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Abstract. In the present work, the natural frequencies of cylindrical and spherical laminated shells with
variable stiffness are numerically studied using a shear flexible isogeometric finite element. The kinematics
relies on cubic shear deformation theory in which cubic variation is assumed for the surface displacements
and a quadratic variation for the traverse displacement along the thickness. A zig-zag function, used for the
in-plane displacements, accounts for the abrupt discontinuity at the boundaries of the laminae. The
Lagrangian equations of motion is deployed to solve the frequencies of curved panels. A detailed parametric
analysis examines the influence of fibre centre/edge angles, shell geometric variables, material anisotropy
and edge conditions on frequencies and mode shapes.

1 Introduction
Advanced composites have wide application in the fields
of aerospace and power generation due to high strength
and stiffness relative to its weight. There is always a
growing need to increase the pay load and reduce the
cost of material and manufacturing in the aerospace
industry. The proportion of composites to metals have
increased multi fold in two decades in the aerospace
industry.
Designers have implemented many ways to
improve the performance of composite structures. Few
methods of increasing stiffness are curving the fibres on
the surface of lamina, increase the volume of fibres
relative to matrix, tow drops and addition of stiffeners. A
novel idea of curving the fibres continuously on the
surface of lamina has emerged few years ago and these
fibres are called curvilinear or curved fibres. The
variation in stiffness on the surface of the lamina owing
to variation in the fibre direction and these laminates
form a part of Variable Stiffness Composite Laminates
(VSCL) or curved fibre composite laminates. Many
researchers have shown heightened interest in the
investigation of structural response of the curved fibre
composites, thanks to the advances in the manufacturing
technology. The fibres remain straight in traditional
laminates, though different lamina can have different
orientation. Such laminates are termed as Constant
Stiffness Composite Laminates (or CSCL).
In
general,
plate/shell
problems
deploy
linear/nonlinear governing equations and solved by a
suitable analytical/ numerical approach. Analytical
*

results assumes deformed shape for prediction of the
nonlinear behaviour. Finite element procedure is best
suited for the solution of such structures without
assuming a mode shape apriori and the solution itself
predicts the deformed configuration based on the support
conditions. Finite elements using the field-consistency
approach coupled with cubic shear deformation
kinematic model, developed recently for the structural
analyses of thick and thin laminates do not exhibit
shear/membrane locking phenomenon and do not require
lesser order integration scheme in evaluating the energy
terms. The associativity between the CAD and finite
elements is a desirable feature in the optimization of the
airframe structures. This association between CAD/CAE
is provided by a novel concept called Iso Geometric
Analysis (IGA). The interpolation expressions for the
field variables are same as the B-splines of geometry.
The technology of placing fibres automatically is
the key technology discovered in 1980’s for the
fabrication of curved fibre composites. Kim et al. [1]
proposed a novel tow placement technique considering
the shear capability of tows, thus reducing defects. The
normal shear moduli in composites, unlike isotropic
material, is less than the surface young’s modulus
leading to significant shear deformation and hence
results in significant transverse shear stress. The CLPT
neglects the shear effects in the normal direction and
hence not suitable for multi-layered thick or moderately
thick plates. It is opined by Kant and Swaminathan [2]
that CLPT under-predicts deflections and over-estimates
eigenvalues in vibration and buckling problems. The
FSDT assumes linear change in deformation through the
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laminate thickness resulting in constant shear stress in
normal direction in different laminae. This necessitates
adhoc variables that are not easy to compute for all the
problems. The limitations of FSDT can be overcome by
the use of HSDT that includes more terms from the
Taylor series in the kinematics of displacement
formulation.
Abdalla et al.[3] dealt with an optimization
problem aimed at the increase of frequency of VSCL
panels. The CLPT formulation is employed and the
stiffness is changed by the parameters of laminate. It is
shown that the frequency of a VSCL design is 12% more
than the CSCL. Honda and Narita [4] developed FEM to
analyse vibration of plates made from anisotropic
properties and optimized the design for vibratory
environment. It is shown that continuously varying fibre
orientation affects fundamental frequency. The
frequency, thus obtained is higher than straight fibres.
Blom et al. [5] optimized the design of VSCL
conical panels for maximum eigenvalue. It is shown that
the frequency of a particular conical shell can be
amplified by 20% with curved fibres. It is also
emphasized that manufacturability has a large influence
on the eigenvalue and the manufacturing details should
be considered during the design phase. Lo and Hyer [6]
studied the eigenvalues of thin-walled structures by
changing fibre direction. The varying fibre orientation
changes axial buckling load, the effect on the frequency
of elliptic/circular cylinders is not significant. Ribeiro [7]
investigated linear eigenvalues of thin cylindrical shells
using a polynomial type of finite element. A Parametric
study examines the role of fibre angles on the modes of
vibration. The curved fibre laminates have a larger effect
on the eigenvalues in cylindrical shells than in plates. It
was noticed that angle at the edge of the fibre has a
influence on vibratory behaviour.
The studies, till date, on the vibration/buckling
characteristics of curved fibre composite shells with
isogeometric FE based on higher-order theories are
minimal. In this paper, the vibratory behaviour of
curved fibre shells numerically simulated by
sophisticated NURBS finite element with cubic
deformation theory with zig-zag function.

(2)

where (x,y) are the coordinates of any point in the
surface of the lamina, T0, T1 are fibre centre/edge angles
and a is the plate length and θ is the angle of the fibre.
The curvature of the fibre should be less than 3.28 m-1
for manufacturability as suggested by Houmat [8]. The
manufacturable zone of kink-free curved fibre laminates
is presented in Figure. 3.

Fig. 1. Shell geometry

The plate/shell kinematics for the lth. layer using
cubic kinematic model given by Ganapathi and
Makhecha [9] :

(3)

where,

2 Theoretical Formulation

(4)

The direction of the cured fibres changes
continuously in the surface of the lamina. The stiffness
changes due to the variation in the direction of fibres.
The shell and the reference fibre passing through the
centre is shown in Figures. 1 and 2 respectively. The rest
of fibres are created by shifting the fibres relative to the
fibre at the centre. The equation for the reference fibre
and orientation at any point in the plane along Xdirection is given by Houmat [8] as:

are the displacements on the

Here
mid surface.

are the out of surface rotations of

normal.
are the additional
variables at the reference plane, arising from higher

terms in the Taylor series expansion.
are
independent variables multiplied to the zigzag function.

(1)

Y
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where, ρl is the mass density of the lth. layer, hl and hl+1
are the z coordinates of the bottom and top layers and nl
is the count of layers.
The PE of the shell is
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The vibratory behaviour using FEM is:

Fig. 2. Reference fibre path

(12)
The NURBS FE employs the recurrence formula
developed by Mansfield [10]
Let U= [u0,,,,,um ] be a real numbers as per ui< um i.e.,
ui≤ ui+1, i=0,…,m-1. These are called knots and U is a
vector with knots. The basis functions are defined as:

(13)
Fig. 3. Fibre angles for manufacturability

The strain is

A B-spline curve is defined by:
(5)

(14)

The strain due to hygro-thermal environment

Where {Pi } are the control points, and the {N(i,p) (u)} are
basis functions. The vector with knots is,

(6)
where ∆T, ∆C are change in temperature and moisture
and αT, αC are their coefficients in the principal
directions of the material.
The linear strain is given as:

(15)
A pth degree NURBS curve is defined by
(16)
By using the notation

(7)

(17)
Equation (16) can be written as

The constitutive equation relating the stress and strain in
l th. lamina,

(18)

(8)
where Ql is the matrix of stiffness coefficients. The
Lagrangian equation of motion, for unknown variables,
δi=(up,vq,wr ) , p, q = 1 to 5 and r = 1 to 3 is

The {R(i,p) (u)} are the rational basis functions. These are
piecewise rational functions on u ∈ [0,1] as in Fig. 4.
The NURBS FE with 13 dof per node is used to
deduce different lower order models by suppressing dof.
The various structural models assessed are listed in
Table 1.

(9)
where T and U are kinetic energy and PE, i being total
degrees of freedom. A dot over δi indicates the partial
derivative of degree of freedom with respect to time. The
KE is given by,
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Table 1: First and higher order structural models

Model
HSDT13
HSDT11A
HSDT11B
HSDT9
FSDT5

parametric space in the IGFEM necessitating the
calculation of two jacobians: one for the transformation
from physical space to parametric and the second from
“parametric/parent” space. The process flow is shown in
Figure. 5.

DOF per node
u1 , v1 , w1 , u2 , v2, w2 , u3, v3 , w3 , u4 ,
v4 , u5 , v5
u1 , v1 , w1 , u2 , v2, u3, v3 , u4 , v4 , u5 ,
v5
u1 , v1 , w1 , u2 , v2, w2 , u3, v3 , w3 , u4 ,
v4
u1 , v1 , w1 , u2 , v2, u3, v3 , u4 , v4
u1 , v1 , w1 , u2 , v2

The simple support and clamped edge conditions are as
follows:
SS:
u1 = w1 = v2 = w2 = w3 = v3 = v4 = v5 = 0 at x = ± a/2
Fig. 5. Flow chart of classical FE and IG FE

v1 = w1 = u2 = w2 = w3 = u3 = u4 = u5 = 0 at y = ± b/2
Clamped:

(19)

3 Results and Discussion
The vibratory characteristics of the VSCL shells is
assessed with NURBS finite element.

u1 = v1 = w1 = u2 = v2 = w2 = u3 = v3 = 0
w3 = u4 = v4 = u5 = v5 = u3 = u4 = u5 = 0

(20)

3.1 Convergence

at x = ± a/2 and y = ± b/2; a and b are length and width
respectively.

The convergence study is performed by systematically
decreasing the mesh size. The results from the
convergence study are presented in Table 2.
Table 2: Convergence study of isotropic square plate, a/h=10,
E=1, ν=0.3

Model

Mesh Size

Mode 1

Mode 2

Present
Present
Present
Ref. [11]

8X8
16 X 16
32 X 32

0.0930
0.0930
0.0930
0.0931

0.2225
0.2219
0.2219
0.2221

3.2 Validation

The present NURBS FE is validated with the results
available in publications.
Table 3 presents the comparison of natural frequencies
for spherical and cylindrical shells between the present
formulation and Reddy and Liu [12]. It can be noted that
the results of the present formulation match very well
and the minor difference is due the difference in order of
the shear deformation theory.

Fig. 4. Rational cubic b-spline functions;
U= {0,0,0,0,1/4,1/2,3/4,1,1,1,1}; Weights = {1,1,1,1,1,1,1}

The classical FEM and IGFEM define shape functions
differently. The langrange or serendity shape functions is
used in classical finite elements while rational B-splines
(or NURBS) used to represent geometry in CAD
software are used as interpolation functions in
isogeometric formulation. The Jacobian defines the
transformation from “physical/parent” space in classical
finite elements. There is additional space namely
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Table 3: Non-dimensional frequency for cross-ply, square
spherical and cylindrical shells

spherical/cylindrical shells with side-to-thickness ratio, S
of 10 is shown in Figure. 7.
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Fig 7: Linear fundamental frequency contours for 4-lay antisymmetric spherical (top) and cylindrical (bot)

The eigenvalue of the spherical shell is observed to be
higher than the cylindrical shell due to double curvature.
The influence of fibre angles is different for spherical
and cylindrical shells. The increase in the fibre centre
angle increases the eigenvalues.

3.3 Parametric study
A detailed study is performed to assess change in fibre
angles, geometric parameters such as different shear
deformation theories, side-to-thickness ratio (a/h), aspect
ratio (a/b), boundary conditions etc. on the eigenvalues
and deformed shapes.

3.3.3 Influence of side-to-thickness ratio

3.3.1 Shear deformation theories

The frequencies for 2-layered square simply supported
shells of different side-to-thickness ratio’s and varying
fibre centre/edge angles is presented in Figure. 8.

The different shear deformation models is assessed and
shown in Figure. 6. A difference of 8% is noticed in the
frequencies between first and cubic models for thick
shells.

Fig 8: Influence of fibre centre/ edge angles and side-tothickness ratio on the fund. freq. of a 2-layered square
supported spherical (left) and cylindrical (right) shell, a/h=10;
R/a=20

The frequency of shells varies, almost linearly, with
side-to-thickness ratio even beyond S ≥ 20 unlike plates.
The frequency variation in a 3-layered spherical shell is
similar to 2-layered configuration and hence not
presented. It is interesting to note that the influence of
fibre angles is predominant for very thin shells rather
than thicker ones. The increase in fibre angle at the edge
for the minimum centre angle (T0=0º), results in increase
of the frequency while the angle at the edge has very
little influence at the maximum centre angle (T0=90º).
The frequency appears to increase/decrease with the
increase in the angle at the fibre edge for intermediate

Fig 6: Variation of frequency against the radius-to-thickness of
cylindrical 2/3/8-layered shells; T0/T1=30°/45°

3.3.2 Influence of fibre angles

The effect of fibre centre angle (T0) and the angle at the
edge (T1) on the eigenvalues of 4-layered square

5

MATEC Web of Conferences 172, 03010 (2018)
ICDAMS 2018

https://doi.org/10.1051/matecconf/201817203010

3.3.6 Impact of edge conditions

values of centre angle. Similar observations are true for
laminates with constant edge angle and increase in the
centre angle. The change in frequency of 2/3-layered
cylindrical shells is qualitatively similar to the spherical
shells.

The influence of simply supported/clamped edge
conditions on the spherical shell is shown in Figure. 11.
The frequency for a clamped shell is higher than the SS
laminate, as expected. The frequency of the shell
increases with thickness ratio as the decrease in mass is
quite drastic than the lessening in the stiffness.

3.3.4 Influence of aspect ratio
The variation of frequencies with aspect ratio for 2layered cylindrical shell is presented in Figure 9. The
frequency in cylindrical shells increases with aspect ratio
though the rate of increase is steep in shells with high a/b
ratio. The impact of fibre angles on the frequency is not
significant at minimum/maximum fibre centre angle
(T0=0º or 90º). The extremities of edge angle (0° and
90°) results in almost similar frequency variation while
the frequency is maximum for the edge angle of 45°.

Fig 9: Influence of fibre centre/ edge angles and aspect ratio on
the natural frequencies of a 2-layered square simply supported
cylindrical shell, a/h=10; R/a=20

Fig 11: Influence of edge conditions on the natural frequencies
of a 2-layered square simply supported square spherical shell

3.3.7 Impact of moisture concentraion

3.3.5 Influence of radius-to-thickness
ratio

The impact of moisture on the frequency against the
shell radius-to-thickness ratio is shown in Figure. 12 for
shell with a/h = 10 and for three different configurations
(2/3/8 layers). The frequency decreases with increase in
moisture due to decrease in the overall stiffness values of
the shell as expected. The presence of moisture has a
greater impact on the eigenvalue of a thick shell than a
thin shell.

The effect of fibre angles and the radius-to-thickness
ratio on the frequency of the 2-layered spherical shells is
presented in Figure. 10. The frequency, in general,
decreases with the increase in the R/h ratio till it reaches
35 and remains fairly constant thereafter. There is no t a
visible change in frequencies at the extremities of centre
angle (0°/90°). The frequency increases with the increase
in the fibre angle at the edge reaches 45° and drops with
additional increase in the edge angle.

Fig 12: Influence of moisture on the frequencies of a 2/3/8layered square simply supported square spherical shell with
T0/T1=30°/45°

3.3.8 Mode shapes of spherical and
cylindrical shells
The second mode shape of 2-layered spherical and
cylindrical shells with T0/T1 = 0°/45° and thickness

Fig 10: Influence of R/h ratio on the frequencies of a 2-layered
square simply supported spherical shell, a/h=10;
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ratio (a/h) of 10 is shown in Figure 13. It can be noted
that fibre angles alter the deformed shapes of higher
order modes.

[4]

[5]

[6]
Fig 13: Third mode shapes of 2-layered spherical (left) and
cylindrical (right) for a curved fibre T0/T1=0°/45°; a/h=10

[7]

4 Conclusions
The following conclusion can be drawn from the present
study on linear free vibration:
•
The frequencies of shells match closely with the
published results.
•
The frequency of shells decreases with increase in
centre angle for negative edge angles for a 2-layered
plate while centre angle influences the frequency in the
3-layered configuration for positive and negative fibre
edge angles. The maximum/minimum frequencies in
2/3-layered plates occur for different fibre angles.
•
The frequency increases with layers and fibre angle
have varying degree of influence on the frequency of
plates/shells.
•
The frequency of spherical/cylindrical shells
increases linearly with the increase in side-to-thickness
even beyond 20.
• The frequency of shells increases with the aspect ratio
though the rate of increase is different for different
aspect ratios.
•
The extremities of the angle at the edge (30°/90°)
results in almost similar frequency for plates/shells while
the frequency is maximum for the edge angle of 45°.
•
The frequency of the clamped shells is higher than
the simply supported laminates.
•
The presence of moisture and the temperature is
observed to be significant for thick shells rather than for
moderate/thin shells.

[8]

[9]
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