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Abstract. The article provides guidelines on calculation of the cast-in-place
reinforced concrete thermal treatment modes: the problem of thermal
treatment mode by setting the mathematical temperature field model in the
hardening concrete has been solved; model equation which allows
calculating the temperature field in the hardening concrete structure using
computer software has been solved numerically. One of the most pressing
social problems in the world is the problem of housing for citizens, towards
whom the state has obligations in accordance with applicable law. Currently,
the most efficient way to solve this problem directly is a mechanism of
provision of housing at the expense of state funds. Successful completion of
such programs is also achieved due to the formation of an affordable
economy class housing market that meets the requirements of energy
efficiency and environmental friendliness. In turn, the energy efficiency
criterion is achieved by rational choice of technology and organization of
construction operations. An important criterion for energy efficiency of cast
reinforced concrete technology utilization is the rational temperature
condition of concrete hardening.

1 Introduction
1.1 The energy efficiency problem of economy class residential buildings
One of the most pressing social problems in the world is the problem of housing for citizens,
towards whom the state has obligations in accordance with applicable law. Currently, the
most efficient way to solve this problem directly is a mechanism of provision of housing at
the expense of state funds. Successful completion of such programs is also achieved due to
the formation of an affordable economy class housing market that meets the requirements of
energy efficiency and environmental friendliness. In turn, the energy efficiency criterion is
achieved by rational choice of technology and organization of construction operations.
1.2 Energy efficient concrete temperature conditions
Currently, the use of technology and organization of construction by cast-in-place method,
which has a significantly accelerated level of adoption, has been increasingly recognized in
*
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the construction industry. An important criterion for energy efficiency of cast reinforced
concrete technology utilization is the rational temperature condition of concrete hardening.
It is necessary to have a common method of the temperature field calculation in the hardening
concrete structure for a satisfactory resolution of this problem. The implementation of this
calculation method by using computer modeling is currently possible and relevant due to the
widespread use of computer technology.
1.3 The task of searching for the concrete structures thermal treatment modes
Under the influence of non-homogeneous and non-stationary temperature field on the
concrete hardening the thermo-stress state arises, which can lead to the ultimate structural
strength reduction. Therefore, it is necessary to know the temperature fields dynamics in
concrete structures for different heat treatment methods. Choosing the most efficient mode
of concrete structures thermal treatment, it is possible to provide high quality of concrete at
the minimum duration of thermal treatment and maximum reduction of energy costs. During
the concrete structures thermal treatment the temperature field in the structure can be
controlled by changing the initial concrete temperature, heating elements power and heatexchange conditions on the structure surface. There appears the problem of searching of such
thermal treatment mode, under which the temperature field has the required characteristics.
These characteristics include temperature, rate of its rise and temperature gradient.
1.4 Basic steps of the thermal treatment problem solving
The first step of the thermal treatment problem solving is the creation of accurate
mathematical model of temperature field in the hardening concrete. The second step should
be devoted to the numerical solution of model equations which allow calculating the
temperature field in the hardening concrete structure using the computer software. With this
method, it is possible to investigate the temperature field dynamics under different thermal
treatment modes and develop the most rational modes, without recourse to a large series of
scientific experiments by using the software.
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3 Materials and methods
The proposed method of temperature field calculation can be applied in various ways of
concrete thermal treatment, during choosing the capacity and heat insulation of the
designed heating formwork, as well as for the calculation of the thermal conditions of
buildings and constructions.
3.1 Mathematical model of the temperature field
The numerical solution of model equations defined by locally one-dimensional scheme
[LOS] of the total approximation method is adopted with the above mathematical model of
the temperature field in the hardening concrete structure of arbitrary shape with different heat
exchange conditions on the surface.
3.1.1 Warm water equation
Heat transfer in the concrete in the absence of intense sources [drains] of water and steam is
mainly determined by the thermal conductivity [8]. The thermal conductivity equation for
three-dimensional area G is written as:
3
u
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C – specific heat per unit volume, J / m3* oC;
 p – thermal conductivity coefficient, W [m* oC];

x p [P = 1; 2; 3] – Cartesian coordinates,m;
t – time, s;

u – temperature,°C;
f – internal heat sources intensity, W / m3.
3.1.2 Domain task
Area G must include not only the fresh concretethe temperature field of which is under
consideration, but also solid parts in contact with it [for example, previously poured concrete,
foundation soil, etc.]. It is necessary to establish conditions on the part of boundaries G of G
area in a solid:

du
u
0
 const or
dn
r

3

(2)

MATEC Web of Conferences 193, 03010 (2018)
ESCI 2018

https://doi.org/10.1051/matecconf/201819303010

Values C, L and f in Equation 1 are not the same in different zones of G area, i.e. they
depend on coordinates due to the non-heterogeneity.
3.1.3 Reinforcement influence
Steel reinforcement in concrete typically occupies a small relative volume, therefore its
influence on values c and j is not significant. However, since the steel thermal conductivity
[λρ] is greater than λρ of concrete, then the heat flows spreading over the reinforcement bars
have to be taken into account. Thus, λρ also depends on the location and direction of
reinforcement [anisotropy of medium].
3.1.4 Internal heat sources
Intensity of internal heat sources consists of the energy inflow rate from outside [electric
curing etc.] and intensity of concrete heat release [5]. The first term is the control action and
is given as coordinate and time function. Concrete heat release intensity depends on the
temperature and concrete state [21]. It should be noted that the thermal conductivityof
hardening concrete also depends on temperature and its state [18]. Currently, this issue needs
shall be experimentally studied.
3.1.5 Simulation of heat propagation in the frozen foundation
When laying the concrete on the partially frozen earth foundation during the concrete curing
process, the boundary between melt and frozen zones moves in the soil. The temperature at
the boundary line is constant and equal to the phase transition temperature а cr. Temperature
in each zone satisfies the equation 1, and the heat capacity and thermal conductivity
coefficient in the frozen and melt zones are different [4]. Each point g = [G, gG, 5з] E moves
along the normal to the boundary line at this point. Values related to the frozen zoneare
denoted by index 1, and in the melt zone - by index 2. 2 is the unit normal vector to the
boundary line from melt in the frozen zone. Then the boundary line velocity is determined
by the heat balance equation:
𝑞𝑞𝑓𝑓 (

⃗
𝑑𝑑𝜉𝜉
𝑑𝑑𝑑𝑑

∗ 𝑛𝑛⃗) = 𝜆𝜆1

𝜕𝜕𝜕𝜕

| − 𝜆𝜆2

𝜕𝜕𝑛𝑛⃗ 1

𝜕𝜕𝜕𝜕

|

𝜕𝜕𝑛𝑛⃗ 2

(3)

where q – specific volumetric heat of phase transition, J / m3.
Instead of the two thermal conductivity equations for frozen and melt zones and bonding
heat balance equation one type equation, where the heat of phase transition is taken into
account by artificial change in medium heat can be used.
In the real soil the boundary line between frozen and melt zones is not surface GL =
GL=Ctt, but layer bounded by surfaces I = I-L and 12 = I, because the water freezing point
in the thin soil capillaries is below ° C, and heat capacity and thermal conductivity coefficient
are continuously smoothed in the interval [Q, Cf] in the separation layer, and expressed as
continuous functions of temperature G[u] and G [СС], common to the frozen and melt zones
[12]. In order to take into account the heat of phase transition δ-shaped continuous function
δ[u-ucr,Δ] different from zero only in the interval [u - Δ , ucr] that satisfies the normalization
condition is introduced.
u𝑐𝑐𝑐𝑐
δ[u
cr −Δ

∫u

− Δ , ucr ] 𝑑𝑑u = 1 −

1 u𝑐𝑐𝑐𝑐
с[u]𝑑𝑑u
∫
𝑞𝑞𝑓𝑓 ucr −Δ

(4)

Then the heat propagation process in the frozen and melt zones is simulated by a single
equation with heat capacity (Equation 5) and thermal conductivity coefficient (Equation 6):

4

MATEC Web of Conferences 193, 03010 (2018)
ESCI 2018

https://doi.org/10.1051/matecconf/201819303010

с = с(u) + 𝑞𝑞𝑓𝑓 𝛿𝛿(u − Δ , ucr )
𝜆𝜆 = 𝜆𝜆(𝑢𝑢)

(5)
(6)

3.2 Concrete heat release kinetics equation
The heat release intensity of hardening concrete at any given time is determined by the
temperature and concrete state at this point [13].
3.2.1 Concrete state parameter
Fundamentally it is possible to determine the state of hardening concrete completely by a
certain set of physical parameters, which may vary in the hardening process. If the concrete
has no destructive changes its state is determined by the concrete mix composition and a
certain parameter monotonically changing in the concrete hardening process. Thus it may be
assumed that the physical parameters are uniquely expressed in terms of their initial values
and this generic parameter. As such it is convenient to assume the concrete specific heat
release Q [J/m3] or relative heat release where Qmax is the maximum concrete specific heat
release [J/m3].
3.2.2 General kinetics equation of the concrete heat release
According to the above, the concrete heat release intensity is a temperature function and
relative heat release or
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚 𝐸𝐸(𝑢𝑢, 𝜔𝜔)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐸𝐸(𝑢𝑢, 𝜔𝜔)

(7)
(8)

Where Е [u, w] – heat release function coefficients determined by the concrete mix
composition.
This equation is the concrete state equation and, simultaneously, heat release kinetics
equation, because the relative concrete heat release [w] is selected as the state parameter. The
heat release function can be presented as the product of temperature function φ and state
function ψ:
𝐸𝐸(𝑢𝑢, 𝜔𝜔) = 𝜑𝜑(𝑢𝑢)𝜓𝜓(⍵)

(9)

For isothermal solidification modes such representation is equivalent to the relation of
temporarily equal heat releases, that aligns very well with the experimental data in the region
wcr< w > 1, where wcr is a critical value of relative heat release under which the heat release
rate in isothermal mode reaches its maximum.
In the region 0< w <wcr relation of equal heat release time is violated, therefore in this
region function can not be represented as a product. However, the difference between wcr and
w0[relative heat releaseof concrete placed in the formwork] is small, therefore for practical
calculations the heat release function in the kinetics equation as product in the region is
permissible 0  1.
3.3.3 Concrete heat release function
Function of the state given as:
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𝜓𝜓(𝜔𝜔) = (1 − 𝜔𝜔)𝜈𝜈

(10)

Where ν – constant coefficient.
Two functions provide the best approximation of experimental data for concrete heat
release:
𝜑𝜑̃(𝑢𝑢) = 𝐾𝐾 𝑒𝑒𝑒𝑒𝑒𝑒 (
𝜑𝜑̅(𝑢𝑢) = 𝐾𝐾 (

𝑢𝑢−20
𝜉𝜉

)

(11)

𝑢𝑢−𝑢𝑢3 𝜁𝜁

20−𝑢𝑢3

)

(12)

Where u3 – concrete freezing point, оС; К, 𝜉𝜉, 𝜁𝜁 – coefficients that depend on the the
concrete mix composition.
Function [11] leads to the known relationship:
̃[𝑢𝑢2 ]
𝜑𝜑

̃[𝑢𝑢1 ]
𝜑𝜑

= 2

𝑢𝑢2 −𝑢𝑢1
ℰ

, ℰ = 𝜉𝜉 ∗ ln 2

(13)

Thus, the concrete heat release function is as follows:
Е(𝑢𝑢, ⍵) = 𝜑𝜑̅(𝑢𝑢)𝜓𝜓(⍵) = 𝐾𝐾 (

𝑢𝑢−𝑢𝑢3

20−𝑢𝑢3

ζ

) [1 − ⍵]𝜈𝜈

(14)

Where function 𝜑𝜑̅(𝑢𝑢) can be replaced with 𝜑𝜑̃ [𝑢𝑢] , and the heat release function
coefficients are determined experimentally.
3.3 Boundary conditions
Thermal conductivity and concrete heat release kinetics equations must be supplemented by
initial and boundary conditions.
3.3.1 Initial conditions
The initial condition for the thermal conductivity equation is the temperature distribution in
the area 0 at the initial time of thermal treatment process of concrete mix:
𝑈𝑈 𝑙𝑙𝑡𝑡=0 = 𝑢𝑢0 (𝑥𝑥)

(15)

⍵𝑙𝑙𝑡𝑡=0 = ⍵0 (𝑥𝑥)

(16)

For the area occupied by the concrete mix function 𝑢𝑢0 (𝑥𝑥) may be assumed constant. In
areas occupied by previously poured concrete or earth foundation a real temperature
distribution should be adopted. If this distribution is not known, it must first be pre-computed
according to the procedure specified in the article. The initial condition for concrete heat
release kinetics with the state parameter distribution in the area О in the initial moment of
thermal treatment process:
For the area occupied by the concrete mix function ⍵0 [𝑥𝑥] may be assumed constant. If
the area has a zone of previously poured concrete, where the heat release process is not
finished yet, then the state parameter distribution in this area should be obtained by the
preliminary calculation. In the rest of the area state parameter is equal to one.
3.3.2 Boundary conditions
On the part of G boundary of area G in the soil or in old concrete, the constant temperature
condition is made. It should be understood that, if the boundary is chosen too close to the
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hardening concrete area, the design temperature in the adjacent points to the boundary will
grow significantly. In this case, the area boundary should be moved aside. The boundary
condition for the rest of boundaries is the heat balance equation:
[𝜆𝜆

𝜕𝜕𝜕𝜕

𝜕𝜕𝑛𝑛⃗

1

+ (𝑢𝑢 − v) + 𝑐𝑐𝑛𝑛
𝑅𝑅

𝜕𝜕𝜕𝜕

]

𝜕𝜕𝜕𝜕 𝑥𝑥𝜖𝜖𝜖𝜖

= 𝑞𝑞𝑛𝑛

(17)

R – thermal resistivity, [m2оС]/W;
1
– heat transfer coefficient, W/[m2оС];
𝑅𝑅
V – ambient air temperature, оС;
cn– specific heat capacity of the formwork, J/[m2оС];
qn– specific heat capacity of the heating formwork, W/m2.
Values R, cn and qn may depend on time and coordinates.
For a plane boundary the thermal resistivity is:

Where

𝑅𝑅 =

𝑑𝑑
𝜆𝜆

+

1
⍺

(18)

Where
α – heat transfer coefficient of the outside structure surface, depending on
the wind speed, temperature, emissivity and boundary orientation, W/[m2оС];
d – insulation layer thickness, m;
λ – thermal conductivity coefficient of heat insulating material, W/[m2оС].
In some areas where there is the metal connection of deck with the outer surface of
formwork, the heat transfer resistance can be significantly reduced. In this case,
corresponding value α is introduced in the boundary condition. In case of steel deck the heat
flow spreading over the deck must be taken into account. In this case it is more convenient
𝜕𝜕𝜕𝜕
to withdraw a member 𝑐𝑐𝑛𝑛 from the boundary conditions and introduce concentrated heat
𝜕𝜕𝜕𝜕
capacity at the area boundary in the thermal conductivity equation, taking into account the
heat flow that spreads over the deck, also the heat flow along the reinforcement bar is taken
into account by the corresponding thermal conductivity coefficient increase in directions
parallel to the boundary in the narrow near boundary layer. Specific capacity of heating
formwork is the main insulated influence on the concrete temperature field [14]. It can be
changed during hardening by any technologically acceptable law in order to select the most
efficient thermal treatment mode.
3.4 The closed system of thermal conductivity and concrete heat release
kinetics equations
Outlined basic elements of mathematical model of the temperature field in the hardening
concrete structure are included in the model equation.
Heat release kinetics equation
𝜕𝜕⍵
𝜕𝜕𝜕𝜕

With the initial condition

= Е[𝑢𝑢, ⍵]

⍵I𝑡𝑡=𝑜𝑜 = ⍵𝑜𝑜 [𝑥𝑥 ]

In the inert zones, where heat release is absent, ⍵𝑜𝑜 [𝑥𝑥 ]=1.
Thermal conductivity equation
с(𝑥𝑥 , 𝑢𝑢)

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝐿𝐿𝐿𝐿 + 𝑓𝑓(𝑥𝑥 , 𝑡𝑡, 𝑢𝑢, ⍵)
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𝐿𝐿𝐿𝐿 = ∑3𝑃𝑃−1 𝐿𝐿𝑝𝑝 𝑢𝑢 , 𝐿𝐿𝑝𝑝 𝑢𝑢 =

𝜕𝜕𝜕𝜕
]
𝜕𝜕𝑥𝑥𝑝𝑝

𝜕𝜕[𝜆𝜆𝑝𝑝 (𝑥𝑥,𝑢𝑢,⍵)
𝜕𝜕𝑥𝑥𝑝𝑝

(22)

𝑓𝑓 = 𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚 𝐸𝐸(𝑢𝑢, ⍵) + 𝑓𝑓 (𝑒𝑒) 𝑓𝑓(𝑥𝑥 , 𝑡𝑡)

(𝑒𝑒)

(23)

Where 𝑓𝑓 – energy inflow rate from outside, W/m .
Initial condition for temperature:
3

𝑢𝑢I𝑡𝑡=𝑜𝑜 = 𝑢𝑢𝑜𝑜 (𝑥𝑥 )

Boundary condition:
[𝜆𝜆𝑝𝑝 (𝑥𝑥 , 𝑢𝑢, ⍵)

𝜕𝜕𝜕𝜕

𝜕𝜕𝑛𝑛⃗

+

1

𝑅𝑅(𝑥𝑥,𝑢𝑢,𝑡𝑡)

or, if the boundary lays in the solid,

(24)

(𝑢𝑢 + v) + 𝑐𝑐𝑛𝑛 (𝑥𝑥 , 𝑡𝑡)

𝜕𝜕𝜕𝜕

]

𝜕𝜕𝜕𝜕 𝑥𝑥𝜖𝜖𝐺𝐺

= 𝑞𝑞𝑛𝑛 (𝑥𝑥 , 𝑡𝑡)

𝑢𝑢I𝐺𝐺 = v𝑜𝑜 (𝑥𝑥 )

(25)

(26)

Under this model the most of problems on the calculation of temperature fields in the
hardening concrete can be formalized so that the general method for solving such problems
can be obtained. The model is quite complex, but its equations are solved by effective
numerical method. It is necessary to pay attention to some aspects of the model application.
When solving specific problems significant simplifications can be found in the model. For
example, when heating the concrete in the heating formwork 𝑓𝑓 (𝑒𝑒) = 0or when heat flows in
the reinforcement can be disregarded, the thermal conductivity coefficient does not depend
on the direction. The dependence of thermal conductivity coefficient on the concrete state
parameter on the interval 0p ω p1 can be taken into account by the Equation:
𝜆𝜆(⍵) = 𝜆𝜆(0) − ⍵𝛽𝛽 [𝜆𝜆(0) − 𝜆𝜆(1)]

(27)

Where β – constant coefficient.
For the initial temperature distribution u0 = [х] in the old concrete or soil at its pre-heating
the same model is applied, but without heat release kinetics equation: ω 0[x] = 1.
3.5 Numerical method of model equation solution of temperature field
For the numerical solution of model equations locally one-dimensional scheme (LOS) of
total approximation method is applied [9]. This scheme is economic, relatively simple for
programing [10], does not require large volume of RAM, allowing for calculations on a
personal computer [19].
3.5.1 Replacement of three-dimensional thermal conductivity equation with a chain
of one-dimensional equations
Let's introduce in G area the bound grid spaced at hp, formed by three families of Gp lines,
parallel to the coordinate axes хp, division points
𝑡𝑡𝑗𝑗 = (𝑗𝑗 − 1)𝜏𝜏; 𝑗𝑗 = 1,−, 𝑗𝑗𝑜𝑜 , 𝜏𝜏 =

𝑡𝑡𝑜𝑜

(28)

𝑗𝑗𝑜𝑜

At each interval [to; tj+1] three-dimensional thermal conductivity equation shall be
replaced with the chain of one-dimensional equations:
1

along all lines

3

с

𝜕𝜕𝑢𝑢𝑝𝑝
𝜕𝜕𝜕𝜕

= 𝐿𝐿𝑝𝑝 𝑢𝑢𝑝𝑝 + 𝑓𝑓𝑝𝑝 𝑤𝑤ℎ𝑒𝑒𝑒𝑒 𝑡𝑡𝑗𝑗 +

8

𝑃𝑃−1
3

𝑃𝑃

𝜏𝜏 < 𝑡𝑡 ≤ 𝑡𝑡𝑗𝑗 + 𝜏𝜏
3

(29)
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𝐺𝐺𝑝𝑝 , 𝑃𝑃 = 1,2,3, ∑3𝑃𝑃=1 𝑓𝑓𝑝𝑝 = 𝑓𝑓
1

1

(30)
2

2

𝑢𝑢1 (𝑥𝑥, 𝑡𝑡𝑗𝑗 ) = 𝑢𝑢(𝑥𝑥, 𝑡𝑡𝑗𝑗 ); 𝑢𝑢2 (𝑥𝑥, 𝑡𝑡𝑗𝑗 + 𝜏𝜏) = 𝑢𝑢1 (𝑥𝑥, 𝑡𝑡𝑗𝑗 + 𝜏𝜏) ; 𝑢𝑢3 (𝑥𝑥, 𝑡𝑡𝑗𝑗 + 𝜏𝜏) = 𝑢𝑢2 (𝑥𝑥, 𝑡𝑡𝑗𝑗 + 𝜏𝜏)
3

3

3

(31)

3

The boundary conditions for each equation of the chains are set at the intersection of
corresponding line of Gp family with boundary area.
The heat release kinetics equations are similarly replaced with a chain of equations:
1 𝜕𝜕⍵Р
3 𝜕𝜕𝜕𝜕

= 𝐸𝐸𝑃𝑃 , ∑3𝑃𝑃=1 𝐸𝐸𝑃𝑃 = 𝐸𝐸

(32)

It isn't necessary, though care should be taken to ensure that the contribution of heat
release in f[𝜏𝜏] in a time 𝜏𝜏 will be equal to [Qmax, E, 𝜏𝜏]
at each point of the area.
Physically the replacement of three-dimensional thermal conductivity equation with a
chain of one-dimensional equations means that the thermal conductivity process occurring in
the space is replaced by a sequence of one-dimensional processes by coordinate directions.
Suppose that at the time 𝑡𝑡𝑗𝑗 the heat-proof partitions in Х2 and Х3 directions are installed
i.e. heat spreads only in the direction of Х1.
At time t = 𝑡𝑡𝑗𝑗 + 𝜏𝜏in directions Х1 and Х2 exchange their parts, and at time t = 𝑡𝑡𝑗𝑗 + 2𝜏𝜏 heat
spreads only in the direction Х3. As a result, at time 𝑡𝑡𝑗𝑗 + 3𝜏𝜏 the temperature distribution will
be the same as at time t = 𝑡𝑡𝑗𝑗 + 𝜏𝜏 at three-dimensional conductivity.
For numerical solution of model equations on the interval [0, t0] it is necessary to obtain
solutions on half-intervals (𝑡𝑡𝑗𝑗 , tj+1 , 𝑗𝑗 = 1, … , 𝑗𝑗0 ] and the problem solution in the previous
half-interval is the initial condition for the problem in the next half-interval. In turn, the
problem solution in each half-interval [𝑡𝑡𝑗𝑗 ,tj+1 ], is carried out successively in three directions.
3.5.2 Approximation of one-dimensional differential equations of the linear difference
equation system
Along each line of C family, the differential equation system
1
3

с

𝜕𝜕𝑢𝑢Р
𝜕𝜕𝜕𝜕

= 𝐿𝐿𝑃𝑃 𝑢𝑢𝑃𝑃 + 𝑓𝑓𝑃𝑃

1 𝜕𝜕⍵Р
3 𝜕𝜕𝜕𝜕

(33)

= 𝐸𝐸Р

(34)

is approximated by the linear difference equation system
с𝑖𝑖

̂−𝑢𝑢
𝑢𝑢
𝑖𝑖
𝑖𝑖
𝜏𝜏

=

1

ℎ𝑝𝑝

(𝑎𝑎𝑖𝑖+1

̂𝑖𝑖
𝑢𝑢̂
𝑖𝑖+1 −𝑢𝑢
ℎ𝑝𝑝

⍵
̂−⍵
𝑖𝑖
𝑖𝑖
𝜏𝜏

− 𝑎𝑎𝑖𝑖

̂−𝑢𝑢
𝑢𝑢
𝑖𝑖 ̂
𝑖𝑖−1
ℎ𝑝𝑝

) + 𝑓𝑓𝑝𝑝𝑖𝑖 ; 𝑖𝑖 = 2, … , 𝑁𝑁 − 1

(35)

= 𝐸𝐸𝑝𝑝𝑖𝑖 ; 𝑖𝑖 = 1, … , 𝑁𝑁
1

𝑎𝑎𝑖𝑖+1 = [𝜆𝜆𝑃𝑃(𝑖𝑖+1) + 𝜆𝜆𝑃𝑃𝑖𝑖 ]
2

where function arguments are taken in the i-th node on Gp line at time point[𝑡𝑡𝑗𝑗 +
𝑃𝑃

(36)
(37)
𝑃𝑃−1
3

𝜏𝜏],

if symbol ^ is absent, and at time point [𝑡𝑡𝑗𝑗 + 𝜏𝜏], if symbol ^ is present.
3
The resulting system comprises [2N - 2] linear equations and 2N unknowns – 𝑢𝑢̂𝑖𝑖 and ⍵
̂.
𝑖𝑖
Values ui and ⍵iknown from the previous solution. This system is complemented by two
equations obtained from the boundary conditions at the intersection points of G p line with the
area boundary
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with the following symbols:
𝑥𝑥1 =

𝑥𝑥2 =

𝜏𝜏𝑎𝑎2
,
ℎ𝑝𝑝2 Δ1

https://doi.org/10.1051/matecconf/201819303010

𝑢𝑢̂𝑖𝑖 = 𝑥𝑥𝑖𝑖 𝑢𝑢
̂2 + 𝜇𝜇1

(38)

𝑢𝑢̂𝑁𝑁 = 𝑥𝑥2 𝑢𝑢̂
𝑁𝑁−1 + 𝜇𝜇2

(39)

𝜏𝜏
1
1
𝜏𝜏
𝑎𝑎2 + 𝑐𝑐1 + (𝑐𝑐𝑛𝑛1 + ) , 𝜇𝜇1
2
ℎ𝑝𝑝
𝑅𝑅1
ℎ𝑝𝑝2
1 1
𝑉𝑉1
1
=
{ [𝑐𝑐 𝑢𝑢 + 𝜏𝜏 ( + 𝑞𝑞𝑛𝑛1 )] + [𝑐𝑐1 𝑢𝑢1 + 𝜏𝜏𝑓𝑓𝑝𝑝1 ]},
𝑅𝑅1
2
Δ1 h𝑝𝑝 𝑛𝑛1 1

Δ1 =

𝜏𝜏𝑎𝑎𝑁𝑁
𝜏𝜏
1
1
𝜏𝜏
, Δ2 = 2 𝑎𝑎𝑁𝑁 + 𝑐𝑐𝑁𝑁 + (𝑐𝑐𝑛𝑛𝑁𝑁 + ) , 𝜇𝜇2
2
ℎ𝑝𝑝
𝑅𝑅𝑁𝑁
ℎ𝑝𝑝2 Δ2
ℎ𝑝𝑝
1 1
𝑉𝑉𝑁𝑁
1
=
{ [𝑐𝑐 𝑢𝑢 + 𝜏𝜏 ( + 𝑞𝑞𝑛𝑛𝑁𝑁 )] + [𝑐𝑐𝑁𝑁 𝑢𝑢𝑁𝑁 + 𝜏𝜏𝑓𝑓𝑝𝑝𝑁𝑁 ]}
Δ2 h𝑝𝑝 𝑛𝑛𝑁𝑁 𝑁𝑁
𝑅𝑅𝑁𝑁
2

(40)

This equation system is solved by known sweep method, and stream option of this
method can be applied as more reliable that gives the best results for the system with strongly
varying coefficients.
Dependence of the concrete thermal conductivity coefficient on coordinates and
direction, caused by the presence of steel reinforcement, can not be directly considered in the
difference equations, because the grid pitch is greater than the reinforcement bar diameter
[17]. Assume that the reinforcement bar is artificially allocated in concrete so that the total
thermal resistivity of the bar and surrounding concrete is not changed. Suppose, for example,
that the reinforcement bar is located along G family line, and f has effective cross-section.
Then the effective thermal conductivity coefficient is determined from the equation
𝜆𝜆𝐵𝐵 (𝑆𝑆 ′ − 𝑆𝑆𝐴𝐴 ) + 𝜆𝜆𝐴𝐴 𝑆𝑆𝐴𝐴 = 𝜆𝜆′ 𝑆𝑆 ′

(41)

Where λB and λA – concrete and steel thermal conductivity coefficients, W/[m2·оС]; S’=
h2h3 – concrete pier area with conditionally distributed reinforcement, m2; λ' – thermal
conductivity coefficient of this concrete, W/[m2·оС]. Therefore,
𝜆𝜆′ = 𝜆𝜆𝐵𝐵 + (𝜆𝜆𝐴𝐴 − 𝜆𝜆𝐵𝐵 )

𝑆𝑆𝐴𝐴

(42)

𝑆𝑆 ′

This value must be used in the corresponding difference equation.
Recommended LOS default is absolutely stable and converges uniformly at a rate of
0[𝜏𝜏+|h|2]. We do not recommend the use of explicit schemes, because three-dimensional
explicit scheme is stable only if 𝜏𝜏<h2/6α (α– temperature-conductivity coefficient, m2/s) ,
which leads to low pitch in time.
In order to solve the specific problem for the given method the calculation program for
computer facilities, after which, varying the control actions and carrying out calculations of
temperature field, the most efficient thermal treatment mode is selected.
3.6 Calculation method of heat release function coefficients from experimental
data
According to the Equations 7, 8, 9 we have
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚 𝐾𝐾 (

𝑢𝑢−𝑢𝑢3

20−𝑢𝑢3

𝑆𝑆

) (1 −

𝑄𝑄

𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚

)

𝜈𝜈

Where temperature function 𝜑𝜑̅ can be replaced ̃
𝜑𝜑 with [see. Subsection 3.2].
Record the experimental data on the concrete heat release in the table, where:
i - sequence number of measurement;
ti - time point of i-th measurement from the beginning of hydration, h;
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ui - concrete temperature at the moment t, oC;
Qi - specific concrete heat release by the moment t, kJ/m3;
𝑑𝑑𝑑𝑑

( ) - concrete heat release intensity by the moment ti, kW/m3.
𝑑𝑑𝑑𝑑 𝑖𝑖

Table 1. Experimental data values on the concrete heat release.

No.

t

u

Q

1
i

-

-

-

ti

ui

Qi

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
( )
𝑑𝑑𝑑𝑑 𝑖𝑖

𝑑𝑑𝑑𝑑

Note. Only Qi or ( ) can be measured in the experiment, then the other value is
𝑑𝑑𝑑𝑑 𝑖𝑖

obtained by known recalculation.
To determine the coefficients 𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚 , 𝐾𝐾, 𝑢𝑢3 , 𝜁𝜁, 𝜈𝜈 it is recommended to use the following
mathematical treatment method of experimental data. Using the heat release kinetics
equation, experimental the function is drawn up:
𝑑𝑑𝑑𝑑

𝜎𝜎[𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚 , 𝐾𝐾, 𝑢𝑢3 , 𝜁𝜁, 𝜈𝜈] = ∑𝑁𝑁
𝑖𝑖=1 [( ) − 𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚 𝐾𝐾 (
𝑑𝑑𝑑𝑑 𝑖𝑖

𝑢𝑢−𝑢𝑢3

20−𝑢𝑢3

𝑆𝑆

) (1 −

𝑄𝑄

𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚

𝜈𝜈 2

) ]

(43)

Function arguments 43 are the maximum specific heat release 𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚 and heat release
function coefficients. Minimum of function 𝜎𝜎 is achieved at the desired values of these
coefficients. There are a number of searching methods for the minimum non-linear functions
of several variables. Libraries of standard programs usually contain a program implementing
one of these methods. For the independent preparation of such program, the most simple
method of descent by coordinates can be recommended.
The above calculation method of heat release function coefficients provides a function
that approximates in the best way the experimental dependence data of the heat release rate
𝑑𝑑𝑑𝑑
[ ] from temperature (𝑢𝑢) and concrete heat release [Q], with the minimum data available.
𝑑𝑑𝑑𝑑
It is enough to have the results of only one experiment on the concrete heat release in random
temperature conditions covering the entire temperature range of interest. This is achieved by
use of the recommended mathematic treatment method of experimental results.

4 Methodical example of the temperature field calculation
Let's consider the example of temperature field calculation for the parallelepiped with
dimensions 0.48 x 0.48 x 2.7 m [column fragment]. The lower part of 0.48 x 0.48 x 1.7 m
area is occupied by previously poured concrete with relative heat release coefficient ω 0 = 0.9,
and the upper part of 0.48 x 0.48 x 1 m occupies the concrete mixture ω 0 = 0.01. On top
concrete is covered with mat of c = 0.05 m thick with thermal conductivity coefficient d =
0.05 [W/m2· оС], outside surface heat transfer coefficient of the structure α=25 [W/m2· оС],
ambient air temperature Uв=-100С.
Let's place the lower parallelepiped vertex in the origin of coordinates and direct axis J
up to the edge, and axes X1 and X2 horizontally on the foundation edges. The heating
formwork is adjacent to the side faces, starting from a height Х3 = 1.5 m. There are four
reinforcement bars with a diameter of 0.02 m at a distance of 0.06 m from the side faces in
the concrete in vertical direction along side edges. Because the column is symmetric to the
vertical axis passing through the parallelepiped center of the box it is enough to make
calculations for a quarter of the area, cut-out by planes Х1 = 0.24 m and Х2 = 0.24m. The
heat flow through these planes will be equal to zero. Let's introduce in the grid spaced at h1=
0.03 m, h2 = 0.03 m and h3= 0.06 m respectively along the axes Х1, Х2 and Х3. The total
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number of grid nodes 9 х 9 х 46 = 3726. The reinforcement bar passes the nodes [3, 3, N] at
N = 1, ..., 46, therefore the thermal conductivity coefficient in the direction Х 3 in these nodes
should be calculated according to the Equation:
λ′ = λB [1 + (

λA
λB

− 1)

SA
S′

]

(44)

where SА = 3,14 ∗ (0,01)2 [m2 ]; S ′ = h1 h2 = [0.03]2 [m2 ].
Assume λА = 40 W/[mоС]; λB = λо − ω(λо − λ1 ); λо = 3 W/[m· оС]; λ1 =
2,6W/[m· оС].
Coefficients in the concrete heat release kinetics equation: Q max = 1.25 ∗ 105 kJ/m3;
K = 4.77 ∗ 10−6 [с-1]; u3 = −6.7 [о С]; ζ = 2.3; ν = 2,2.
The specific volume heat capacity of concrete сB = 2000 kJ/[m3· оС].
The initial value of relative heat release assume ω0=0,9 in nodes [I,J,N] at I≤ N≤29 [0≤
x3 ≤1.7 m – previously poured concrete] and ω0=0,1 in nodes [I,J,N] at 29<N≤46 [1.7<x3 <2.7
m – concrete mix]. Assume that the initial temperature of concrete mix u0 = +50 Сin nodes
[I,J,N] at 29<N≤46, and the initial temperature of previously poured concrete u0 = −90 С in
nodes [I,J,N], I≤ N≤29.
Specific capacity of heating formwork qn = I kW/m2, the deck insulation layer thickness
d=0.04 m, thermal conductivity coefficient of heat insulating material λu3 = 0.04 W/[mоС],
and specific deck heat сn = 20 kJ/[m2· 0С].
Let at the lower face of parallelepiped 1/R = 0, cn= 0, qn= 0.
The heat flow is zero in planes х1=0.24 m and х2=0.24 m.
Heat exchange takes place on the open side faces: 1/R = α=25 kJ/[m2· 0С], сn = 20 kJ/m2,
qn= 1 kW/m2.
At the upper face: R=1.04 [m2· 0С]/W, сn = 0, qn= 0.
The temperature field calculation for this problem is performed on a personal computer
by the program compiled in FORTRAN. Part of the calculation results is shown in Tables 2,
3, 4.
Table 2. The temperature distribution [оС] in grid nodes in 1 hour after the start of heating in
section X3=2.7 m.
I /J
2
4
6
8

2
23.13
17.34
15.91
15.88

4
17.34
12.97
10.43
10.41

6
15.91
10.43
5.70
4.69

8
15.88
10.41
4.69
4.61

Table 3. The temperature distribution [оС] in grid nodes in 1 hour after the start of heating
in section X3=2.7 m.
I /J
2
4
6
8

2
31.83
24.71
22.77
21.89

4
24.71
18.21
15.55
13.08

6
22.77
15.55
11.61
9.37

8
21.89
13.08
9.37
9.22

Table 4. The temperature distribution [оС] in grid nodes in 1 hour after the start of heating in section
X3=2.2 m.
I /J
2
4
6
8

2
29.17
23.66
21.32
21.05

4
23.66
17.01
14.72
11.85

12

6
21.32
14.72
10.20
9.14

8
21.05
11.85
9.14
9.10
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3 Conclusion
Thus the dynamics of temperature field is investigated using the example of special case
with the preset variables, that determine the concrete thermal treatment mode. It is evident
that the boundary conditions and input data are always set again, based on the tasks
provided for the solution that in turn indicates the applicability of proposed method, under
different concrete thermal treatment modes.
During calculations with the use of software the limitation at the Equations set through a
functional approach was observed, including the preset parameters passed to the subroutines
as well as the need for duplication of variables that significantly complicated the set of
program in Fortran language. This indicates the possibility of facilitating of the writing the
program by selecting another software language, such as C++. However, it should be noted
that the calculating speed will not change much depending on the different software
compilers selection [7].
As one can see, the numerical solution of model equations which allows calculating the
temperature field in the hardening concrete structure by using computer software directly
indicate the applicability of model in the development area of the most efficient modes
without the need for volume calculations, which can significantly reduce the scientific
experiment time.
Theoretical and practical significance of study results is the possibility to select the most
efficient mode of thermal treatment of concrete structures, saving time for calculations, and,
therefore, high quality of concrete with minimum thermal treatment duration and maximum
reduction of energy costs is provided [20]. Directly affecting the construction and installation
works schedule and improving the construction quality of buildings and structures of
reinforced concrete, basic requirements of energy efficiency and environmental friendliness
of residential buildings in the implementation of the government program of the affordable
housing market development are met.
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