. In view of the linearity of the problem, it suffices to consider the 
action of a unit pulse Y=1. The movement in this case will be a function of influence f(r,t), 
and the displacement at the origin of coordinates under the action of the concentrated 
impact force is determined by the equation  
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This solution is written in explicit form. As a result, the Green's function has the 
following form 
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   ,  , 0,1i iI u K u i   - modified Bessel and Hankel functions of the i-th order; 

   ,  , 0,1i iJ u N u i   - Bessel and Neumann functions of the i-th order. 
Further investigation was carried out numerically with the FEM method using ANSYS 

soft. The scheme (figure 1) presents impact testing. The striker 2 hits over the indenter 3 
subjected to the spring 1 force and sensor registers a signal of velocity V(t) of the plate 4. 
The displacements S(t) and accelerations W(t) are obtained by integrating and 
differentiating. The FEM model of a task of the impact of a conical indenter on a plate in an 
axisymmetric state was produced. Considering that during the impact there is a significant 
plastic deformation in the contact zone, the plate was modeled by rectangular 8-node 
elements with the orthotropic material properties. There was more frequent finite element 
grid meshing in the contact zone of the plate with the impactor. 

The general equation of motion for the discrete mechanical system (figure 1) can be 
written 

 1 1 1 1
a

n n n n     Mu Cu Ku F     (5) 

M – mass matrix, С – damping matrix, K – stiffness matrix, 𝐅𝐅𝑎𝑎 – applied load vector, 
𝐮̈𝐮𝑛𝑛+1 – the nodal acceleration vector at time 𝑡𝑡𝑛𝑛+1, 𝐮̇𝐮𝑛𝑛+1 – the nodal velocity vector, 𝐮𝐮𝑛𝑛+1 – 
the nodal displacement vector. The integration algorithm for (5) by Newmark method was 
used. 
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Fig. 1. The scheme of impact (left) and FEM model (right). 

3 Results 
The steel plate with diameter 2L=94 mm and thickness H=3 mm on the elastic base 
(rubber) k= 1282 N/m. The elastic base was modeling as a layer with elasticity modulus 
Eb= 3.0E+6 MPa. The yield strength of steel plate 𝜎𝜎𝑦𝑦= 330 MPa. The striker with mass 
ms=0.090 kg, hits on the indenter with mass mi = 0.080 kg. The energy of striker E=0.16 J. 

The results of numerical analysis and experimental data are shown in figure 2. The 
dependences of displacement S(t), velocity V(t) and acceleration W(t) are presented in 
figure 2 where the experimental data are compared with the ANSYS results. It’s seen that in 
the active phase of the impact all dependencies almost coincide. The discrepancy appears 
during the rebound of the indenter that is well seen at the second dependence V(t) (figure 2) 
when the speed curve is reduced to zero. 

 
a) 
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a) 

  . 
b) 

  . 
c) 

Fig. 2. The dependences a) of displacement S(t), b) velocity V(t) and с) acceleration W(t) during 
impact: 1- numerical analysis, 2 - 1 experiment, 3 - 2 experiment, 4 - 3 experiment. 

The discrepancy between the graphs in the passive part of the experiment, when the 
indenter is rebound, can be explained by the fact that the rubber base has a damping 
property that was not considered in the numerical analysis. Nevertheless, we see a good 
agreement of the results in the first half-wave of plate oscillations. The experiment was 
carried out on a specially manufactured unit [3]. 

4 Discussion 
The plate response for various elastic coefficients of the base is considered during impact 
conical indentation. Figure 3 shows the dependences of displacement S(t), velocity V(t) and 
acceleration W(t) for three kinds of elastic foundation E1=3.0E+5 MPa, E2=3.0E+6 MPa, 
E3=3.0E+7 MPa. 
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a) 

 
b) 

 
c) 

Fig. 3. a) The displacement S(t), b) velocity V(t) and с) accelerations W(t) during the impact for 
different base stiffness: 1 – E1=3.0E+5 MPa ,2 – E2=3.0E+6 MPa, 3 – E3=3.0E+7 MPa  

The dynamic response of the plate to the impact of the indenter is a complex function 
because in the scheme adopted by us, the indenter is initially resting on the plate and the 
striker hits it with a given energy. In this case, the dynamics of the plate is determined not 
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only by the properties and geometry of the plate and the impact mechanism is a two-mass 
system. 

5 Conclusions 
The method for dynamic plate response during impact conical indentation has been 
developed. The numerical analysis was compared with experimental data and it’s shown 
that given data are in good agreement in the active phase of indentation.  

The numerical analysis of the dynamic response of a circular plate on an elastic base 
was produced for various elastic foundation modulus. The proposed method3d is tested on 
non-destructive testing of structural elements [3], welded joints [13], machine parts [14] 
and others. 

The work was financially supported by Russian Foundation for Base Research (project 
18-01-00715-a). 
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