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Abstract. This paper aims to analyze the plastic collapse moment of circumferential cracked cylinder under 
pure torsion using the NSC approach and 3D FE model. The material considered in this work is assumed to 
be elastic-perfectly plastic. The influences of geometric parameters of crack and cylinder, such as 𝑅𝑅� 𝑡𝑡⁄ , 𝑎𝑎 𝑎𝑎⁄  
and 𝜃𝜃 𝜃𝜃⁄  on solution of plastic collapse load are also investigated. The analysis shows that for the case of 
𝑎𝑎 𝑎𝑎⁄  < 0.75, the values of limit torsion moment can be estimated by NSC analysis which provides 
conservative results. However, for the case of deeper crack, 𝑎𝑎 𝑎𝑎⁄  ≥ 0.75, the limit load solution predicted by 
NSC approach may not be safe, because the distribution of stress at yielding state does not correspond to the 
NSC assumption. Therefore, the approximated solution of collapse torsion moment for the case of deeper 
crack with 𝑎𝑎 𝑎𝑎⁄  ≥ 0.75 is proposed based on FE analysis. 

1 Introduction 
The cylinder is one of the most commonly used 

components in a wide range of industries. During 
operation, it may experience various load types which 
lead to in-service cracking. When cracks are discovered, 
the analysis of plastic limit load is often performed. This 
is because the plastic limit load is the important key in 
structural integrity assessment of the cylinder. 

At present, analytical and finite element (FE) solutions 
of limit load have been well documented for 
circumferential cracked cylinders [1-4]. These solutions 
are available for Mode I type of loading of internal 
pressure, axial tension and bending. However, in addition 
to pressure, tension and bending, the cylinder is also 
subjected to torsion due to spatial arrangements. 
Therefore, the failure assessment method without taking 
the effect of torsion into account may be incomplete and 
may affect the operational safety. 

Recently, there have been few studied about limit load 
solution for cracked cylinder subjected to combined 
loading which include the effect of torsion into their 
works. For example, Yinsheng Li et al. [5] studied the 
effect of torsion moment on the limit load solution of 
cylinder with circumferential part-through thickness 
crack using FE analysis. They proposed the method for 
estimating the collapse load for cracked cylinder with the 
ratios of crack depth to wall thickness ranging between 
0.5 and 0.75. Kunio Hasegawa et al. [6] extended the work 
proposed by Yinsheng Li et al. They found that when the 
value of torsion moment is less than 20% of yield stress, 
the plastic collapse moment for circumferential cracked 
cylinders under combined bending and torsion moment 
can be estimated by the pure bending moment. 

As mentioned above, the details about effects of 
torsion on the limit load solution is still inadequate. 
Therefore, the main aim of this paper is to provide the 
limit load solution for circumferential cracked cylinder 
subjected to pure torsion. The method used in the paper is 
based on NSC and FE analysis. The information obtained 
from this work can be used to support the structural 
integrity assessment of cracked cylinder. 

2 Limit Load Solution Based on NSC 
Approach 

Figure 1 shows the geometry of a cracked cylinder 
considered in this work. The outer diameter, mean radius 
and wall-thickness are denoted by 𝐷𝐷�, 𝑅𝑅� and 𝑡𝑡, 
respectively. The crack is assumed to be symmetric with 
respect to the 𝑦𝑦-axis where 2𝜃𝜃 and 𝑎𝑎(𝜉𝜉) represent the total 
angle of the crack and the crack depth in a function of 
angular coordinate 𝜉𝜉. 

Assuming that there is only torsion exists through all 
the cross section along the axial direction of the cylinder, 
there will be only shear stress, 𝜏𝜏, acting on any cross 
section of cylinder. According to this, the applied 
torsional moment, 𝑇𝑇, can be computed from [7]; 

𝑇𝑇 = ∫ 𝜌𝜌 (𝜏𝜏𝜏𝜏𝜏𝜏)  (1) 

where 𝜌𝜌 is the radial distance from the axial of the 
cylinder to any small area 𝑑𝑑𝑑𝑑.  

According to the NSC approach, when the material 
has already yielded, the stresses will uniformly distributed 
over the net section and are equal to the value 
corresponding to the yielding condition [1]. From this, the 
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plastic collapse moment, 𝑇𝑇�, for the cracked cylinder 
defined in Figure 1 can be computed based on Eq.(1) by 

𝑇𝑇� = �
√�

𝑡𝑡𝑡𝑡�𝑅𝑅�
� �𝜋𝜋 − �

� ∫ 𝑎𝑎(𝜉𝜉)𝑑𝑑𝑑𝑑�
� �               (2) 

where 𝜎𝜎� is the flow stress of the cylinder material. 
For a constant-depth crack which 𝑎𝑎(𝜉𝜉) = 𝑎𝑎�, Eq.(2) can 
be reduced to  

��
��

= 1 − ��
�

�
�
                                               (3) 

where the ratio 𝑇𝑇� 𝑇𝑇�⁄  is the normalized formulation of 𝑇𝑇�  
and 

𝑇𝑇� = �
√�

𝜋𝜋𝜋𝜋�
� 𝑡𝑡𝑡𝑡�                                          (4) 

represents the value of collapse torsion moment for 
uncracked cylinder. Eq.(3) clearly illustrates that the 
value of collapse torsional moment is directly 
proportional to the ligament area of the crack section.   

 

Fig. 1. Nomenclature and stress distribution of                           
a cylinder with a circumferential crack under pure torsion. 

3 Finite element model for a 
circumferential cracked cylinder  

 In order to investigate the correctness of Eq.(3), the 
FE models of cylinder with circumferential crack were 
established in ABAQUS [8]. The continuum element with 
20 nodes, reduced integration (C3D20R) was used 
throughout the models. To improve the accuracy of the 
model, partitions were created on the cracked zone in 
order to form a dense mesh along the crack front. During 
analysis, the number of element in each model was 
increased ranging from 15,000 elements to 38,000 
elements in order to confirm that the results obtained from 
FE analysis are mesh-independent. Details of the model 
construction are given in the following sections. 

3.1 Model construction 

 The FE-model of cylinder employed in this work is 
illustrated in Figure 2. In all cases, the outer radius of the 
cylinder is 300 mm, and the length of the cylinders is set 
to be longer than 8𝐷𝐷� in order to avoid boundary effects 
on the crack ligament [5,6].  
 The circumferential crack is introduced into the 
middle section of the FE model. Geometric parameters of 

crack and cylinder are systematically varied to quantify 
their effects. These factors are the ratio of mean radius to 
wall thickness (𝑅𝑅� 𝑡𝑡⁄ ), the ratio of crack depth to wall 
thickness (𝑎𝑎 𝑎𝑎⁄ ) and the half angle of crack (𝜃𝜃 𝜃𝜃⁄ ). The 
cases considered in this work are summarized in Table 1. 
 The material used for cylinder is a high-ductility 
stainless steel [5,6]. The Young’s modulus is selected as 
200 GPa with Poisson’s ratio of 0.3. The stress-strain 
relationship is assumed to be elastic-perfectly plastic and 
the value of yield stress is equal to 3.72 MPa. 
 Two reference nodes are created at the center of cross 
section at end surfaces. The motion of these reference 
nodes is coupled with the motion of all nodes on each end 
surfaces by coupling constraints. All translation and 
rotation of left side reference node are prevented, and the 
torsional angle is applied to the right side reference node.  
 As the FE analysis does not directly provide the limit 
load, the twice-elastic-slope (TES) method is chosen to 
define the ‘plastic collapse moment”. This is because TES 
method is suitable for elastic-perfectly plastic materials 
which their load deformation curves show apparent 
collapse behavior [9]. 
 

 
                  (a)                                           (b) 

Fig. 2. (a) The specimen mesh overview and                               
(b) mesh near the crack in longitudinal direction. 

 

Table 1. Cases considered in the present FE analysis. 

Geometric parameter Symbol Values 

The ratio of mean radius to 
wall thickness 𝑅𝑅� 𝑡𝑡⁄  5, 10, 20 

The ratio of crack depth to 
wall thickness  𝑎𝑎 𝑡𝑡⁄  0.25, 0.50,  

0.75, 1.00 

The half angle of crack  𝜃𝜃 𝜋𝜋⁄  0.0625, 0.125,  
0.250,   0.375  

3.2 Validation of the model  

To gain confidence in the present FE analysis, the 
FE-model was first loaded by assuming that the cylinder 
has no crack. The collapse torsion moment obtained from 
the FE analysis is compared with the solution in Eq.(4). 
The results show that the present FE results agree very 
well with the analytical solution, Eq.(4), with the 
difference less than 0.1%. Further confidence is gained by 
comparing FE results with the results computed from the 
equation in elastic theory. This equation is [7] 

                                 𝛽𝛽 = �
��

𝑇𝑇 = 𝐶𝐶 𝑇𝑇                                  (5) 
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𝑇𝑇 = 𝐶𝐶 𝑇𝑇                                  (5) 

 

where 𝛽𝛽 is the angle of twist, 𝐺𝐺 is the modulus of elasticity 
in shear, 𝐿𝐿 is the cylinder length and 𝐽𝐽 is the polar moment 
of inertia of the cross-section area. The compliance, 𝐶𝐶, in 
Eq.(5) is the ratio of torsional moment to the angle of 
twist.  

The relationship between 𝑇𝑇 and 𝛽𝛽 obtained from FE 
analysis and Eq.(5) are plotted together in Figures 3. It can 
be seen that in elastic region, the relationships obtained 
from both analysis are in good agreement.  

 

 

Fig. 3. The relationship between                                        
torsional moment and torsional angle                                 

(comparison between FE analysis and elastic theory). 

4 Results and discussion  

4.1 Global behaviour   

Figure 4 presents the relationship between the 
normalization of applied torsional moment, 𝑇𝑇 𝑇𝑇�⁄ , and 𝛽𝛽 
obtained from FE analysis for the cases of 𝑅𝑅� 𝑡𝑡⁄ = 5 and 
𝑅𝑅� 𝑡𝑡⁄ = 10. It is very clear that when the cylinder has a 
crack, the change of crack ligament area, 𝑎𝑎 𝑎𝑎⁄ , does not 
affect the value of 𝐶𝐶 in elastic region. In other words, the 
reduction of the ligament area in the crack section does 
not affect the value of 𝐽𝐽 in Eq.(5). This means that when 
material behaves elastically, the elastic theory can still be 
used to predict the global behavior of the circumferential 
cracked cylinder. 

 

 
                            (a)                                              (b) 

Fig. 4. Relationship between 𝑇𝑇 𝑇𝑇�⁄  and torsional angle :                                                               
(a)  𝑅𝑅� 𝑡𝑡⁄ = 5 and (b) 𝑅𝑅� 𝑡𝑡⁄ = 10. 

4.2 Effect of geometric factor of cracked cylinder 
on limit load 

 The influences of 𝑅𝑅� 𝑡𝑡⁄ , 𝑎𝑎 𝑎𝑎⁄  and 𝜃𝜃 𝜃𝜃⁄  on the 
normalized limit torsional moment, 𝑇𝑇� 𝑇𝑇�⁄ , are presented 

in Figures 5. It can be seen that when the value of 𝑎𝑎 𝑎𝑎⁄  is 
less than 0.75, the ratio 𝑅𝑅� 𝑡𝑡⁄  affects slightly, not over    
10 %, on the change of 𝑇𝑇� 𝑇𝑇�⁄ . However, when the value 
of 𝑎𝑎 𝑎𝑎⁄  is higher, the limit torsion moment changes 
significantly according to the value of 𝑅𝑅� 𝑡𝑡⁄ . This 
behavior is inconsistent with Eq.(3) which clearly 
indicates that the values of 𝑇𝑇� 𝑇𝑇�⁄  only depends on the 
ligament area of the crack section. 
 Figure 5 also shows that, at 𝑎𝑎 𝑎𝑎⁄ < 0.75, the solutions 
of 𝑇𝑇� 𝑇𝑇�⁄  obtained from the FE-analysis are slightly higher 
than those predicted by Eq.(3). However, when 𝑎𝑎 𝑎𝑎⁄  is 
higher, the values of 𝑇𝑇� 𝑇𝑇�⁄  provided by FE-analysis drop 
rapidly to lower than those predicted from Eq.(3). The 
reason of this behavior can be explained by the concept of 
equilibrium of torsion moment in Eq.(1) as follows; 
 Figure 6 presents the distribution of Von-Mises stress 
on the cracked plane at the state of yielding. It can be seen 
that when the cylinder has no crack, Figure 6a, the stress 
acting on this cross-section area is uniform and is equal to 
the value of yield stress (3.72 MPa). This corresponds to 
the assumption of NSC analysis. Therefore, for the case 
of uncracked cylinder, the ratio 𝑇𝑇� 𝑇𝑇�⁄  estimated by the 
FE-analysis is very close to the solution calculated from 
Eq.(3). 
 For the cracked cylinder with 𝑎𝑎 𝑎𝑎⁄  < 0.75, the 
stresses in the region ahead the crack front become 
singular after subjecting to torsional moment, as shown in 
Figures 6b and 6c. These values are much higher than the 
value of yield stress. Therefore, the average value of 
shearing force, 𝜏𝜏𝜏𝜏𝜏𝜏, on cracked section is higher than the 
assumption of NSC method.  

For the case of deep crack, 𝑎𝑎 𝑎𝑎⁄  ≥ 0.75, although 
there is stress singularity ahead the crack front, the value 
of average shearing force is still lower than the NSC 
assumption. This is because, when the cross section area 
is greatly reduced due to crack, the values of stresses 
acting on the area opposite to the crack location must 
decrease in order to maintain a self-equilibrated 
distribution of stress, as shown in Figures 6(d) and 6(e). 
According to this reason, the limit torsion moment 
obtained from the FE-analysis is lower than the one 
predicted from Eq.(3). 

 

 

 

Fig. 5. Comparison of 𝑇𝑇� 𝑇𝑇�⁄  versus 𝜃𝜃 𝜃𝜃⁄  between NSC 
approach and FE analysis. 
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                      (a)                        (b)                             

 
             (c)                                    (d)                                (e) 

Fig. 6. The contour plot of von Mises stress at yielding state                                   
on the crack plane for the case of 𝜃𝜃 𝜃𝜃⁄ = 0.375 :                                                             
(a) 𝑎𝑎 𝑎𝑎⁄ = 0.25, (b) 𝑎𝑎 𝑎𝑎⁄ = 0.50, (c) 𝑎𝑎 𝑎𝑎 = 0.75⁄                        

and (d) 𝑎𝑎 𝑎𝑎⁄ = 1.00. 

4.3 The possible candidate for plastic collapse 
torsion solution 

 According to section 4.2, for the case of 𝑎𝑎 𝑎𝑎⁄  < 0.75, 
the value of limit moment estimated by NSC approach, 
Eq.(3), is slightly lower than one obtained from FE-
analysis. As, the difference is not over 5%, Eq.(3) can be 
used to obtain the conservative solution of the plastic 
collapse torsional moment.  
 However, for the case of deeper crack with 𝑎𝑎 𝑎𝑎⁄  ≥
0.75, the limit load obtained from FE-analysis is much 
lower than the results from Eq.(3). Therefore, the 
estimation of collapse torsional moment by Eq.(3) may 
not be safe. According to this, the following linear 
approximation based on the FE analysis is proposed.  

 �
��

= 0.5817 + 0.0258 ���
�

� + 3.1165 ��
�

� 

                   +0.5468 ��
�
� − 0.0218 ���

�
� ��

�
� 

                   −4.9732 ��
�

� ��
�
� − 0.0331 ��

�
� ���

�
�      (6) 

Eq.(6) provides the values of 𝑇𝑇� 𝑇𝑇�⁄  within 10% of FE 
results at 𝑎𝑎 𝑎𝑎⁄  ≥ 0.75, 2𝜃𝜃 ≤ 135� and 5 ≤ 𝑅𝑅� 𝑡𝑡⁄ ≤ 20. 

5 Conclusion  

In this work, both the NSC approach and 3D FE model 
are used to analyze plastic collapse load for cylinder with 
circumferential crack subjected to torsional moment. The 
material considered in this work is assumed to be elastic-
perfectly plastic. The influence of geometric parameters 
of crack and cylinder, such as 𝑅𝑅� 𝑡𝑡⁄ , 𝑎𝑎 𝑎𝑎⁄  and 𝜃𝜃 𝜃𝜃⁄  on the 
solution of plastic collapse load are investigated. The 
following conclusions can be made : 
1. As material behaves elastically, the change of crack 

ligament area does not affect the slope of the 
relationship between torsion moment and torsion 
angle. 

2. The ratio 𝑅𝑅� 𝑡𝑡⁄  affects slightly on the change of 𝑇𝑇� 𝑇𝑇�⁄  
when value of 𝑎𝑎 𝑎𝑎⁄  is less than 0.75. However, when 
the values of 𝑎𝑎 𝑎𝑎⁄  is higher, the value of limit torsion 
moment changes significantly according to the value 
of 𝑅𝑅� 𝑡𝑡⁄ . 

3. For the case of 𝑎𝑎 𝑎𝑎⁄  < 0.75, the values of limit torsion 
moment can be estimated by NSC analysis, Eq.(3). 
However, for the case of deeper crack, 𝑎𝑎 𝑎𝑎⁄  ≥ 0.75, 
the limit load solution predicted by NSC approach 
may not be safe as it provides very high value of 
𝑇𝑇� 𝑇𝑇�⁄ , comparing with FE analysis. 

4. For the case of deeper crack with 𝑎𝑎 𝑎𝑎⁄  ≥ 0.75, the 
limit torsion moment solution can be estimated by 
linear approximation in Eq.(6), with the difference not 
over than 10% from FE analysis. 
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