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Abstract. The redundant rotational inertial navigation systems can satisfy not only the high-accuracy but also the 
high-reliability demands of underwater vehicle on navigation system. However, different systems are usually 
independent, and lack of information fusion. A reduced-order Kalman filter is designed to fuse the navigation 
information output of redundant rotational navigation systems which usually include a dual-axis rotational inertial 
navigation system being master system and a single-axis rotational inertial navigation system being hot-backup 
system. The azimuth gyro drift of single-axis rotational inertial navigation system can be estimated by the designed 
filter, whereby the position error caused by that can be compensated with the aid of designed position error prediction 
model. As a result, the improved performance of single-axis rotational inertial navigation system can guarantee the 
position accuracy in the case of dual-axis system failure. Semi-physical simulation and experiment verify the 
effectiveness of the proposed method.  

1 Introduction  
The modern inertial navigation system (INS) should 
satisfy not only the high-accuracy but also the high-
reliability demands of underwater vehicle during long-
endurance sailing trial [1]. Rotational inertial navigation 
system (RINS) based on optical gyro has been proven to 
meet the high-accuracy demand of underwater vehicle [2]. 
In order to satisfy the high-reliability demand, redundant 
RINS configuration is usually adopted by underwater 
vehicle [3].   

RINS can average out the influence of gyro drifts and 
accelerometer biases with the aid of gimbals [4-6]. The 
redundant RINS configuration including a dual-axis 
RINS and a single-axis RINS is a good scheme which 
makes trade-off among the accuracy, the reliability and 
the cost. The dual-axis RINS can average out all the gyro 
drifts and accelerometer biases, and the performance of it 
mainly depends on gyro angular random walk [4, 5]. 
Hence, the dual-axis RINS is with the higher accuracy, 
and usually as master INS in spite of its lower reliability 
and higher cost in comparison to single-axis RINS. On 
the other hand, the single-axis RINS has the advantages 
of the higher reliability and the lower cost regardless of 
its poorer performance in comparison to dual-axis RINS, 
which makes it an excellent backup system for dual-axis 
RINS [6]. However, information fusion between the two 
systems is usually ignored, and the systems generally run 
independently from one another. 

Aimed at solving the above problem, an augmented 
error states Kalman filter is designed to estimate the 

inertial sensor deterministic errors of the redundant 
RINSs, whereby a prediction model is established to 
estimate the position error of single-axis RINS caused by 
its gyro drifts and accelerometer biases [7]. As a result, 
the position output from single-axis RINS after position 
error compensation is still at high level even if the dual-
axis RINS fails. However, since all the inertial sensor 
deterministic errors except for the single-axis RINS 
azimuth gyro drift can be averaged out, it is not necessary 
to take them as error states, which will relax computation 
burden. 

In this paper, without using external information, a 
reduced-order Kalman filter is designed for the redundant 
RINS configuration to estimate the azimuth gyro drift of 
single-axis RINS. And on this basis, a prediction model is 
established to predict the position error of single-axis 
RINS caused by azimuth gyro drift. After compensation 
for the position error, the single-axis RINS is comparable 
in position accuracy with the dual-axis RINS. Finally, 
semi-physical simulation and experiment are conducted 
to verify the effectiveness of the proposed method.  

2 Reduced-order Kalman filter design  

2.1. Error states dynamic model 

An augmented error states Kalman filter is designed for 
redundant RINS configuration in [7], where the attitude 
error’s difference, the velocity error’s difference and the 
position error’s difference between the single-axis RINS 
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1 and the dual-axis RINS 2 as well as the gyro drifts and 
accelerometer biases are taken as error states. The 
augmented error state vector is given by 
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Tb b b bn n nt  x v p ε ε         (1) 
with 
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where 12
n  denotes the difference between the attitude 

error of single-axis RINS 1, i.e., 1
n , and that of dual-axis 

RINS 2, i.e., 2
n  ; 12

n v  denotes the difference between 
the velocity error of single-axis RINS 1, i.e., 1

n v , and 
that of dual-axis RINS 2, i.e., 2

n v  ; 12
np  denotes the 

difference between the position error of single-axis RINS 
1, i.e., 1

np , and that of dual-axis RINS 2, i.e., 2
np  ;  1

1
bε  

and 2
2
bε  respectively denote the gyro triad drift of single-

axis RINS 1 and dual-axis RINS 2 ;  1
1
b  and 2

2
b  denote 

the accelerometer biases of the two systems. Note that the 
error states related with vertical channel are ignored, e.g., 
the vertical velocity error’s difference, the altitude error’s 
difference, and the vertical accelerometer biases. The 
position error are in the form of latitude error and 
longitude error. Corresponding error state vector dynamic 
model can be expressed by 

( ) ( ) ( ) ( ) ( )t t t t t x F x G w                        (5) 
with 
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where ( )tw  is the process nosie, and the system matrix 
( )tF  and process noise matrix ( )tG  are given in [1].     

In fact, all the inertial sensor deterministic errors 
except for the azimuth gyro drift of single-axis RINS 1, 
i.e., 1b

z , can be averaged out by rotating the inertial 
mearuement unit (IMU) of RINS periodically. It is not 
necessary to take them as error states, so the error state 
vector in Eq. (1) can be reduced to a reduced-order error 
state vector as  
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Corresponding dynamic model of reduced-order error 
state vector is given by  

( ) ( ) ( ) ( ) ( )r r r rt t t t t x F x G w                  (9) 
with 
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where the components of ( )r tF  and ( )r tG  are given by 
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The navigation frame is local level geographic frame 
(East-North-Up). The body frames of single-axis RINS 1 
and dual-axis RINS 2 are 1b  and 2b , respectively. Ev  and 

Nv  are true east velocity and north velocity of underwater 
vehicle, respectively. ie  is the earth rotation rate. L and 
h are true latitude and height. ER  and NR  are transverse 
radius of curvature and meridian radius curvature, 
respectively. Ef , Nf  and Uf  are respectively the east, 
the north and the up component of specific force.       
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2.2. Observation model  

As shown in Figure 1, the velocity outputs and position 
outputs from single-axis RINS 1 and dual-axis RINS 2 
meet the following relationships 

1 1 2 12 2,n n n n n n n     p p p p p p p                        (19) 

1 21 1 2 12 2,n n n n n n n n
b b      v v v v v ω p v              (20) 

where 1
np  and 2

np  respectively denote the position output 
of single-axis RINS 1 and dual-axis RINS 2, 1

nv  and 2
nv  

respectively denote the velocity output of them; np  and 
nv  respectively denote the true position and true velocity 

of underwater vehicle; 12
np  denotes the lever-arm between 

the single-axis RINS 1 and dual-axis RINS 2, which can 
be accurately calibrated in advance. The operator ‘ ’ 
denotes the error perturbation of corresponding variables. 

 

Figure 1. Redundant RINS configuration. 

Subtracting the second equation of Eq. (19) and (20) 
from the first one yields 

12 1 2 1 2
n n n n n     p p p p p                           (21) 
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n n n n n     v v v v v                           (22) 

where the influence of lever-arm is ignored. Hence, the 
observation model of reduced-order error state vector is 
given by  

( ) = ( ) ( ) + ( )rrt t t tz H x υ                               (23) 
with 
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where 12Ev  and 12Nv  are the east component and north 
component of 12

n v ; 12L  and 12  are the latitude 
error’s difference and longitude error’s difference 
between single-axis RINS 1 and dual-axis RINS 2; ( )tυ  
is observation noise.   

2.3 Observability analysis 

Since the system  ( ), ( )rr t tF H  satisfies the definition of 
piece-wise constant system, the stripped observability 
matrix can be used to analyse its observability [8]. The 
stripped observability matrix is given by 

 

1 2( )
TT T T

mm    O O O O                   (25) 
with 

7= ( ) ( ) , 1,2, ,r r

TT T T
j r r r j m   FH FH H O  (26) 

where m is the segment. 
The observability analysis is conducted in uniform 

linear motion scenario for simplicity. Substituting Eqs. 
(11) and (24) into Eq. (25), and calculating the rank of it 
yields 

(1) 8rank O                           (27) 
which means the reduced-order error state vector is 
always completely observable. 

3 Information fusion method   
As shown in Figure 2, with the aid of reduced-order 
Kalman filter, the azimuth gyro drift of single-axis RINS 
1 can be estimated online, whereby the position error 
caused by it can be predicted. In normal condition, the 
dual-axis RINS 2 is usually as master INS and outputs 
position information. Moreover, once the dual-axis RINS 
2 fails, the single-axis RINS 1 will keep on outputting 
position information after position error compensation. 
As a result, the performance of single-axis RINS 1 is 
comparable with that of dual-axis RINS in the case of 
dual-axis RINS 2 failure. 

 

Figure 2. Information fusion method. 

The error state vector of single-axis RINS 1 can be 
expressed as  

1
1 1 1 1( ) [ ]bn n n T

zt   x v p              (28) 
The dynamic model of above error state vector is 

given by 
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with 
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Discretizing the above equation yields the position 
error prediction model of single-axis RINS 1 as 

1 1 1 1 1ˆ ˆ( )= ( , ) ( )k+ k+ k kt t t tx Φ x                   (31) 
with 

1
1 1 1 0( , ) , ˆ ( )t

k kt tt e 
  A xΦ 0                (32) 

where 1ˆ ( )ktx  is the error state vector prediction at time 

kt , and its initial value is set as zero vector; 1 1( , )k kt tΦ  
is the transition matrix; t  is the discretization step size. 
Note that only the system error of single-axis RINS 1 
caused by azimuth gyro drift can be predicted, and the 
prediction model does not work on random error caused 
by white noise. 

With the position error prediction value subtracted 
from the position information output of single-axis RINS 
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1 as follows, the position accuracy of it can be improved 
to a certain extent  

1 1 1 1 1 1

1 1 1 1 1 1
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where the superscripts ‘-’ and ‘^’ denote the correction 
output value and prediction value, respectively. 

4 Experiment and discussion 

4.1 Semi-physical simulation test 

The single-axis RINS 1 adopts a rotation scheme which 
includes four dwell positions, and the dual-axis RINS 2 
adopts a 16-phase sequence cycle rotation scheme [5, 6]. 
The actual inertial sensor noise data reflecting the sensor 
noise level is added to the simulation data. The gyro 
angular random walk is less than 0.001°/ h , and the 
power spectral density of accelerometer noise is less than 
20µg/ Hz . The constant gyro triad drifts of single-axis 
RINS 1 are 0.003°/h, -0.002°/h and 0.0003°/h, and those 
of dual-axis RINS 2 are 0.004°/h, -0.005°/h and 0.003°/h. 
The horizontal accelerometer biases of single-axis RINS 
1 are 20 µg and -40 µg, and those of dual-axis RINS 2 are 
20 µg and -30 µg. The simulation time is 120 hours. The 
assumed dual-axis RINS 2 failure moment is the 16th 
hour. After that moment, the position output is provided 
by the single-axis RINS 1. 

As shown in Figure 3, the azimuth gyro estimate error 
is within its 3σ bounds, and the estimate accuracy can 
achieve 0.00005°/h. Figure 4 depicts the predictions of 
latitude error and longitude error. As shown in the figure, 
the prediction model works well. Figure 5 shows the 
single-axis RINS’ radial position error comparison before 
and after error prediction compensation. It is found that 
the position accuracy of single-axis RINS 1 after error 
compensation is comparable with dual-axis RINS 2. 
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Figure 3. Azimuth gyro drift estimate error and 3σ bounds.  

Figure 6 shows the radial position error curves of 
single-axis RINS, which are respectively corresponding 
to augmented error states Kalman filter and reduced-order 
error states Kalman filter. As shown in the figure, the 
information method based on reduced-order Kalman filter 
is comparable in performance with the information 
method based on augmented error states Kalman filter. 

Hence, even if the dual-axis RINS 2 fails, the position 
accuracy is still at high level. 
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Figure 4. Position error prediction. 
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Figure 5. Comparison of position error. 
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Figure 6. Position error comparison. 

4.2 Lab test 

Lab static test is conducted to verify the effectiveness of 
proposed method. After self-alignment, both the systems 
work in pure inertial navigation mode. The assumed dual-
axis RINS 2 failure moment is the 24th hour. After that 
moment, the single-axis RINS 1 outputs position 
information with error compensation. Figure 7 depicts the 
predictions of latitude error and longitude error. As 
expected, the prediction model works well, especially on 
longitude error. Figure 8 depicts the normalized radial 
position error comparison of single-axis RINS. After 
position error compensation, its accuracy is improved to 
the same level as dual-axis RINS 2. 
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Figure 7. Position error prediction (Lab test). 
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Figure 8. Comparison of position error (Lab test). 

4.3 Sea trial 
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Figure 9. Position error prediction (Sea trial). 

A sea trial is conducted to verify the effectiveness of the 
proposed method. The test time is about 72 hours. Both 
the systems work in pure inertial navigation mode. GPS 
position information is used as external reference. The 
assumed dual-axis RINS 2 failure moment is the 14th 
hour. Also, after that moment, the single-axis RINS 1 
keeps on outputting position information after error 
compensation. As shown in Figure 9, the position error 
prediction model works well, especially on longitude 
error which builds up as time. As depicted in Figure 10, 
after position error compensation, the position accuracy 
of single-axis RINS 1 is improved greatly, which is 
comparable with that of dual-axis RINS 2. 
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Figure 10. Comparison of position error (Sea trial). 

5 Conclusion 
A novel information fusion method for redundant 
rotational inertial navigation systems is proposed. A 
reduced-order Kalman filter is designed to estimate the 
azimuth gyro drift of single-axis RINS 1. The position 
error prediction model of single-axis RINS 1 is 
established to predict its error, and the corresponding 
position error compensation method is devised. The 
reduced-order Kalman filter relaxes the computation 
burden, and is comparable in performance with the 
augmented Kalman filter. The test results show that the 
performance of single-axis RINS 1 is improved to the 
same level as dual-axis RINS 2, which can still guarantee 
position accuracy in the case of dual-axis RINS 2 failure. 
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