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Abstract. The phase-field crystal (PFC) method is a promising computational model with atomistic resolution
and diffusive time scale. In this work, the Fourier-spectral-method (FSM) scheme was developed for evaluating
the PFC free energy of a system subjected homogeneous deformation. This scheme addresses the complication
where, in numerical implementation of FSM using discrete Fourier transform (DFT), the discretized data may
no longer lie along the directions of the Cartesian basis due to deformation. In this scheme, the real-space
coordinate transformation is employed so that the (continuous) Fourier transform is performed on the function
of the undeformed coordinates. This transformation allows straightforward DFT implementation because the
sampling at the undeformed configuration is unaffected by the deformation. This scheme is also shown to be
applicable to both the original PFC model and a “CDFT”-type PFC model containing a two-body correlation

function.

1 Introduction

The phase-field crystal (PFC) model [1] is a promising
model for simulating atomistic phenomena on diffusive
time scale. The PFC model is based on a free energy
functional that can be minimized by uniform or periodic
order-parameter functions. The latter, in particular, can be
used to represent atomic density in a crystal lattice, which
gives the PFC model an atomic resolution. The time-
evolution of the order parameter is driven by dissipative
dynamics which leads to the (diffusive) time scale that is
not bounded by prohibitively small atomic-vibration time
scale. These features make the PFC model appealing for
simulating nano- to meso-scale materials phenomena over
the time scale that is relevant to experimental observation.
(The interested reader may consult Ref. [2] and the refer-
ences therein for comprehensive information of the PFC
model.)

Since the order-parameter profiles in the PFC model
are typically smooth, periodic, and contained in a geo-
metrically simple computational domain, the Fourier spec-
tral method (FSM) provides an efficient and accurate al-
gorithm for evaluating the PFC free energy and solving
the dynamic equations. The reason is that, in Fourier
space, spatial derivative becomes multiplication, which
can be computed efficiently. Also, the FSM is a global
approach which yields high accuracy (known as spectral
accuracy) unmatched by local methods such as finite dif-
ference. These advantages make the FSM a robust numer-
ical method for PFC calculations.

In numerical implementation of FSM, the discrete
Fourier transform (DFT) is used to approximate the con-
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tinuous Fourier transform. For the DFT, it is assumed that
the discrete data are sampled along the directions of the
Cartesian basis; in two dimensions, for example, one can
visualize the data forming a rectangular grid. However,
the complication arises when the system is deformed and
the grid is no longer rectangular. How does one implement
the DFT, and FSM in general, in this situation?

In this work, I presented the FSM scheme for calcu-
lating the PFC free energy of a system subjected to ho-
mogeneous deformation. This scheme utilizes real-space
coordinate transformation so that the (continuous) Fourier
transform is performed on the function of the undeformed
coordinates and the effect of the deformation instead man-
ifests in the transformation of the Fourier wave vector. The
advantage of this scheme is the straightforward DFT im-
plementation because the function of the undeformed con-
figuration and its discretized data are not affected by the
deformation. This technique is, in part, similar to that
used in imaging processing to obtain the Fourier represen-
tation of affine-transformed image data [3]. However, in
the context of the PFC model, the spatial derivative needs
to be included in the derivation and the application of this
scheme to the PFC free energy that contains a two-body
correlation function (referred to as the “CDFT”-type PFC
[4]) is discussed. The scheme developed in this work not
only applies to the PFC model, but also to other models
that can take advantages of the efficiency and accuracy of
the FSM.

The paper is organized as follows. In Section 2, the
background information on the PFC model, the (contin-
uous) Fourier transform, and the measure of deformation
are reviewed. The FSM scheme to evaluate the PFC free
energy of the deformed system is presented in Section 3
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and the extension of the scheme to the CDFT-type PFC is
presented in Section 4. The numerical verification of the
proposed scheme is shown in Section 5, followed by the
summary in Section 6.

2 Background
2.1 Phase-Field Crystal Model

The original form of the PFC free energy functional, Fpg,
is[1, 5]

Fyfe = f Jpte(X)dX, ey

$(x) [ ¢(X)

Jore(X) = @)
where the (ﬁeld) variable fpr is the free energy density
(FED), ¢(x) is the order parameter representing the atomic
density field, € is the model parameter, and V is the volume
of the system. The variable, x = x;e; is a position vector
expressed in terms of the Cartesian basis vectors, e;, where
the Einstein summation convention is used throughout the
paper and the subscript i varies from 1 to 3 in three dimen-

sions. The operatior V2 is the Laplacian written in terms
of x, or V2 = 62/8x,6x1

€+ V2+1)]¢( )+

2.2 Fourier Transform

The (continuous) Fourier transform used in this work is
defined as

h(s) = f ) h(x)e S Xdx, 3)

00

where s is the Fourier wave vector and A(s) is the Fourier
representation of the function s(x). The corresponding in-
verse Fourier transform is defined as

1 * iS'X
h(x) = (27)‘1 j: R h(s)e™™ds, @)

where d is the dimensionality of the problem.

2.3 Measure of Deformation

To represent deformation, one can define R = R;e; and
r = r;e; to be the position vectors that are attached to ma-
terial points in the undeformed and deformed configura-
tions, respectively. A transformation that maps R to r is
described by a deformation-gradient tensor, @, whose ele-
ments are defined as @;; = dr;/OR;. For homogeneous de-
formation, « is spatially independent and one can write the
transformation in tensor notations: r = aR and R = a”'r.
Also, J = det(a) is the volume ratio V/V, where V and V
is the deformed and undeforemd volumes respectively.

The deformation type used for numerical verification
is characterized by r; = nR| —€R,, r» = nR», and r3 = nR3,
where 17 = 1 + &. This gives J = n° and

n —¢ 0 1|1 €m0
0 n O, a'==l0 1 0. (3

0 0 g 0 0 1

a =

3 FSM Scheme to Evaluate PFC Free
Energy of a Deformed System

To calculate the free energy of the deformed system [6],
one expresses the order parameter with the coordinates
R(r) = @ 'r, which yields ¢(R(r)). This functional repre-
sentation relates the functional values in the deformed con-
figuration to those in the undeformed configuration. Writ-
ing the integral (Eq. (1)) and the Laplacian (Eq. (2)) in
terms of r, one arrives at

Faer = fv Jaet(r)dr = J j;/ Jaet(r(R))dR, (6)

R 4

Jaer(r) = i 2(1')) [—6 + (Vf + l) ]¢(R(r)) L PRI #(R(r))" ( ) ’
(7
where V2 = §%/0r;dr;. Since the effective use of the FSM

is on evaluation of the terms in Eq. (7) with Laplacian (and
the higher order Laplacian), I will only consider a simpli-
fied example of

fex1(r) = Vigp (R(1)) 8)

to demonstrate the FSM scheme.

3.1 Forward Transformation

By using Eq. (3), the continuous Fourier transform of
Jex1(r) is written as

fexl(W) = f fexl(r)e—iw-rdr — f V12_¢ (R(I‘)) e—iWArdr.
)

The goal here is to transform the coordinates from r to R.
First, the volume integration is rewritten as

fwderfwdR. (10)

Second, the Fourier basis is re-expressed as

exp(—iw - r) = exp [-iw - (¢R)]
= exp [—i(aTw) . R]
=exp[-iW - R], (1
where W = «@’w is the transformed Fourier wave vec-
tor. This transformation is how the effect of deformation
is “carried” into the Fourier space. Finally, the Lapla-

cian can be transformed using the chain rule 9/dr, =
(OR;/0r,)d/0R; = a;,}0/0R,;. This yields

Vi=q; ;) —— =V, (12)
r MmOR; OR; — TR

Using Egs. (10), (11), and (12), Eq. (9) can be rewritten as

A 00 a a
fexl(W(W)) = ]f (a/;n] aj_”llaR 3R )¢(R) —iW- RdR
(13)
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where w(W) = @ TW. Next, the partial derivative d/0R,,
can be eliminated by performing integration by parts; as
it turns out, each operation d/dR,, results in a factor of
—iW,,. Therefore, the above equation can be expressed as

fexl(W(W)) = J( ;7} ;:};W W f ¢(R) —iW- RdR)

= J (-ama;, WiW,6(W))
= Je1 (W), (14)

where qAﬁ(W) is the Fourier representation of ¢(R) and
Z’exl(W) is the Fourier representation of (o (R) =
Jfex1(@)|r=r. The above equation indicates that fexl(w(W)),
or Zo (W), can be calculated from the (continuous)
Fourier transform of ¢(R). Since ¢(R) is expressed with
R, the DFT can be implemented on the discrete ¢(R) data
since one can always choose to sample ¢(R) along the di-
rections of e;. Furthermore, it can be easily shown that for
fe1 = V2"¢(R(r)), where n is a positive integer, one will
have Zex1 (W) = (=7 1o\ WiW,)" (W),

3.2 Inverse Transformation

Here I derive the scheme for the inverse Fourier transform
to obtain fex1(r). By using Egs. (4) and (14), one writes

forr(6) = f 2t (WOW) ™y

@ny?
J

= Wf Lex1t(W)e™ T dw, (15)

where the Fourier basis /" is used to maintain consis-
tency with that used in Eq. (9). Next, one rewrites the

integral with
00 1 00
f dw = 7 f aw, (16)

and modifies the Fourier basis as

exp(iw - ) = exp [i(a TW) r]
|

= exp [zW (a )]
=exp[iW-R]. a7

From Egs. (16) and (17), Eq. (15) becomes

o (1R = = [ g raw

= Lex1(R). (18)

Equation (18) indicates that when one performs the inverse
DFT on the discrete Z’exl(W) data obtained from Section
3.1, the result is the discrete values of {.;(R). Then one
simply associates these data with the corresponding de-
formed coordinates r(R) to obtain the discretized fuxi(r)
data.

4 Application to CDFT-Type PFC Free
Energy

A more general form of the PFC FED is that of the CDFT-
type PFC model [4]:

fine = 22 f Clx - X)(x)dX + LX), (19)

where L(¢(x)) is a function of terms with no derivative.
The other part is the “non-local” term where the (non-
local) operation is expressed in terms of a convolution of a
two-body correlation function C(x — x’) and ¢. In the case
of the FED in Eq. (2), one can see that L(¢(x)) = H(x)*/4

and C(x-X') = [—e + (V2 + 1)2] 6(x—x"). The latter gives

C(s) (Fourier representation of C(x — x’)) in the form of
C(s) = —e+ (-IsP + 1) (20)

Similar to Section 3, one can calculate the free energy
of a deformed system from Eq. (6) where fy(r) is

=¢((¥21r) fooC(r r)¢( - /)

+L[¢(a_]r>]. 21

Saes(r)

To derive the FSM scheme, I consider a simplified exam-
ple of

foar) = f Cr-ryg(a'r)dr. (22

As shown in Appendix A, the (continuous) Fourier trans-
form of foxo(r) is

Fea(w) = C(w) f ) ) ((flr) dr. (23)

Using Eqgs. (10) and (11), one arrives at

Foo(WW)) = J [ ( *TW) I ) el’W'R¢(R)dR}
= J[C(a7"W)d(W))
= Jle2(W). 24)

The above equation indicates that one can obtain
fexz(w(W)), and also oo (W), from the product of G(W)
and C (a"TW). Since the two-body correlation function is
typically specified in Fourier space, C (af’TW) is simply
obtained from functional evaluation at the (transformed)
Fourier wave vector @7 W. From the above equation, the
result from Section 3.1 can be obtained by recognizing that

Cw) = —|w]*> = —w - w and, therefore, C‘(a‘TW) =
—[a"TW] [ ’TW] = —oz’IWa’IW This leads to
Zeoo(W) = 0, @, WiW (W) = (exl(W) as expected.

The procedure for the inverse Fourier transform is similar
to that described in Section 3.2.
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5 Numerical Verification

The FSM scheme developed in this work will be ver-
ified by calculating Fgr (Eq. (6)) resulting from the
deformation specified in Eq. (5). The order parame-
ter profile is that of a body-centered cubic structure,
$(R) = ¢ + A[cos (gR;) cos (qRy) + cos (qR)) cos (qR3) +
cos (gRy) cos(gR3)], where A is the amplitude, ¢ is the av-
erage value and g is the parameter that sets the scale of the
structure. The parameters used are A = 1, € = 0.15, ¢ =
—0.23, and ¢ = 1/ V2; the latter sets the lattice parameter
L = 22x. The coordinates R; is discretized into N = 32
intervals with the spacing AR; = L/N and the coordinate
values are R; = AR;[0,1,2,..., N — 1]. The Fourier coor-
dinates W will have the spacing AW; = 2x/L and, since
Matlab software is used, W; = AW;[0,1,...,N/2,—-N/2 +
1,-N/2 +2,...,—1]. The DFT and the inverse DFT is per-
formed using the “fftn” and “ifftn” functions, respectively,
which employ a fast Fourier transform algorithm.

Figure 1 shows three values of Fgs/V as functions of
&. The first result, labeled “Analytical”, is the analytical
solution obtained from symbolic computation. The sec-
ond result, denoted “Laplacian”, is the numerical calcu-
lation where the terms with derivatives in fg.r (Eqs. (7))
are calculated using the FSM scheme developed in Sec-
tion 3. The third result, labeled “Correlation”, is the nu-
merical calculation using the FED from Eq. (19) with the
two-body correlation function from Eq. (20). From the fig-
ure, one can see that the results from the three calculations
agree with one another; the differences among these values
are negligibly small. These results validate the numerical
implementation of the FSM scheme proposed for both the
original and CDFT-type PFC models.
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Figure 1. Plot of F4/V as a function of £. (See text for expla-
nation.)

6 Summary

The FSM scheme for evaluating the PFC free energy of a
system subjected to homogeneous deformation was devel-
oped. This scheme employs real-space coordinate trans-
formation so that the (continuous) Fourier transform is
performed on the function of the undeformed coordinates
and the effect of the deformation is realized in the transfor-
mation of the Fourier wave vector. The advantage of this

scheme is that it allows straightforward DFT implemen-
tation because the sampling at the undeformed configura-

tion can be chosen to be along the directions of e;. This
scheme can be used to efficiently and accurately evaluate

the derivative of an order parameter and the convolution
of an order-parameter and a two-body correlation func-
tion. In addition to the PFC model, this scheme applies
to other models that can take advantages of the efficiency
and accuracy of the FSM.
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A Fourier Transform of Convolution
Integral

The (continuous) Fourier transform of f.x, is derived in
this section. Denoting A = r — 1/, one can write

foo = f " i [ f ) C(A) (alr')dr'} dr.  (25)

00

Using the fact that e™™* = ¢7™A¢™™T and rearranging
the order of integral, one arrives at

ﬁ:xZ — foo efiw~r’¢(a;1r/) [fw eiw.AC(A)dr] dr'. (26)

Since r’ is constant for the inner integral, dr = dA and one
can write

fexz — fw e—iw-r’¢(a—1r/) [foo e_iw'AC(A)dA] dr’

o 00

= f ) ™ ¢ (a'r) C(wydr'. 27)

Changing the coordinates from r’ to r, one obtains for» =
Cw) [ ™ ¢ (a~'r) dr, which is Eq. (23).
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