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Abstract. The practicalities of structural fatigue testing limit
the fidelity of the cyclic load history that can be applied to a
test structure. Testing is, therefore, a compromise between
fatigue damage fidelity and test economy. A new methodology
is proposed for multiaxial loading spectrum editing to extract
cycles that contribute negligible damage during fatigue crack
initiation. The method is based on projection by projection
(PbP) technique and wavelet transform analysis (WTA)
procedure. In this approach, the cycles with negligible
contribution to damage in every decoupled projected loading
path (i.e. obtained from PbP approach) are extracted using the
WTA procedure. Each extracted segment is then replaced with
an equivalent cycle that produces the same amount of damage.
The effectiveness of the edited spectrums is evaluated by the
degree of fatigue damage retention as the original damage and
preservation of statistical parameter values.

As a case study, the proposed approach has been applied to the
numerically produced random bending-torsion fatigue
spectrum in plane-stress condition. The result shows an
average of 75% reduction of the original spectrums with
retention of 90% of the original spectrums’ damage values.

1 Introduction

The service load histories corresponding to fatigue-
critical locations on engineering structures can contain
extremely large numbers of time points in a single
record. Employing these large histories in either analysis
or testing can be very time-consuming and therefore very
expensive. These challenges could become even more
critical when dealing with multi-axial loading
spectrums. The accurate development of a representative
load spectrum is vital when testing the fatigue
performance of a structure. The challenge is, therefore,
how to reduce the density of load cycles for test purposes
while maintaining fatigue performance accuracy and
fidelity, i.e. spectrum editing.

Spectrum editing methods identify and remove the
sections of the load history that are relatively
insignificant for damage summation, in order to reduce
subsequent analysis and testing costs. Various spectrum-
editing methods have been developed and studied by
fatigue researchers especially in aircraft and ground
vehicle industries. Among these techniques, omission
based editing methods use a gating or filtering algorithm
to maintain sequence effects by directly removing cycles

© The Authors, published by EDP Sciences. This is an open access article distributed under the terms of the Creative Commons Attribution

License 4.0 (http://creativecommons.org/licenses/by/4.0/).

from the time sequence [1, 2]. Further, cycles can be
removed based on crack opening [3]; load banding
(removing loads within a range, often around zero) [4];
or loading time-frequencies [5, 6]. However, many of
these methods challenge a loss of damage content from
truncation as a compromise when selecting their
truncation level. As a consequence other attempts
formed to return damage to the spectrum, e.g. load
scaling [7] or, using the principle of equivalent damage
[8].

Many structural component or parts are subject to
multiaxial loading conditions such as rotorcraft structure
where the complex unsteady combination of the dynamic
load with vibratory response causes a significant degree
of multiaxiality. Current spectrum editing methods were
widely examined for scaler valued load spectrums, and
to the understating of the author, there is no method
available to address multiaxial fatigue spectrum editing
problem. This paper proposes a new method to edit the
multiaxial fatigue spectrum for high-cycle fatigue
loading. The proposed approach is based on the
combination of the time-frequency signal analysis
procedure, and stress invariant based multiaxial fatigue
criterion for fatigue crack initiation damage. The time-
frequency signal analysis method is based on WTA
which enables to characterize the nonstationary and
transitory behavior of random signals and to identify
cycles with negligible damage contributions while
keeping the sequence of a spectrum. Stress invariant
which has been defined as a PbP approach decouples the
loading path along fixed directions of a principal
reference frame in the deviatory space [2], and define
nonlinear cumulative damage criteria based on the
damage evaluated at each projection. In the proposed
approach, the wavelet transform analysis procedure
applies on every projected loading path (i.e. obtained
from PbP approach) to identify the segments with
negligible damage contributions. Each extracted segment
then is replaced with a scaled cycle that produces the
equivalent amount of damage.

The remainder of this paper is organized as follows: in
Section 2, we provide a detailed description of WTA.
Section 3 presents the PbP damage criterion approach.
Section 4 explains the wavelet-based editing algorithm
and damage equivalent method for replacing extracted
segments which have negligible damage contributions to
the total damage. In Section 5, the proposed approach is
applied to a 2-D fatigue spectrum, followed by
conclusions.

2 Wavelet transform analysis

Most  fatigue  histories  exhibit  nonstationary
characteristics and need time-frequency analysis. Time-
frequency methods such as short time Fourier transform
(STFT) and Winger-Ville distribution use the same
window for the analysis of the entire spectrum, and are
unable to analyse spectrums with rapid and slow
transient fatigue spectra. The wavelet transform on the
other hand uses a different window function for
analyzing different frequency band over time, and



MATEC Web of Conferences 165, 16009 (2018)
FATIGUE 2018

https://doi.org/10.1051/matecconf/201816516009

therefore enables to capture non-stationary features of
the spectrums by decomposing the signals into their
frequency bands.

The wavelet transform method [9] provides varying time
and frequency resolutions by using windows with
different lengths. To solve the resolution problem, this
technique allows the use of long time window (more
precise low-frequency information) and shorter windows
(high-frequency information). The wavelet transform
calculates a similarity index between the signal being
analyzed and the wavelet, called the coefficient. It is the
result of the regression of an original signal produced at
different scales and different sections on the wavelet. If
the index is large, the resemblance is strong otherwise, it
is slight. Generally, the wavelet coefficient, C, is
expressed with the following integral:

C(a,b) = [ x(Opgp(t)dt (1

where x(t) is the spectrum/signal to be analysed, 1, is
the mother wavelet, parameter a represents the scale
factor which is a reciprocal of frequency, the parameter b
indicates the time shifting or translation factor, and ¢ is
time. The wavelet transform first decompose the
spectrum into frequency bands, and then analysing them
in time as:

CWT(a,b) = [ x(t) %1;; (%) dt @)

and

dadb
a2

x(®) = ;- f;" 5, CWT(a, by () &)
where Cy is the constant that depends on 1, and
CWT(a, b) is the continuous wavelet transform of x(t).
The wavelet coefficient indicates how the energy in the
signal is distributed in the time-frequency plane.

In this paper, we choose digital wavelet transform
(DWT) technique due to its computational efficiency.
DWT was first introduced by Daubachies [10]. He
realized that by choosing special orthogonal wavelet
bases the infinitely redundant CWT can be critically
sampled on a dyadic grid. DWT can be computed very
efficiently by using techniques from the theory of filter
banks. In this method, the DWT of a signal, x(t), is
calculated by passing it through a series of filters as
shown in Fig. 1. First, the samples are passed through
alow pass filterg. The signal is also decomposed
simultaneously using a high pass filter h. The outputs
include the detail coefficients (from the high-pass filter)
and approximation coefficients (from the low-pass). This
decomposition is repeated to further increase the
frequency resolution and the approximation coefficients
decomposed with high and low pass filters and then
down-sampled. Fig. 1 shows an example of a three- level
filter bank.

Level 3
coefficients

@ It::‘egclients

Fig. 1. Three level filter bank.

3 Projection by projection damage
criteria

Projection by projection (PbP) method is a type of stress
invariant based approaches usually employed in the
medium/high-cycle fatigue regimes [11]. The method
has shown to provide accurate fatigue damage estimates
for variable amplitude multiaxial loading spectrums [12].
This method computes fatigue damage by decoupling the
loading path, €, along the axes of a principle reference
frame in the deviatory space, which are located by the
eigenvectors, U, of the covariance matrix, C’, of the
deviatory stress vector, s(t). The elements of the matrix
C'are:

che = cov(sp(t), si (1))
= E[(sn(t) = Smn () (s (t) = Smi(£))] (4)

where s, , and s, |, are, respectively, the coordinates h
and k of the centroid of the path . This matrix has five
eigenvalues and five orthogonal eigenvectors for six-
dimensional space stress process, o(t). The eigenvalues
are the principal moments of inertia, whereas the
eigenvectors are the principal directions of the stress
tensor path calculated with respect to the centroid itself.
For a multiaxial variable amplitude loading spectrum,
each projected loading path along the principal direction,
Qi (t), is a uniaxial variable amplitude process. Fatigue
cycles in the iy, projected load path, Q,;(t), are
identified by rainflow method while accounts for both
the amplitude, (‘/]2_‘1)1']" of the deviatoric stress, in each

counted cycle (identified by j), and the maximum of
hydrostatic stress, Oymay ij(t). Here, \/]2_,1 is the square
root of the amplitude of second invariant of stress
deviator.

Fatigue damage for every projected loading path is
evaluated based on a reference fatigue strength curve in
a modified Wohler diagram, see Fig. 2.
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Fig. 2. Modified log—log Wohler diagram for the stress
invariant based approach which shows the SN curves for
axial (p = 1), torsion (p = 0) and general multiaxial
stress (0 = prey)- (Reprinted from [11]).

The reference curve for an arbitrary multiaxial loading
history is located by a reference stress ratio as:

pref — \/§ OH,max

/Zi]z:ziref
)

Reference stress ratio, p, £ quantifies the proportionality

degree of multiaxial stress in terms of the mean value of
the maximum  hydrostatic  pressure

OH max
mean;;j(0y maxij) and the mean amplitude ]Zaire ;

2
(meanj(W/]Za)ij) of all cycle counted in the iy

projected loading path, Q,;(t). A value p = 1 represents
pure axial loading, while p = 0 indicates pure torsion
loading.

The calculated p,..rvalue allows to estimate the reference

fatigue amplitude strength, ./J,, pror’ and the inverse
ref

slope kyo; of the reference SN curve by a linear
interpolation relations [11] as:

V2 =/J2a p=0 + Pres (V)2a p=1 " VJ2a p:O)

4 Pref
(6)

kref = kp=0 + Pref (kp=1 - kp:O)

where /J,4 et and /J,4 p=o AT€ the fatigue limits,

expressed in terms of amplitude of the square root of the
second invariant of the stress deviator, under fully-
reversed uniaxial and torsional loading, respectively, and
k,—1and k,_, are the corresponding inverse slopes of
the Wohler curves. Typically, N, is considered as
2% 10° cycles.

Using the above formulations, fatigue damage, D;;, due
to each identified cycle, j, can be estimated through the
following expression:

by = (e N 1 -
U\ VTza "Na

Pref

The total damage relative to the iy, projection can then be
obtained by Palmgren—Miner linear accumulation rule
[12] as follows:

D(9Qp,) = X, Dy ®)

A nonlinear accumulation rule finally can be applied to
the damage of every projected loading path to obtain the
damage for the complete loading path () as shown by Eq.
9. This rule was acknowledged by many authors [11,
13].

kre f

D(Q) = [Zi (D(np,i))":_ef] 2 ©)

4 Wavelet transform and equivalent
damage methods for fatigue data
editing

The fatigue spectrum editing algorithm uses the wavelet
coefficient amplitude as a parameter to determine the
threshold value for the low damage cycles identification
process. The wavelet coefficient amplitudes are obtained
from DWT of each projected loading history, Q,;, i=1,3.
The extraction processes is performed by searching
segments with maximum amplitude less than the specific
threshold value over both time history and decomposed
levels. After all segments with low contribution to
damage are identified, the process of replacing each
segment with a cycle with an equivalent damage value is
performed in order to compensate for each segment’s
damage. In this process the equivalent stress amplitude is
obtained by the following expression for i=1, 3:

1/kye
‘/jz_aeq,z - \/jz_Apref (NA Dz(Qp'i)) ! (]0)

where DZ(QW-) is the damage produced at z, extracted
segment that can be obtained by Eq. 7.

Once the extracted segments are identified and replaced
with an equivalent cycle, the statistical features (e.g. root
mean square (rms) and kurtosis) of the edited signal will
be compared with the original signal. Statistically, the
rms is used to quantify the overall energy content of the
oscillatory signal and the kurtosis is used as a measure of
non-Gaussianity. Mathematically, the rms and kurtosis
are defined by the following equations:

1/2
rms = (% n xlz) (11)

Kurtosis = n (g — o)t (12)

1

where x; is the instantaneous value, n is the number of
points, and X is the mean of the time history. In each
projected axis, the edited spectrum replicates the
spectrum statistical parameter and fatigue damaging
characteristics of the original time history. The optimum
threshold values are accordingly determined and it is
based on the effectiveness of retaining the characteristics
of the original spectrums.
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5 Case study for
fatigue history

bending-torsion

The discussed wavelet base editing algorithm was
applied on an out-of-phase random amplitude bending-
torsion fatigue history and for the plane-stress condition.
Under bending-torsion condition, the time histories of
the random axial stress, 0y, (t), and the random shear
stress, 0y, (t), are numerically produced using following
expressions:

Uxx(t) = Oxxm T 2?22 O—xx,aSin(ZH(Uit) (13)

Ty () = Oy m + i) Oy oSN~ ) (14)

where the suffix m identifies the mean value of the
spectrums, 0Oy, = 300MPa, the frequency is w; =
300 X Normal(0,1), i =1, 2,...,400, Oxym =
200MPa, the suffix a is the amplitudes, 0y, , = 3MPa,
Oxya = 2MP, and g is the phase shift between the
applied stress components. It should be noted that the
random nature of the frequency in the sinusoidal terms

lead to the randomness of amplitudes as well (Please see
Fig. 3).
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Fig. 3. Random bending-torsion spectrum

The non-null components of the vector associated with
the deviatory stresses are:

51(6) = Z 00 () (15)
S3 @) = axy(t) (16)

Fig. 4 shows the random bending-torsion loading path in
the two-dimensional deviatory space, the principal
reference frame (spq,Sp3), and the projected loading
paths, Q,;(¢), i=1,3.

Load path £
S0 106 120 140 Lt 180 200 220 240 260 280

s1(MPa)

Fig. 4. Bending-torsion random loading path Q in the two-
dimensional deviatory space. The principal reference frame,
located by unit vectors (Sp, 1, Sp 3), is used to obtain the stress
projections, Q, ;(t), i=1, 3.

The projected loading elements along the axes of
principle reference frame are obtained by projecting the
deviatory stresses along the direction of the principal
directions. Along these directions, fatigue damage can be
expressed as:

kref

T2a;;
Di = ey L i=1,3.

— (17)
13 J24 P=pref Ng

The material which is considered for this study is Al
6082-T6, where the parameters of the reference SN
curve are adapted from [14], and listed in Table 1:

Table 1. Fatigue properties for the considered material.

Material Number of p kp T,
available data J24 P

1 6.90 75 1.07

Al 6082-T6 45 0 =10 7 La0

After projecting the load history along the principle
directions the wavelet-base fatigue editing algorithm is
applied on every projected loading path, Q, ;(t), i=1, 3.
The wavelet transform algorithm uses 12" order
(Daubachies) wavelets as the basis functions. Five
decomposition levels are selected for DWT of each
projected loading history, €1, ;, i=1, 3. For example, Fig.
5 and 6 depict the decomposition levels for (,, and
Qp 2, respectively. The wavelet toolbox in MATLAB
software was used for DWT.

The low damage contributing cycles identification
processes is performed by searching segments with the
maximum amplitude less than the threshold values 35
and 60 for Q, ,(t) and Q, 3(t), respectively, over both
time history and decomposed levels. The extracted
segments are replaced with an equivalent cycle that
produces the same amount of damage in order to retain
the damage contributed to each extracted segment as
shown in Fig. 7 (a) and Fig. 7(b). Furthermore, the
effectiveness of the extracted and replaced segments is
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evaluated by the preservation of statistical parameter
values (kurtosis and rms) for every projected loading,
Qp1(t) and Q,5(t), where the difference of £15% in

the rms and kurtosis values was used.
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Fig. 6. Wavelet decomposition levels for projected
loading path €, 5
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Fig. 7. Replacement of segments with low contribution
to damage with a cycle producing an equivalent damage,
(a) for projected loading path, Q, 1, and (b) for projected
loading path, (;, 5. Blue line depicts the original
projected loading path spectrum and red dash line shows
the edited spectrum.

The results show that the spectrums in the projected
loading paths, Q,;(t) and Q,,(t) are shorted by 73%
and 77%, respectively. The error of damage between
original projected loadings spectrums €, ,(t) and
Qp,(t), and edited spectrums are obtained as -8% and -
7.7%, respectively. The total damage error between the
original and edited loading spectrum in the principle
frame is -7%. The edited load spectrum in each projected
axis can finally back-projected to the original frame by
using Eq. (15) and (16).

Conclusions

This paper discussed the study of multiaxial fatigue
spectrum editing by using the time-frequency wavelet
analysis approach and PbP damage criteria method. The
newly proposed method allowed for identification of
cycles with low contribution to damage in the decoupled
loading axes obtained by PbP method. An equivalent
damage method was then used to compensate for the
damage associated with extracted segments. The
numerically produced bending-torsion fatigue history
was used to apply the proposed approach. The results of
the spectrum editing showed that, on average, 75% of
the spectrum lengths in the first and second axes are
reduced with the retention of 90% of the original fatigue
damage.
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Spectrum editing with the proposed approach can
accelerate the fatigue test by at least a factor of four to
achieve the same or similar fatigue crack initiation
damage. The proposed method for multiaxial loading
spectrum is entirely new, and the level of acceleration it
provides is anticipated to have a significant impact on
reducing the costs of testing and provide beneficial
solutions not otherwise possible. Further work is planned
to systematically investigate the application of the
technique for six-dimensional load spectra, evaluation of
the proposed approach for real fatigue history spectrums
with different material and geometries, and accounting
for crack growth damage.
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