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Abstract. This study focuses on the creation of an isothermal elastic 
model to highlight, through stresses, the occurrence of plastic deformation 
in certain crank angles under extreme dry conditions inside an internal 
combustion engine. The stresses that are exported from this analysis are 
pointing out not only the necessity for an elastoplastic model to be created, 
but also the importance of predicting the correct friction coefficient, as 
pointed out by both the contact surface stress and those in depth of the two 
bodies in contact. A comparison between two coefficients of frictions and 
one frictionless case is conducted. The comparison between the finite 
element model and the adhesion mathematical model of Johnson, Kendall 
and Roberts (JKR), seals the importance of the interaction forces, acting on 
the common solid surface, in the pursuit of defining a propriate contact 
patch. Furthermore, a three-dimensional model is proposed for further 
investigation, highlighting the importance of modelling surface’s micro 
asperities for a solid stress analysis. 

1 Introduction 

Recent comprehensive study by Holmberg et al. [1] showed that energy losses are the 
highest in engines and transmissions due to contact. Among these, the ring-pack assembly 
is the primary source of friction [2]. This contact is also one of the most complex to analyse 
because of the transient nature of this conjunction and the variation of the regimes of 
lubrication. The basic theory of contact between elastic bodies has been of great importance 
for many years. Initially, variety of models like Johnson [3] and Hills et al. [4] approach 
consistently the mechanical problem of contact while, Gladwell [5] and Galin [6] along 
with Kikuchi et. al [7] and Khludnev and Sokolowski [8], reported the same problem from 
both a mathematic and a finite element perspective, respectively. Additionally, Bhushan 
conducted research for both a single (Hertzian) [9] and multiple asperity [10] approach 
laying the foundations of the so-called contact mechanics of rough surfaces field. Schwarz 
[11] was also focused on calculating the elastic deformation of a sphere on a flat surface 
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with JKR and DMT models while Adams and Nosonovsky [12] categorized the theoretical 
contact models according to adhesion, friction and single or multi asperity.  Shi and Zhao 
[13] compared the adhesion JKR and DMT models with the adhesion less Hertzian model 
mentioning the influence of dimensionless load parameter. A complete research in the field 
of surface energy, which is the factor that distinguishes the JKR from the Hertzian model, 
was conducted by Leite et al. [14] provided an extended list of measured materials in terms 
of intermolecular interactions and surface forces along with a complete theoretical 
approach.  

The pioneering work of Chong and Fong [15] proposed a deterministic friction force 
predictive model which included a fluid film shear component along with a possible 
asperity contact for a ring-liner conjunction on top dead center, inside an internal 
combustion engine. The author addressed the boundary friction using a multi-scale model, 
aims to provide the mechanisms underlying friction at asperity level between rough 
surfaces. 
Our approach is coming to an end for the creation of an isothermal elastic model to 
highlight, stresses distribution in certain crank angles under extreme dry conditions. The 
stresses that are exported from this analysis are pointing out not only the necessity for an 
elastoplastic model to be created, but also the importance of predicting the correct friction 
coefficient, as pointed out by both the contact surface and in depth of the two bodies in 
contact stresses. A comparison between two coefficients of frictions and one frictionless 
case is conducted. Furthermore, the comparison between the finite element model and the 
mathematical model of Johnson, Kendall & Roberts, seals the importance of the interaction 
forces, acting on the common solid surface, in the pursuit of defining a propriate contact 
patch. Furthermore, a three-dimensional model is proposed for further investigation, 
highlighting the importance of modelling surface’s micro asperities for a solid stress 
analysis. 

2 Background Theory 

2.1 Surface energy-Work of adhesion 
The difference between the two compared mathematical models (Hertzian and JKR) is on 
the interaction forces that are considered to act in the contact surface of the compression 
ring and the cylinder liner. In this case, in which the contact between two surfaces is elastic, 
results to no energy dissipation during the interaction and so both the adhesive and the 
surface forces are equal in magnitude [11]. Schwarz mentioned that the area between the 
force curve and the base line right from the equilibrium distance �� is considered as the 
work of adhesion or Dupré’s energy [11]: γ = ∫ 𝜎𝜎�����∞𝑧𝑧�      (1) 

where 𝜎𝜎��� is the force per unit area. Lennard-Jones potential typically represents the 
adhesive stress ���[11], 𝜎𝜎��� = − ���𝑧𝑧� �� 𝑧𝑧𝑧𝑧���� − � 𝑧𝑧𝑧𝑧����]    (2) 

where � is the separation between atomic planes. 

Another method consists in calculating the work of adhesion and then relating it to the 
Hamaker constant through [12]. Separation will occur only when contact area 𝑎𝑎��� 
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Another method consists in calculating the work of adhesion and then relating it to the 
Hamaker constant through [14]. Separation will occur only when contact area 𝑎𝑎��𝑃𝑃 
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two phases ��, �� in contact are pulled apart inside a third phase � then the work of adhesion 
according to [14] is given by the expression (4): � = ��� + ��� � ���    (4) 

As an attempt to build an adhesive contact model, the work of adhesion parameter used to 
model JKR was obtained from Chong et al. [15]. 

2.2 Adhesionless single asperity contact-Hertz model 

The two bodies, the compression ring and the cylinder liner can be treated as two-
dimensional cylindrical contact problem, in top and bottom dead center of a four-stroke 
cycle, always absence of lubricant. Stachowiak and Batchelor [16] formulated the basic 
contact parameters between two parallel cylinders. It is assumed that the dimensions of the 
contact area are small compared to the dimensions of each body and to the radii of 
curvature of the surfaces and that the strains are sufficiently small for linear elasticity to be 
valid and. Neglecting any attractive forces �� = �� and considering only the external load 
acting in the back of the ring, the contact radius, maximum deflection and maximum 
contact pressure, which occurs at � = � (center of contact), are predicted from the Hertzian 
model as follows [17]: 𝑎𝑎 = � �𝑃𝑃𝑃𝑃𝜋𝜋�𝐸𝐸∗�� �⁄

     (5) � = ����� � 𝑃𝑃𝐸𝐸∗�� � ��� + �� ��𝑃𝑃�𝑃𝑃�𝑎𝑎� ��    (6) 𝑝𝑝�𝐻𝐻 = 𝑃𝑃𝜋𝜋𝑎𝑎�     (7) 𝜏𝜏𝑚𝑚𝑎𝑎𝑚𝑚 = �����𝑝𝑝�𝐻𝐻     (8) 

at depth of, � = �����𝑎𝑎    (9) 

where  �𝐸𝐸∗ = �����𝐸𝐸� + �����𝐸𝐸�   (10)   and       �𝑃𝑃 = �𝑃𝑃� + �𝑃𝑃�     (11) 

with 𝐸𝐸�, 𝐸𝐸�, ��, �� being the Young’s modulus and Poisson’s ratio for the compression ring 
and the cylinder liner respectively,δ is indentation depth and α is the radius of contact 
area. 𝐸𝐸∗ is the reduced Young’s modulus and 𝑅𝑅 the effective radius of the two cylinder 
bodies, with 𝑅𝑅� = ∞ for the infinite cylinder radius (the cylinder is considered as plane).  
The pressure distribution over the contact area, considering equally distributed external 
load calculated by the equation (12): 
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𝑝𝑝𝐻𝐻��� = 𝑝𝑝�𝐻𝐻 �� − 𝑟𝑟�𝑎𝑎��� �⁄
    (12) 

where �� = �� � ��, although considering two-dimensional model, � = �. 
 

2.3 Adhesion single asperity contact-JKR model 

Extending the Hertzian theory and setting � � ��the contact equations are modified 
including the effect of the work of adhesion. The effective external load applied according 
to the work of Johnson et al. [11] is given on equation (13): 𝑝𝑝��𝑅𝑅 = � � ���� � √����� � �������             (13) 
which is larger than the external force used in Hertzian approximation. The minus in the 
solution denotes unstable conditions. Contact radius, maximum deflection and maximum 
contact pressure, which are dependent on the external applied load are given by equations 
(14), (15) and (16): 𝛼𝛼��𝑅𝑅 = �𝑅𝑅𝑅𝑅���� �� �⁄

    (14) 

���𝑅𝑅 = 𝑎𝑎�𝑅𝑅 − √�𝜋𝜋𝛾𝛾𝑎𝑎��     (15) 

𝑝𝑝���𝑅𝑅 = ��𝛾𝛾𝛾𝛾�𝜋𝜋𝑎𝑎�� �⁄
     (16) 

where 𝐾𝐾 = ��∗� .      (17) 

Compared with the Hertzian approach, the pressure distribution over the cyclic contact 
area, considering equally distributed external load is: 

𝑝𝑝��𝑅𝑅��� = 𝑝𝑝𝐻𝐻��� − 𝑝𝑝���𝑅𝑅 �� − �𝑟𝑟𝑎𝑎��)�� �⁄
    (18) 

3 Finite Element Modelling 

3.1 Two-Dimensional Elastic Model 

The contact performance of the top compression ring-liner conjunction for a high 
performance four-stroke engine at dead centers is studied through numerical analysis. The 
material of the ring is Steel SAE 925 and its mechanical properties received from the ref. 
[18]. Both the cylinder and the compression ring are deformable solids. Table 1 presents the 
basic dimensions. The forces acting on the back of the ring in radial plane, are the ring’s 
elastic tension force and the gas force, both obtained from the work of Shahmohamadi et al. 
[18].  
 

Table 1. Ring-liner tribo-pair dimensions. 

Parameter Compression Ring Cylinder Liner 
Axial face width (m) ���� × ���� ���� × ���� 
Radial face width (m) ����� × ���� ����� × ���� 
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Parameter Compression Ring Cylinder Liner 
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A total of 33810 quadrilateral elements are used and a Penalty method algorithm solves the 
contact problem in ANSYS Multiphysics package. The analyses are conducted for non-
linear geometrical behavior of the finite element whose stiffness matrix is given by the non-
linear equation (19): 𝛫𝛫��� = 𝐾𝐾� �� � 𝑢𝑢𝑈𝑈� = ���������������    (19) 

where K0 is the initial contact stiffness(N/m), U is the sliding velocity (m/s) and u is the 
nodal momentarily velocity (m/s). The initial stiffness suggested to take values in an order 
of magnitude larger than the elastic modulus of the underlying geometry. All and all this 
value must be a balanced value between the accuracy of the results and the run time.A 
comparison is conducted for coefficients of friction, � = � and � = � for examination of 
the equivalent normal; stresses along the depth of the compression ring. Solving iteratively, 
using the Newton Raphson Method. the equations of the stresses equilibrium, the vertical 
stress distribution along piston ring’s depth for friction, frictionless and analytical solution 
is plotted in Fig.1.  

 

Fig. 1. Normal stress in vertical direction along compression ring’s depth. 

Comparing the case of analytical (line contact in two cylinders with parallel axis) and 
frictional solution, a lack of convergence is spotted. Both analytical and frictionless cases 
do match with the friction one in the boundary lubrication of the contact surface and in the 
back surface of the ring, respectively. As we approach the highest contact point between the 
two contact surfaces (Y-cord = 10-4), a significant deflection in normal mechanical stress 
between the two cases is observed. In the frictionless case (sliding surfaces), thermal load is 
neglected therefore, stress is fully translated into mechanical (shear), while in the case of 
μ=1 (sticking) a great amount of energy is converted into thermal stresses (which are not 
presented in the current research work) justifying the lower mechanical stress value, and 
denotes the pure contact in dead centers of an internal combustion engine. 
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3.2 Boundary conditions  

Fig. 2 shows the simulation model for ring-liner contact. A first step for every finite 
element model is to validate an existed theoretical model. Therefore, an analysis should be 
conducted in absence of any axial forces and considering only the radial ones acting on the 
ring. As a result, a pressure load is acting on the back of the ring while cylinder’s back is 
fixed. The number of elements used was ��.��� and the number of nodes was ��.���. The 

convergence was achieved using the CONTACT172 and TARGE169 type of elements. 

 
Fig. 2. Input boundary conditions and meshing details. 

4 Results and Discussion 

4.1 Comparing Hertzian and JKR theoretical model with the finite element 
model  

After examining the dead center angles of every stroke (-180°, 0°, 180°, 360° and 540°), a 
comparison was conducted for 0° which turned out to be the most critical among them [18]. 
In Fig. 3 is presented the contact pressure distribution over the normalized contact area for 
the Hertzian, JKR and FE models. The deviation of models is approximately 10%, at one 
hand, owing to the absence of surface energy in case of the Hertzian solution and on the 
other hand owing to dependence of the FEA model from the number of its elements. 
Furthermore, the equations formulating both Hertzian and JKR theory refer to cylindrical 
geometry, which slightly differs from our model’s case. However, the maximum value of 
the contact pressure has a good agreement for three models. In order to get the most 
accurate results, grid sensitivity tests were performed.   

 
Contact 

pair 

Ring Cylinder 

(Fixed BC) 

Gas + Tension force 

Y 

X 
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Fig.3. Comparison between the Hertzian theory, the JKR theory and the FEA. 

4.2 The effect of Gaussian distributed ring surface roughness on 
contact stresses 

A numerical three-dimensional model with Gaussian distributed surface roughness was 
created, simulating a cylinder liner and piston ring contact pair in a small area of their 
contact patch on microscale (Fig. 4). The model was created using a 3D sample, 

 with roughness distribution according to Gauss statistical distribution. 
Fig. 5 shows that as the asperities density becomes higher the maximum equivalent stress 
becomes also higher. Furthermore, an obvious reduction in maximum pressure is observed 
disproportionately to the asperity peaks raise, in which more surface (peaks) share an equal 
amount of load. Among them, was pointed out the necessity of a golden section to be found 
between those topographical parameters compared. The Gaussian roughness distribution (or 
the asperities density) was developed using a) one, b) two and c) five roughness peaks per 
mm. The height of the roughness was variated as, 0.02-10-4, 0.2-10-4 and 10-4 mm. The 
material was Steel SAE 9254, and the problem run for 6000 rpm, and surface to surface 
contact model using TARGE170 and CONTA174 type of elements. 
 

 
Fig. 4. Indicative surface roughness distribution on compression ring surface. 
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Fig. 5. 3D contact modelling total stresses on compression ring surface for three different asperity 
dense contact surfaces: a) one peak per mm, b) two peaks per mm, c) five peaks per mm for an 
asperity mean height of 0.2 x 10-4 mm. 

5 Conclusion-Future Research 

The main conclusions can be summarized here: 
 The maximum value of the contact pressure has a good agreement for three 

models which declares the accuracy of both an adhessionless (Hertz) and an 
adhesion (JKR) model (Fig. 3). 

 Regarding the three-dimensional model, a remarkable reduction in maximum 
pressure is observed due to the asperity peaks raise, in which more surface (peaks) 
share an equal amount of load. Additionally, considering both the error of non-
linear calculations inside the contact area, which increases proportionally to the 
number of elements, and also the unpredictable nature of asperity distribution, a 
necessity for finding the “golden ratio” between density and mean peak height 
parameters, is observed (Fig.4). 

The ability to predict the extend adhesion forces between two contact surfaces, on a multi-
asperity model, is a step further of this work. The immediate affection on the existing single 
asperity models like the ones of DMT [19], JKR [20], and Maugis-Dugdale [21] should 
also be investigated.  

 

6 References 

a) b) 

c) 
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