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Abstract. In recent years, the significant improvement of inertial navigation, leaves the gravity disturbance as the 
important factor which affects the accuracy of inertial navigation. This paper focus on the compensation for gravity 
disturbance with gravity spherical harmonic model, especially the optimal degree of gravity spherical harmonic 
model with which to calculate the gravity disturbance. The effect of gravity disturbance on inertial navigation is 
analysed based on the amplitude-frequency response characteristics of inertial navigation error differential equation, 
then the dominantly influential frequency band of gravity disturbance can be found which is the target of 
compensation. Combination the dominantly influential frequency band with the spatial resolution of the Earth’s 
gravity spherical harmonic model EGM2008 which is used to calculate the gravity disturbance, the optimal degree 
can be determined based on an algorithm proposed in this paper. Finally, shipborne inertial navigation experiment 
confirms the correctness and effectiveness of the proposed algorithm. 

1 Introduction  
Inertial navigation system (INS) is currently the main 
means of navigation which measures the vehicle’s motion 
and constantly updates position. INS is based on 
Newton’s Second Law, which combines specific force 
and gravity into acceleration. The velocity and position 
can be obtained through integration of acceleration. 
Specific force can be measured by inertial sensors, three 
accelerometers of INS, and the gravity information is 
acquired from the normal gravity model.  

The performance of INS depends not only on the 
quality of inertial sensors, but also on the accuracy of the 
gravity information [1, 2]. In the limiting situation of 
drift-free gyroscopes and perfect accelerometers, INS still 
cannot be error-free, because uncertainties in the normal 
gravity model will produce errors. In recent years, the 
significant improvement of INS, especially on inertial 
sensors, leaves gravity disturbance as the important error 
source of the navigation solution, particularly for rough 
topological areas [4, 5]. For future higher precision 
navigation, the compensation of gravity disturbance has 
to be considered [10]. 
 Nowadays, with the release of ultra-high degree 
Earth Gravitational Model, such as Earth Gravitational 
Model 2008 (EGM2008) [6, 7], the gravity disturbance 
on the vehicle’s trajectory can be calculated directly 
which can be used to compensate the effect of gravity 
disturbance on INS. EGM2008 is publicly released by the 
U.S. National Geospatial Intelligence Agency (NGA) 
EGM Development Team. This gravitational model is a 
spherical harmonic model (SHM) and is complete to 

spherical harmonic degree and order 2159, and contains 
additional coefficients extension to degree 2190 and 
order 2519 and the full access to this model’s coefficients 
is provided in [3]. It is because EGM2008 has degree and 
order up to 2190 that the gravity disturbance can be 
precisely calculated with this model. However, the high 
degree and order bring a great computation burden on the 
embedded navigation computer of INS in real time 
application. [4] indicates the total operation count for 
calculating spherical model. To reduce the computation 
complexity and maintain the compensation accuracy, the 
interest lies in this paper is to find an optimal degree used 
in the calculation of EGM2008 instead of the maximum 
degree 2190.  

The paper is organized as follows: in section 2, the 
effect of gravity disturbance on INS is analysed to 
determine the dominantly influential frequency band of 
gravity disturbance. Then the calculation of SHM is 
introduced in section 3 and the algorithm of determining 
the optimal degree is proposed in section 4. The 
shipborne inertial navigation experiment is in section 5, 
and the conclusion is provided in section 6. 

2 Effect of Gravity Disturbance on INS 
To find the dominantly influential frequency band of 
gravity disturbance, the error characteristics of gravity 
disturbance induced error is investigated. The north 
channel of INS is analyzed here and the only error source 
considered is the gravity disturbance, and the error 
differential equation are as follow [8-10]. 
 /Nv R     (1) 
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 Nv g g      (2) 
 Np v    (3) 
where   is the pitch error, Nv  is the north velocity 
error, R  is the mean radius of the Earth, p  is the 
position error, g  is the normal gravitational acceleration, 
and g  is the input error source, the gravity disturbance. 
 These error equations can be described with state 
equation. According to the theory of linear system, the 
transfer function can be obtained from by the following 
transformation [11]. 
     1s s    G C I F B   (4) 

 The transfer function can be obtained as follow 
    2/s R Rs g G   (5) 
 The amplitude-frequency response of the north 
channel of INS can be obtained based on the transfer 
function, equation (5). 
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Figure 1. The amplitude-frequency response of the north 
channel of INS 

It can be seen that the response of INS for gravity 
disturbance is alike a low-pass filter, and the cut-off 
frequency can be determined according to the -3dB 
definition, the cut-off frequency fcut-off is 0.00215 rad or 

43.42 10  Hz, and the peak of the amplitude-frequency 
response is the Schuler frequency of INS. Because of the 
low-pass characteristic, the high frequency gravity 
disturbance is filtered out, and only the low frequency 
gravity disturbance will have a negative effect on the INS. 
Therefore, the dominantly influential frequency band of 
gravity disturbance is determined. 
 43.42 10compenf Hz    (6) 

3 Gravity Disturbance and Gravity 
Spherical Harmonic Model 
The gravity disturbance means the difference between the 
gravity vector calculated through the normal gravity 
model (NGM) and the actual one, including difference in 
magnitude and direction [12]. The difference in 
magnitude is the so-called gravity anomaly, and the 
difference in direction is the so-called deflection of 
vertical (DOV) which is the chief cause of the gravity-

induced errors [13-15]. As shown in figure 2, DOV is the 
angle between the true plumb line and the normal line of 
the reference ellipsoid which is chosen to approximate 
the Earth’s sea-level surface. DOV has a north 
component x  and an east component h , the order of 
DOV component can maximally reach 100 arcsec which 
is significantly higher than the modern accelerometer bias, 
whose typical value is 10 mGal (1 mGal = 5 210 /m s- ) [4], 
corresponding to a 2 arcsec DOV [3]. The horizontal 
gravity disturbance, including north component Ng  and 
east component Eg , are caused by DOV as follow. 

 Ng g    Eg g    (7) 

Normal Line of 
Reference Ellipsoid

True Plumb Line

 
Figure 2. The definition of DOV 

The horizontal gravity disturbance can be calculated 
based on the gravity spherical harmonic model [3, 16] 
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where G  is Newton’s gravitational constant, M  is the 
mass of the Earth, r  is the geocentric radius distance,   
is the polar distance, *

nmC  and nmS  are coefficients of the 
spherical harmonic of degree n  and order m , 

 cosnmP   is the normalized associated Legendre 
function of the first kind. The Legendre function can be 
resolved by recursion[17]. 

4 The Algorithm of Choosing Optimal 
Degree  
In Section 2, the dominantly influential frequency band 
of gravity disturbance has been determined. However, 
gravity disturbance is a spatial-domain signal rather than 
a time-domain signal, and the gravity disturbance signal 
comes into INS as the position of INS changing on the 
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surface of the Earth, hence the gravity disturbance signal 
can be transformed from spatial-domain into time-domain 
with the velocity of INS, and the associated dominantly 
influential frequency band can also be transformed into 
spatial domain as 

 compen
compen

f
f

v
    (10) 

where v  is the velocity of INS, and compenf   is the 
compensation frequency band in spatial-domain, and the 
corresponding period of the compensation frequency 
band which is a spatial distance can be determined 

 1
compen

compen compen

vD
f f

 


  (11) 

According to the property of spherical harmonic 
function, the spatial distance compenD  is determined by the 
degree of the SHM. Assume that the degree used in SHM 
calculation is n , then the sphere of the Earth is divided 
by the Legendre function into n  zones, so the spatial 
resolution of degree n  SHM is 

 RD
n


   (12) 

Substituting equation (12) into equation (11), the 
optimal degree of gravity spherical harmonic model can 
be obtained. 

 compen
compen

Rf
n

v


   (13) 

There are some special cases need to be considered, 
the first is that the maximum of compenn  is 2190 when the 
used gravity spherical harmonic model is EGM2008. 
Second, if the velocity is very small, even zero, then 
assume compenn  equal to 2190 is appropriate. 

5 The Shipborne Inertial Navigation 
Experiment 

The shipborne experiment instruments consists of a high-
precision strapdown inertial navigation system (SINS) as 
shown in figure 4 and a Novatel® GPS receiver 
contained in the electric system of SINS.  

The inertial sensors used in SINS are high precision 
ring laser gyros and quartz flexible accelerometers. The 
sampling rate of SINS is 200 Hz and the sample rate of 
GPS receiver is 2 Hz, and the GPS data is processed off 
line with precise point positioning (PPP) technology to 
obtain position results as the reference in this experiment. 
The ship was first at moor, then sailed in maneuver, and 
the experiment time is 24 hours. The DOV values on the 
sailing trajectories are calculated based on EGM2008, 
and the position information used to calculate DOV is 
from GPS solution, and the period of calculating gravity 
disturbance with SHM is 100 seconds.  

There are three types method to deal with the inertial 
navigation date: processing the inertial navigation data 
without compensation for gravity disturbance is type I. 
Processing the data with compensation where the degree 
of SHM is set to 2190 is type II, and if the degree of 

SHM is optimally set based on the proposed algorithm in 
section 4, that’s type III.  
 

 
Figure 4. High precision strapdown inertial navigation system 

 The comparison of north component of gravity 
disturbance on the trajectory between type II and type III 
is shown in figure 5, and the comparison of east 
component of gravity disturbance on the trajectory 
between type II and type III is shown in figure 6. 
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Figure 5. The comparison of north component of gravity 
disturbance on the trajectory 
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Figure 6. The comparison of east component of gravity 
disturbance on the trajectory 

The comparison of time-consuming between type II 
and type III is shown in Table 1. With the optimal degree, 
the time for calculating SHM decreases by 635.8 seconds, 
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about 36.1%. From figure 7, it can be seen that the 
average one-time time consuming of calculating SHM 
with full degree 2190 in type II is about 2 second. As for 
Type III, in the first five hours, the experiment ship is at 
moor, the velocity almost equals to zero, so the optimal 
degree is 2190, after that the experiment ship begins to 
move, and the optimal degree is decreased to 1400 as 
shown in figure 8, then the time-consuming is shortened 
to about 1 second. 

Table 1. Comparison of time-consuming between type II and 
type III 

Time-consuming Item 
/Second Type II Type III 

Total time-consuming 3542.1 2938.3 

Time for navigation 
calculation 1722.5 1748.6 

Time for calculating SHM 1762.4 1126.6 

Time for initial alignment and 
others 57.2 63.1 

Decrease of total time-
consuming 603.8 

Decrease of time for 
calculating SHM 635.8 
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Figure 7. The time-consuming for one-time calculating SHM in 
type II and type III 
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Figure 8. The optimal degree of calculating SHM in type III 

The positioning error comparison among the three 
types are shown in figure 12, it can been seen that the 
position errors of type II and type III are both less than 
type I, which means the compensation for gravity 
disturbance is efficient. Subtracting the position error of 
type II and type III from Type I, the improvement of 
positioning accuracy can be obtained, as shown in figure 
10, and it can be seen that the precision improvement 
with optimal degree is almost consistent with the full 
degree. Attention is needed here, the vibration of 
precision improvement of type III is obviously smaller 
than that of type II, this is probably because that there 
exists some error in the high degree components of the 
SHM, and these errors is avoided by utilization of the 
optimal degree. 
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Figure 9. The comparison of position error 
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Figure 10. The comparison of position error 

6 Conclusion 
In this paper, the optimal degree of calculating SHM for 
gravity disturbance compensation is discussed. First, the 
effect of gravity disturbance on inertial navigation is 
analysed based on the amplitude-frequency response 
characteristics of inertial navigation error differential 
equation. Second, the dominantly influential frequency 
band of gravity disturbance is determined which is the 
target of compensation. Then combination the 
dominantly influential frequency band with the spatial 
resolution of the Earth’s gravity spherical harmonic 
model, the algorithm of determining the optimal degree 
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with which to implement the SHM calculation is 
proposed. Finally, the shipborne inertial navigation 
experiment confirms the correctness and effectiveness of 
the proposed algorithm, with the optimal degree the time-
consuming of calculating SHM decreases by 36.1%, and 
the efficiency of DOV compensation is almost consistent 
with that of full degree. 
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