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Abstract. In this paper, the analysis of capital markets takes place using the 
advection-diffusion equation. It should be noted that the methods used in 
modern theoretical physics have long been used in the analysis of capital 
markets. In particular, the Fokker-Planck equation has long been used in 
finding the probability density function of the return on equity. Throughout 
the study, a number of authors have considered the supplement of the 
Fokker-Planck equation in the forecasting of equity markets, as a differential 
equation of second order. In this paper, the first time capital markets analysis 
is performed using the fractional diffusion equation. The rationale is 
determined solely by the application nature, which consists in generation of 
trading strategy in equity markets with the supplement of differential 
equation of fractional order. As the subject for studies, the differential 
operator of fractional order in partial derivatives was chosen – the Fokker-
Planck equation. The general solutions of equation are the basis for the 
forecast on the exchange rate of equities included in the Dow Jones Index 
Average (DJIA). 

1 Introduction  
Differential equations have found wide supplement in modern financial analysis [1-5]. 

The topic of this paper is the generation of a probability density function, as a solution to a 
fractional differential equation (fractional diffusion equation or Fokker-Planck fractional 
differential equation). 

The Fokker-Planck equation is necessary as a differential operator specifying the time 
evolution of the distribution density of the return on equities. 

2 The fractional differential Fokker-Planck equation  

The object of work under consideration is the price processes in the financial markets. In its 
standard form, this operator will look like a partial differential equation: 

𝜕𝜕𝛼𝛼

 𝜕𝜕𝜕𝜕𝛼𝛼 {𝜎𝜎(𝑥𝑥, 𝑡𝑡) ∙ 𝑈𝑈(𝑥𝑥, 𝑡𝑡)} − 𝜕𝜕
𝜕𝜕𝜕𝜕 {𝜇𝜇(𝑥𝑥, 𝑡𝑡) ∙ 𝑈𝑈(𝑥𝑥, 𝑡𝑡)} = 𝜕𝜕

𝜕𝜕𝜕𝜕 {𝑈𝑈(𝑥𝑥, 𝑡𝑡)},                        (1) 
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where 
α – fractional derivative order; 
x – return on equities; 
U(x,t) – the density function of the distribution of return on equities; 
µ(x,t) – the mathematical expectation of the random drift of return on equities; 
σ(x,t) – variance around a given drift, 
𝜕𝜕𝛼𝛼

𝜕𝜕𝑥𝑥𝛼𝛼 - the operator of fractional differentiation in the sense of Riemann-Liouville, defined as 

follows. Let f(x) ϵ 𝐿𝐿1(0,1). Then function 

𝑑𝑑−𝛼𝛼

𝑑𝑑𝑑𝑑−𝛼𝛼 𝑓𝑓(𝑥𝑥) ≡ 1
𝐺𝐺(𝛼𝛼) ∫ 𝑓𝑓(𝑡𝑡)𝑑𝑑𝑑𝑑 ∈ 𝐿𝐿1(0,1)

х

0

 

is called a fractional integral of order α ˃ 0 with start at the point x = 0, and the function  

𝑑𝑑−𝛼𝛼

𝑑𝑑(1 − 𝑥𝑥)−𝛼𝛼 𝑓𝑓(𝑥𝑥) ≡ 1
𝐺𝐺(𝛼𝛼) ∫(𝑡𝑡 − 𝑥𝑥)𝛼𝛼−1𝑓𝑓(𝑡𝑡)𝑑𝑑𝑑𝑑 ∈ 𝐿𝐿1(0,1)

1

𝑥𝑥

 

is called a fractional integral of order α ˃ 0 with end at the point х = 1. Here, G (α) is the 
Euler gamma-function. As we know [6,7], the function g(x)∈ 𝐿𝐿1(0,1) of order α ˃ 0 with 
start at the point х = 0, if 

f(x) = 
𝑑𝑑−𝛼𝛼

𝑑𝑑𝑑𝑑−𝛼𝛼 𝑔𝑔(𝑥𝑥). 

Indicate then 

𝑔𝑔(𝑥𝑥) = 
𝑑𝑑𝛼𝛼

𝑑𝑑𝑑𝑑𝛼𝛼 𝑓𝑓(𝑥𝑥), 

hereinafter under the symbol 

𝑑𝑑𝛼𝛼

𝑑𝑑𝑑𝑑𝛼𝛼, 

we shall mean a fractional operator of fractional integration for α ˂ 0 and fractional 
differentiation for α ˃ 0. A fractional derivative 

𝑑𝑑𝛼𝛼

𝑑𝑑(1 − 𝑥𝑥)𝛼𝛼 

of order α ˃ 0 of the function f(x)∈ 𝐿𝐿1(0,1) with end at the point x = 1 is defined in the same 
way. 

We use the standard financial analysis of the attitude, in which U(x, t) decomposes into 
(X(x) and T(t)) – the method of separation of variables. Then equation (1) can be rewritten 
as: 

𝜕𝜕𝛼𝛼

𝜕𝜕𝜕𝜕𝛼𝛼 ∙ {𝜎𝜎(𝑥𝑥) ∙ 𝑋𝑋(𝑥𝑥) ∙ 𝑇𝑇(𝑡𝑡)} − 𝜕𝜕
𝜕𝜕𝜕𝜕 {𝜇𝜇(𝑥𝑥) ∙ 𝑋𝑋(𝑥𝑥) ∙ 𝑇𝑇(𝑡𝑡)} = 𝜕𝜕

𝜕𝜕𝜕𝜕 {𝑋𝑋(𝑥𝑥) ∙ 𝑇𝑇(𝑡𝑡)}          (2) 

 
Equation (2) is a function of instantaneous drift μ(x) and diffusion σ(x), depending only 

on the financial variable X. 
After elementary transformations, the fractional Fokker-Planck equation takes the 

following form: 
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Equation (2) is a function of instantaneous drift μ(x) and diffusion σ(x), depending only 

on the financial variable X. 
After elementary transformations, the fractional Fokker-Planck equation takes the 

following form: 
 

𝑑𝑑𝛼𝛼

𝑑𝑑𝑑𝑑𝛼𝛼 𝜎𝜎(𝑥𝑥) 𝑑𝑑
𝑑𝑑𝑑𝑑 𝜇𝜇(𝑥𝑥) −

𝑑𝑑
𝑑𝑑𝑑𝑑 {𝑋𝑋(𝑥𝑥)𝜇𝜇(𝑥𝑥)}

𝑋𝑋(𝑥𝑥) + 2
𝑑𝑑

𝑑𝑑𝑑𝑑 𝑋𝑋(𝑥𝑥) 𝑑𝑑
𝑑𝑑𝑑𝑑 𝜎𝜎(𝑥𝑥)

𝑋𝑋(𝑥𝑥) +
𝑑𝑑

𝑑𝑑𝑑𝑑 {𝑋𝑋(𝑥𝑥)𝜎𝜎(𝑥𝑥)}
𝑋𝑋(𝑥𝑥) =

𝑑𝑑
𝑑𝑑𝑑𝑑 𝑇𝑇(𝑡𝑡)

𝑇𝑇(𝑡𝑡) = −𝜆𝜆   (3) 

 

Equation (3) splits into a system of two differential equations. The equation for T(t) is an 
ordinary differential equation of the first order, which solution is written in explicit form. 
And the equation for the determination of X(x) is a fractional differential equation, which is 
one of the fundamental equations of the mathematical model of point particle random walk 
along a self-similar fractal set Ω embedded in 𝑅𝑅𝑢𝑢, u ≥ 2. 

Thus, the solution of equation (1), as in [2], can be written in the form 
 

𝑈𝑈(𝑥𝑥, 𝑡𝑡) = ∑ 𝜑𝜑𝑛𝑛𝑒𝑒𝜆𝜆𝑛𝑛𝐷𝐷𝐷𝐷𝑥𝑥𝛼𝛼−1𝐸𝐸𝛼𝛼𝛼𝛼(𝜆𝜆𝑛𝑛𝑥𝑥𝛼𝛼)
∞

𝑛𝑛=1
                                             (4) 

where 

𝐸𝐸𝛼𝛼𝛼𝛼(𝜆𝜆𝑛𝑛𝑥𝑥𝛼𝛼) = ∑ (𝜆𝜆𝑛𝑛𝑥𝑥𝛼𝛼)𝑘𝑘

Г(𝛼𝛼 + 𝛼𝛼𝛼𝛼)

∞

𝑘𝑘=0
 

is a well-known function of the Mittag-Leffler type, and D = 1. 

3 Supplement of Fokker-Planck equation for forecasting of 
financial markets 

The Fokker-Planck fractional differential equation was adapted to the needs of financial 
mathematics [8-10]. Based on the foregoing, a simple trade rule based on the solution of the 
following Fokker-Planck equation (1) is constructed. To analyze the function U(x,t), we use 
the Fourier method [11]. 

Represent U(x,t) as X(x) and T(t) and obtain equation: 

𝜕𝜕𝛼𝛼

𝜕𝜕х𝛼𝛼 [𝜎𝜎(𝑥𝑥)𝑋𝑋(𝑥𝑥)𝑇𝑇(𝑡𝑡)] −  𝜕𝜕
𝜕𝜕𝜕𝜕 [𝜎𝜎(𝑥𝑥)𝑋𝑋(𝑥𝑥) 𝜇𝜇(𝑥𝑥)

𝜎𝜎(𝑥𝑥) 𝑇𝑇(𝑡𝑡)] = 𝜕𝜕
𝜕𝜕𝜕𝜕 [𝜎𝜎(𝑥𝑥)𝑋𝑋(𝑥𝑥) 1

𝜎𝜎(𝑥𝑥) 𝑇𝑇(𝑡𝑡)]      (5) 

 
Indicate 𝑋̃𝑋(𝑥𝑥) = 𝜎𝜎(𝑥𝑥)𝑋𝑋(𝑥𝑥). From last relation: 
 

 




















)()(

)()(
)(

)(
)()(

~~~

tTxT
dt

d

xxX
x

x
xX

dx

d
xX

dx

d







 

 
Further, the solution assumes parameterization of the instantaneous drift function μ(x) 

and diffusion function σ(x). 
The following specifications are relevant in financial markets [12,13]: 

𝜇𝜇(𝑥𝑥) = 𝑚𝑚𝑚𝑚, 
𝜎𝜎(𝑥𝑥) = 𝑆𝑆2𝑥𝑥2, 

where "m" is the shift in average financial coordinate (revenue) on the sliding period; 
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S – the mean-square deviation of revenue, measured on the same sliding vector. Then U(x,t) 
can also be represented in the form [14] 







0

1 )()(),(
k

nnn xExtEtxU 



 

  where 




 


0 )1(
)(

k

k

kG

z
zE

 , 


 


0 )(
)(

k

k

kG

z
zE

 , 

𝜆𝜆𝑛𝑛– n-th zero function 𝐸𝐸𝛼𝛼𝛼𝛼(𝑧𝑧). 
 

For α = 1.5, the first zeros functions 𝐸𝐸𝛼𝛼𝛼𝛼(𝑧𝑧) are shown in Table 1. 
 

Table 1. Zero functions 𝐸𝐸𝛼𝛼𝛼𝛼(𝑧𝑧) 
 

n n-th zero function 𝑬𝑬𝜶𝜶𝜶𝜶(𝒛𝒛) 
1 5.5471 
2 17.642 
3 29.698 
4 43.878 
5 51.148 
6 65.701 - 3.2637i 

65.701 + 3.2637i 
7 77.436 - 2.7281i 

77.436 + 2.7281i 
8 81.758 

 
Eigenfunctions, 𝛽𝛽 = 𝛼𝛼 

)(1 


  xEx nn


, 

where 

𝐸𝐸𝛽𝛽𝛽𝛽(𝜆𝜆𝑛𝑛𝑥𝑥𝛽𝛽) = ∑ (𝜆𝜆𝑛𝑛𝑥𝑥𝛽𝛽)𝑘𝑘

𝐺𝐺(𝛽𝛽 + 𝛽𝛽𝛽𝛽)

∞

𝑘𝑘=0
 

 
 

Biorthogonal functions 
𝜒𝜒𝑛𝑛

∗ (𝑥𝑥) = (1 − 𝑥𝑥)𝛽𝛽𝐸𝐸𝛽𝛽𝛽𝛽(𝜆𝜆𝑛𝑛(1 − 𝑥𝑥)𝛽𝛽) 
 
The Fourier coefficients are calculated by the formula [15] 

𝜑𝜑𝑛𝑛 = ∫ 𝜒𝜒𝑛𝑛
∗ (𝑥𝑥)𝑓𝑓(𝑥𝑥)𝑑𝑑𝑑𝑑

1

0

                                                         (6) 

where 

 







25.0,3/)24(

2/10,2
)(

xx

xx
xf

 
and shown in table 2. 
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
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xx
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and shown in table 2. 

Table 2. The Fourier coefficients for the expansion according to formula (3) 

n 𝝋𝝋𝒏𝒏 
1 0.71741 
2 8.848 
3 66.819 
4 580.78 
5 1609.2 
6 9550.2 - 3905i 

9550.2 + 3905i 
7 37019 - 11100i 

37019 + 11100i 
8 60562 

 
Graph of solution 𝑢𝑢(𝑥𝑥, 𝑡𝑡) will have the following form (fig. 1): 

 
Fig. 1. The graph of the solution of the function u(x,t) 

 

Conclusions 
The paper studies the standard Fokker-Planck equation; for the first time the fractional order 
equation adapted to the needs of financial mathematics was applied to the study of financial 
markets. The parameters according to the equation are selected, the graph of the solution is 
shown clearly demonstrating the derivation of the optimal equation for forecasting the equity 
market. 

The equation considered for α = 2 was first used in static physics to study the time 
evolution of the probability density function of the velocity of an elementary particle. 
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