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Abstract. Modelling and predicting the effective behavior of non-ageing viscoelastic composites have attracted the 
attention of many researchers. Actually, predicting the effective behavior and the macroscopic overall response while 
taking into account the constituents properties and shape of inclusions as well as their volume fractions is a 
challenging topic. In this work, porous viscoelastic composites are considered. The porous effect is introduced as a 
solid voided inclusions embedded in a viscoelastic matrix. The effective behavior is modelled by delayed integro-
partial differential equations. The resolution of the resulting equations is done through a methodological approach 
based on the Volterra tensorial products and the dynamic Green’s tensor. Thus, the localization equations relating the 
local and the global fields are derived. After that, the Mori-Tanaka mean field micromechanical model assumptions 
are applied to derive the Mori-Tanaka’s localization tensor. Once this step is completed, the effective properties are 
obtained through mean field techniques. The effective properties are given through tensorial convolution products. A 
numerical algorithm is elaborated for the computation of direct and inverse tensorial convolution products. For the 
validation of the developed modelling a comparison with Laplace-Carson approach is done.   

1 Introduction  
Porous viscoelastic materials have been widely used due 
their wide range of applications: acoustic absorption, 
vibration isolation, low thermal conduction, electricity 
and magnetism shielding, as well as fire isolation. Many 
works have been done to model and investigate the 
ageing and non ageing viscoelastic materials. Two kinds 
of micromechanical approaches have been developed: 
The classic one that provides the effective behavior in the 
Laplace domain then a numerical inversion is performed 
to the time one and there is the approach that provides the 
effective behavior directly in the time domain. 

Eshelby micromechanical models for elasticity have 
been extended, based on the Laplace transform, to the 
case of viscoelasticity by many researchers. Laws and 
McLaughlin [1] estimated the effective behavior of 
viscoelastic composites based on the Self consistent 
model. In the numerical results, attentions were given to 
the case of spherical and fibrous composites. Wang and 
Weng [2] extended the Mori-Tanaka model to examine 
the linearly viscoelastic behavior of composites with 
randomly oriented inclusions and of transversely 
isotropic ones with aligned spheroidal inclusions. 
Afterwards, Brinson and Lin [3], and Fisher and Brinson 
[4], among others, analyzed the viscoelastic behavior of 
viscoelastic composites using different micromechanical 
models. The Mori-Tanaka model was extended to the 
case of viscoelastic composites with interphase regions. 

The effect of shape of inclusions, volume fractions, and 
thickness of the interphase region were shown on the 
effective behavior. This approach based on the Laplace 
transform was also extended to analyze the behavior of 
coupled field composite materials. Jiang and Batra [5] 
derived closed form expressions in time and frequency 
domain of viscopiezoelastic composites consisting of 
parallel PZT cylinders of elliptic cross section embedded 
in a viscoelastic matrix. Azrar et al. [6] and Bakkali et al. 
[7] extended the Laplace transform approach to predict 
the time and frequency dependent behavior of 
viscopiezoelectric and viscomagnetoelectroelastic 
composite materials. 

The purpose behind developing the second approach 
that derives the effective behavior directly in the time 
domain is to overcome the limitation of the first one: The 
case when the composite is subjected to 
thermomechanical loading, or one of the phases 
constituted the composite present an ageing behavior. 

Lahellec and Suquet [8] predict the non ageing 
effective behavior of viscoelastic composites based on an 
internal variable approach. The developed modelling was 
reduced to a system of non linear equations at each step 
of time. Ricaud and Masson [9] developed a modelling 
based on the internal variable approach to predict ageing 
and non ageing viscoelastic behavior of viscoelastic 
composites. 

The effective behavior was obtained by the resolution 
of a system of linear equations at each step of time. This 
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work was extended by [10] to predict the ageing behavior 
of polycrystals. A displacement formulation was 
developed by Sanahuja [11] to investigate the ageing 
behavior of viscoelastic composite constituted of 
spherical inclusions. 

Recently, El Kouri et al. [12] developed a new 
formulation based on The Dynamic Green’s function 
techniques and on the integral equations allowing the 
prediction, directly in time domain, of non ageing 
viscoelastic composites, in the general case of anisotropic 
viscoelastic composites with ellipsoidal inclusions. More 
recently, Barthélémy et al. [13] extended the Eshelby 
inclusion problem for elasticity to ageing viscoelastic 
composites. The case of isotropic behavior with spherical 
inclusions and time independent Poisson ratio is 
considered in the numerical section. 

In this work, the effective behavior and averaged 
fields per phase of non ageing viscoelastic composites 
with voided inclusions are investigated. The presented 
modelling gives straightforward expression of the 
effective behavior, in the time domain, in the general case 
of anisotropic viscoelastic composites with ellipsoidal 
voided and non voided inclusions. 

This work is organized as follows: First, the governing 
equations are presented. Second, based on the dynamic 
Green’s functions and on the integral equations the
concentration tensors are derived. In the next section, The 
Mori-Tanaka mean field approach is presented and the 
effective properties are derived. The numerical algorithm 
allowing the calculation of the direct and inverse tensorial 
convolution products is also presented. Finally, in the 
numerical section, a comparison is done between the
prediction obtained based on the Laplace approach and 
the one presented in this paper. Effective properties, 
global and local response are presented for different 
cases. The effect of volume fraction, shape of voided 
inclusions is shown on the behavior of the considered 
viscoelastic composites. 

2 Governing equations  
In this work, voided viscoelastic composites constituted 
of voided inclusions embedded in a viscoelastic matrix 
are considered. A representative volume element (REV) 
Ω is considered. At the boundary Ω∂ , the macroscopic 
strain evolution E( t ) is linked with the displacement 

u( x,t ) by the following relationship u( x,t ) E( t ).x= . The 

non ageing behavior at each x Ω∈  is modelled by a 
Stieltjes integral relating the stress tensor evolution 

( x,t )σ to the strain tensor history ( x,t )ε ′ as follows  

      
0

t kl
ij ijkl

( x,t )
( x,t ) C ( x,t t ) dt x

t

εσ Ω
′∂′ ′= − ∀ ∈

′∂∫   (1) 

where ijklC ( x,t t )′− is the relaxation tensor. 

A compact form of Equation (1) is given by the 
following convolution product in the Stieltjes space 

      0ij ijkl kl( x,t ) C ( x )*d ( x ) ( t ) x tσ ε Ω = ∀ ∈ ∀ >    (2) 

The compatibility equations, when the small 
displacement are considered, are given by the following 
expression 

        
1

2ij i , j j ,i( x,t ) u ( x,t ) u ( x,t ) xε Ω = + ∀ ∈    (3) 

where iu ( x,t ) is the displacement components. In the 

absence of the body force, one can write the equilibrium 
equations as follows 

                          [ ] 0div ( x,t ) xσ Ω= ∀ ∈   (4) 

Considering the symmetry of the tensors , ,Cσ ε and 

based on the previous equations, one can derive the 
following system of partial differential equation 

                 0ijkl k ,l , j
C ( x )*du ( x ) ( t ) x Ω  = ∀ ∈    (5) 

3 Integral equations and localization  
Let consider a homogeneous fictitious media which has 

the relaxation moduli 0C ( t ) . The local relaxation moduli 

is given by the following expression 

              0
ijkl ijkl ijklC ( x,t ) C ( t ) C ( x,t )δ= +   (6) 

in which x  is the position vector in the considered media 
and Cδ  is the deviation part. 

Using the above perturbation equation, based on the 
dynamic Green’s tensor and after some mathematical 
development the following localization equation is 
obtained [12] 

0 01 I
mn mnkl mnij ijkl kl

I

( t ) I H( t ) T *dC ( t ) *d ( t )ε ε
Ω

   = −      
 (7) 

with mnijT ( t )  is the dynamic viscoelastic interaction 

tensor given by: 

            
I I

mnij mnijT ( t ) ( x x ,t )d d
Ω Ω

Γ Ω Ω′ ′−∫ ∫   (8) 

In this paper, the Mori-Tanaka model, presented in the 
next section, is considered. The derived concentration 
tensor in this section is the main step of the 
micromechanical modelling. The difficulty behind the 
calculation of the concentration tensor is that a direct and 
an inverse tensorial convolution product has to be 
computed. For this reason, a numerical algorithm is 
developed. 

4 Effective properties and numerical 
algorithm  
The Mori-Tanaka mean field approach is one of the most 
used micromechanical models. It is known by its accurate 
predictions, easy to implement and gives explicit 
expression of the effective properties. The expression of 
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the time dependent Mori-Tanaka localization tensor is 

obtained by replacing 0( t )ε  and 0C ( t ) of the reference 

media in equation (7) by the evolution strain M ( t )ε  and 

relaxation moduli MC ( t ) of the matrix. Therefore, one 

can write the following relationship relating the local 
evolution strain in the voided inclusion with the evolution 
strain in the matrix through the so called the dynamic 
localization tensor 

                      I I ( MT )
kl klmn mn( t ) A *dE ( t )ε  =     (9) 

where I ( MT )
klmnA is the Mori-Tanaka dynamic localization 

tensor and its expression is given by 

    
1

I ( MT ) MM
klmn mnkl mnij ijkl

I

f
A ( t ) H( t )I T *dC ( t )

Ω

−
  = −   

  (12) 

where Mf  is the volume fraction of the matrix and IΩ  is 

the volume of the voided inclusion. 
Now that the localization tensor is derived, average 

techniques are used to obtain the effective properties and 
overall behavior. 
The overall behavior of the composite is modelled by 

                          eff
ij ijkl kl( t ) C *dEΣ  =    (11) 

Based on average techniques [12], the following 
expression of the effective properties is obtained 

           eff M I M I( MT )
ijmn ijmn ijkl klmnC ( t ) C ( t ) f C *dA ( t ) = −     (12) 

The average evolution strain in the matrix is obtained 
through the following expression 

                        M M ( MT )
kl klmn mn( t ) A *dE ( t )ε  =     (13) 

M ( MT )
klmnA  is obtained from the equation that verifies the 

localization tensors 

                 M M ( MT ) I I ( MT )
klmn klmn klmnf A f A H( t )I+ =   (14) 

Based on these equations, one can predict the overall 
and local behavior of the considered viscoelastic 
composite for different shape of inclusions. Various laws 
modelling the behavior of the viscoelastic matrix could 
be considered. 

The main difficulty of this work is the calculation of 
the direct and inverse tensorial product. The algorithm is 
based on the discretization of time through on a 
trapezoidal algorithm [12]. Based on this trapezoidal 
algorithm, one can transform the convolution product in 
the Stieltjes space to a matrix-vector product as follows 

               [ ] 11 1 1

eff
ij ijkl kl ( n )( n ) ( n ) ( n )

C EΣ ++ + × +
   =      (15) 

where 
1ij ( n )

Σ
+

   and [ ] 1kl ( n )
E + are vectors of 

1( n )+ elements and 
1 1

eff
ijkl ( n ) ( n )

C
+ × +

    is a 1 1( n ) ( n )+ × +

matrix. 
More details about this algorithm are given in [12]. 

The presented numerical algorithm allows one to 
compute the Mori-Tanaka estimate of two phase 
viscoelastic composites in the general case of ellipsoidal 
inclusion and anisotropic behavior. 

5 Numerical results 
In this section, the numerical results of viscoelastic 
composites consisting of voided inclusions embedded in 
a non ageing viscoelastic matrix are presented. The 
viscoelastic matrix is considered to be isotropic. The bulk 
K  and the shear G  moduli of the viscoelastic matrix are 
described by the Prony series. 

                        
1

N

j
j j

t
G( t ) G G exp

ξ∞
=

 
= + −  

 
∑   (16) 

where G∞  is the rubbery asymptotic modulus. jG and jξ   

are the relaxation moduli and the relaxation time. The 
used Prony series coefficients are given in [12]. 

For the sake of comparison, the results predicted based 
on the Laplace transform approach and on the presented 
modelling are compared. More details about the Laplace 
transform approach could be found in [12]. Based on this 
approach and the developed modelling for a non ageing 
linear viscoelastic composite consisting of spherical 
voided inclusions embedded in a viscoelastic matrix, 
Figure 1 gives the predicted results for the volume 

fraction of void 0 3If .= . One can see that the two 

approaches predict the same results. 
Based on the developed modelling for a viscoelastic 

composite consisting of voided inclusions embedded in a 
viscoelastic matrix and for the volume fraction of void 

fixed at 0 2If .= , Figure 2 gives the effective moduli as 

function of the different shapes of voided inclusions. The 
effect of the later is shown on the behavior of the 
considered composites.  

For the particular case of spherical voided inclusions, 
Figure3 illustrates the effect of the void volume fraction 
on the effective moduli. 
Now to show the global and local response of the 
considered viscoelastic composites, the following 
macroscopic uniaxial strain is applied 

                      
4

11 4

10 5

5 10 5

t; t s
E ( t )

; t s

−

−

 <=
× ≥

  (17) 

In Figure 4, a viscoelastic composites constituted of 
spherical voided inclusions embedded in a viscoelastic 
matrix is considered. The global and local response of the 
composites when it is subjected to the uniaxial strain is 
presented for different void volume fractions. 
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Figure 1. Effective moduli 12C , 11C  and 44C  as predicted by 

Laplace transform  and non ageing linear viscoelastic model. 
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Figure 2. Effective moduli 44C , 11C  and 13C  as function of the 

shape of voided inclusions. 
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Figure 3. Effective moduli 11C , 44C  and 13C  as function of the 

void fraction for spherical voided inclusions. 
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Figure 4. The global and local response of a viscoelastic 
composite, consisting of voided inclusions embedded in a 
viscoelastic matrix, subjected to uniaxial strain. 

6 Conclusions 
In this paper a micromechanical modelling based on the 
dynamic Green’s functions and the Mori-Tanaka mean 
field approach is presented to analyze the effective 
behavior of viscoelastic composites constituted of voided 
inclusions. 

The presented modelling permits a straightforward 
derivation of the effective behavior in the time domain. 
The difficulty of this work lies in the fact that a direct and 
inverse convolution tensorial product has to be 
calculated. 

A numerical scheme is presented for this purpose. In 
the numerical section, a viscoelastic composite consisting 
of voided inclusions embedded in a viscoelastic matrix is 
considered. A comparison between the developed 
modelling and Laplace transform approach is presented. 
Different effective moduli are presented and the effect of 
the volume fraction and the shape of the voided 
inclusions is shown on the them. The global and local 
response is also investigated when the considered 
composite is subjected to a uniaxial strain. 
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