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Abstract. Rail is an important source of noise in the railway traffic and its
acoustic power is depending on the rate of decay of vibration. The main
characteristic of the track in terms of the vertical elasticity is the so-called
track modulus which results from the load-rail deflection curve. In general,
this curve is nonlinear and it can be approximated using piecewise linear
function with bilinear characteristic. In this paper, the response of a beam
on elastic foundation with bilinear characteristic due to constant and
harmonic loads is investigated, pointing out the impact of the foundation
characteristic on the rail response and the propagation of the bending
waves along the track.

1 Introduction
The elastic characteristics of the wheels can influence the ride comfort of railway vehicles
[1], the wheel-track dynamic loads [2, 3] and the rolling noise emissions, with adverse
effects on passengers and residents living or working in buildings located in the vicinity of
the track [4].
The track modulus is the most important elastic characteristic of the track; the
experiments shown that it has a non-linear variation with the wheel load [5, 6].
The influence of the bilinear characteristic of the track on the decay rate of the vertical
vibrations along the track is studied in this paper, using a continuous model with two elastic
layers. Similar approach can be found in ref. [7] where only one elastic layer accounted for.

2 Mechanical model
The model presented in Figure 1 is used to study the nonlinear characteristic of the ballast
on the propagation of bending waves along the track. For symmetry reasons, the model of
the track consists of a rail laid on following elements: rail pads, half-sleepers and ballast
bed. The rail is modelled as an infinite and uniform Euler Bernoulli beam, having the
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bending stiffness EI, where E is the longitudinal elasticity modulus and I is the inertia
momentum of beam’s cross section and the mass per unit of length, m. The rail’s deflection
in the x section in relation to the fixed reference system Oxz at the t moment is w(x,t).

Fig. 1. Mechanical model of the track: 1. Rail; 2. Rail pad; 3. Sleeper; 4. Ballast.

Fig. 2. Elastic characteristics: (a) Rail pad; (b) Ballast; (c) Track.

The rail pads are modelled using a Kelvin-Voigt type continuous viscoelastic layer
having the elastic constant k1o and the damping constant c1o. The elastic characteristic of the
rail pads is presented in the Figure 2 as the distributed force q, function of rail displacement
w. The elastic constant k1o is results from rail pad’s stiffness and the distance between the
sleepers. In the same manner the damping constant c1o is calculated.
The sleepers are modelled as a continuous inertial layer having a mass per unit of length
mt. The sleepers deflection in the x section of the reference system is z(x, t). The effect of
the distance between the sleepers is neglected, so the domain of the model is limited to 6700 Hz.
The ballast bed is modelled using a Kelvin-Voigt type continuous viscoelastic layer
with a bilinear characteristic (Figure 2. b). The ballast’s elastic and damping constants are
k21 and c21 when the sleeper’s deflection is lower than zo, and k22 and c22 when the sleeper’s
deflection is higher than zo.
The elastic characteristic of the track, respectively the distributed track force q as
function of the rail’s deflection w is presented in the Figure 2 c. The characteristic is
bilinear due to ballast’s characteristic. This has two zones: the elastic zone with the elastic
constant k1 for w < wo, and the stiff zone with the elastic constant k2 for w > wo. The
transition point’s coordinates between the elastic and stiff zones are (wo, qo).
Knowing the elastic constants of the track’s characteristic, including the coordinates of
the transition point between the elastic and stiff zone, as well as the rail pad’s elastic
constant, the elastic constants of the ballast and the coordinates of the transition point is
obtained
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The force acting on the rail has two components: a static one Q and a dynamic one Q(t),
which will be considered harmonic, such that Q(t)  << Q.

Fig. 3. Explanatory for the boundary conditions under the static load Q.

Under the action of the static component, the rail’s deformation is not time dependant,
as seen from the following equations
EI

d4w
dx 4

 k1o ( w  z )  Q δ ( x ) ,

( k 1o  k 21 ) z  k 1o w  0 if z < zo or x > l

( k 1o  k 22 ) z  k 1o w  0 if z ≥ zo or x ≤ l

(3)
(4)
(5)

Where (.) is Dirac’s function and 2l is the distance between the transition points between
the elastic and stiff zones along the beam.
Equations (1-3) can be replaced with
EI

d 4 w1, 2
dx14, 2

 k1, 2  Qδ( x)

(6)

Where |x2| ≤ l, |x1| > 0, w2(x2) ≥ wo and w1(x1) < wo (Figure 3).
Between w(x) and w1,2(x1,2) there is a following relation
w2 ( x 2 )  wo (1  k1 / k 2 )
w( x)  
w1 ( x1 )


x2  l, x  x2
x1  0, x  x1  l sgn( x1 )

(7)

By using the symmetry of the rail’s deformation, the boundary conditions are as follows
dw2 (0)
k
d 3 w2 (0)
dw (l ) dw (0)
Q
, w2 (l )  1 wo , w1 (0)  wo , 2  1 ,
 0,

3
dx 2
2 EI
k2
dx2
dx1
dx 2
d 2 w2 (l ) d 2 w1 (l ) d 3 w2 (l ) d 3 w1 (l )

,

, lim w1 ( x1 )  0.
x1
dx22
dx12
dx23
dx13

The following rail deflection shapes are considered
3
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w2 ( x2 )  A1e   2 x2 sin  2 x2  A2 e  2 x2 cos  2 x2  A3e  2 x2 sin  2 x2  A4 e  2 x2 cos  2 x2 ,
w1 ( x1 )  A5e 1x1 sin 1 x1  A6 e 1x1 cos 1 x1.

(9)

Where

1, 2  4

k1, 2
4EI

(10)

From equations (8) – (9), a non-linear 7 equations system is obtained, having the
unknowns A1-A6 and l. The solution can be obtained by using the Newton-Raphson’s
method. When a variable force Q(t) is acting on the rail too, the dynamic rail deflection
w and dynamic sleeper displacement, z, are relative to the static equilibrium position due
to static load Q. Neglecting the effect of the track’s vibration around the transition points of
the elastic characteristic, the following equations of motion are obtained
EI
mt

 4 w1, 2
x14, 2

 2 z1, 2
t 2

m

 2 w1, 2
t

2

 c1, 2

 (c11  c21, 22 )

w1, 2
t

 2 z1, 2
t 2

 k1, 2 (w1, 2  z1, 2 )  Q(t )( x),

(11)

 (k11  k 21, 22 )z1, 2  k11w1, 2  0.

The steady-state harmonic behaviour’s solution can be obtained by using the Green’s
function method [8]. Then, the rail’s receptance in the x section due to the harmonic force
applied in the xo position, r(x, xo, ), can be computed, as function of pulsation .
Finally, the rail decay rate of the vibrations along the rail is calculated
R( x, ω) 

20 r (0,0, ω) [dB/m].
lg
x
r ( x,0, ω)

(12)

3 Numerical application
The results obtained with the above-mentioned model and calculation method are presented
in this section. The parameters for the track model are: m = 65 kg/m, EI = 7.6 MN/m2, mt =
208 kg/m, k1 = 4.70 MN/m2, k2 = 48.50 MN/m2, k1o = 100 MN/m2, k21 = 4.9318 MN/m2, k22
= 94.175 MN/m2, wo = 2 mm and Qo = 29.981 kN [5]. Regarding the damping, the
following damping ratio are considered: D1o = c1o/2(k1om)1/2 for the rail pad and D21 =
c21/2(k21m)1/2, �22 = c22/2(k22m)1/2 for the ballast; D1o = 0.2 and D21 = D22 = 0.25.
To study the influence of the bilinear characteristic, the linear equivalent model should
be used as reference. The equivalent stiffness of the track is obtained with the formula [9]
ke 

1 Q
Q
3
4 w(0) w(0) EI

(13)

And the ballast’s equivalent stiffness with the formula
1
1
1


k 2 k e k1o

Where w(0) is the rail deflection under the static load Q.
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The deflection of the rail under the static load calculated using the bilinear characteristic
model and with the equivalent linear model are presented in the Figure 4.
The equivalent linear model is underestimating the rail deflection close to the
application point, in particular when the static load is higher.

Fig. 4. Rail deflection: (a) static load of 40 kN; (b) static load of 112.5 kN: red – bilinear
characteristic; black – linear equivalent characteristic.

Fig. 5. Rail receptance: (a) static load of 40 kN; (b) static load of 112.5 kN; red – bilinear
characteristic; black – linear equivalent characteristic.

Fig. 6. Decay rate: (a) static load of 40 kN; (b) static load of 112.5 kN; red – bilinear characteristic;
black – linear equivalent characteristic.

The receptance of the track around the application point of the harmonic force, r(0, 0,
), for the frequencies between 0 and 300 Hz is presented in the Figure 5.
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The calculation of the track’s receptance has been done for the bilinear characteristic
model and for the equivalent linear model for static loads of 40 kN (Figure 5. a) and 112.5
kN (static load of 225 kN/wheelset) (Figure 5. b). There are notable differences between the
two models to frequencies up to 160 Hz.
The decay rate of the vertical vibrations along the rail, calculated in the same conditions
as above, is presented in Figure 6. Significant differences between the results obtained with
the two models appear with a static load of 112.5 kN.

4 Conclusions
In this paper, the influence of the bilinear characteristic of the ballast on the dynamic
response of the track and on the decay rate of the vibrations, was investigated. The track
model is including an infinite beam on a two elastic layers foundation, the first with a linear
characteristic and the second one with a bilinear characteristic and an inertial intermediate
layer.
The bilinear characteristic of the ballast influences the dynamic response of the track at
low and mid frequencies up to approx. 150 Hz.
The ballast’s bilinear characteristic influences the decay rate of the track only if the
static load on the wheel is high enough.
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