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Abstract. The regular reflection of an oblique steady shock in supersonic 

gas flow is considered. The static pressure extremum conditions after the 

point of reflection of the shock with fixed strength depending on oncoming 

flow Mach number are determined analytically. The obtained results are 

applied to solution of the mechanically equivalent problem of the reflection 

of a propagating shock from an inclined surface. Non-monotonic variation 

of the mechanical loads on the obstacle with respect to its inclination angle 

is shown; the obstacle slope angles that correspond to pressure minima 

downwards of the unsteady shock reflection point are determined 

analytically. 

1 Introduction 

The regular reflection of steady and unsteady shocks from a rigid surface or a flow symmetry 

plane is well-studied phenomenon. If the ratio   of the gas specific heats in the steady 

supersonic flow is known and fixed, then the reflected shock parameters depend solely on 

the oncoming flow Mach number М  (Fig. 1a) and one additional parameter of the incident 

shock (for example, its strength 1J  or its amplitude 1p ). Here the strength 1J  of the 

incident shock is the static pressure ratio across it, and the amplitude 1p  is the difference 

between pressures while crossing the shock (the shock overpressure which is especially 

important in problems of blast reflection [1, 2] and corresponding structural survivability [3-

5]). 

The reflected shock strength  12 , JMJ  and its amplitude (overpressure) 

 12 , pMp   are monotonic functions of the strength 1J  (or the amplitude 1p ) of the 

incident perturbation. It is proven analytically in the present study that the reflected shock 

parameters are non-monotonic functions of the flow Mach number М , and the pressure 

extreme conditions downstream of the reflected shocks are determined analytically.
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Fig. 1. Regular reflection of oblique shock (a) and the equivalent unsteady shock reflection from the 

inclined obstacle (b) 

The engineering value of the obtained analytical solutions is based on the equivalent 

problem of oblique reflection of propagating shock (blast) waves, see Fig. 1b. The pressure 

downstream of the reflection point of an oblique steady shock at an incidence angle 1  (Fig. 

1a) is equal to the pressure after the reflection point of a moving shock having the same 

strength (amplitude) from a wedge inclination angle of 12    (Fig. 1b) relative to 

the direction of shock propagation. The variation of flow Mach number М  in the steady 

problem corresponds to variation in the wedge angle   in the problem of unsteady (quasi-

steady) reflection of propagating shock of the same strength. Thus, the non-monotonic 

dependence of the mechanical loads behind reflected unsteady shock from an inclined surface 

appears from the non-monotonic pressure variation downstream the point of steady 

reflection. 

2 Model and methods  

2.1 Governing equations for the strength of the reflected shock 

The oncoming flow parameters (Mach number М , pressure p  and the gas specific heat 

ratio,  ) and the shock slope angle 1  determined its strength [6-8]: 

    1

22

11 sin1 MppJ , its amplitude:  1111  Jpppp , and 

the flow deflection angle 1  behind the incident shock, as well as Mach numbers after the 

shocks. The condition of regular reflection, 

021  
, 

leads to the equation concerning the strength 
122 ppJ   of the reflected shock: 
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2.2 Limiting values for the strength of the incident shock 

Satisfactory solution of (1) exists, if the incident shock strength obeys the condition, 

 MJJ d 11 .                                                (2) 

Here  MJd
 is the shock strength that corresponds to the so-called detachment criterion 

[1, 9] of the reflection transition. The value of  MJd
 corresponds to the curve 1 in Fig. 

2a. Here and further on all computed examples are obtained at 4.1 . 

The von Neumann criterion of the mechanical equilibrium is used also at moderate and 

large Mach numbers (
aMM  ,     483.112  aM ). Corresponding 

strength  MJN
 is presented by curve 2 in Fig. 2a. 

 

 

Fig. 2. Limting conditions of strength and amplitude extreme for regularly reflected shock 

Solutions for both regular and Mach reflection co-exist in the dual solution domain 

situated between curves 1 and 2.
 
Numerous experiments [1, 10] shows that the criterion of 

the mechanical equilibrium is preferable for steady flow analysis, especially in the part of the 
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dual solution domain situated above point b , the contact point between curves 1 and 2. Flow 

Mach number 202.2bM  corresponds to the following equation [11, 12]: 
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Since solutions derived for steady flows will be applied later to unsteady shock 

reflections, we consider now the entire range (2) of incident shock parameters. 

2.3 The equivalent unsteady flow with regular reflection of the propagating 
shock 

After the inversion of motion, the reflection of the moving shock of the same strength, 

      22

1

22

11 cos1sin1 MMppJ ,             (3) 

that propagates in a stagnant gas media and reflects from a wedge having deflection angle 

12    (Fig. 1b) is mechanically equivalent to the regular steady reflection shown in 

Fig. 1a [13]. Reflection point R  (Fig. 1b) moves along the wedge surface with the same 

Mach number М  as the oncoming flow in a similar steady problem. Then the normal 

velocity of the incident shock corresponds to Mach number 

     1cossin 11 JMMM S , so that the incident shock strength is 

    2

1 1 SMJ . The strength 2J  of the reflected shock and the static pressure behind 

it are the same as in the equivalent case of a steady reflection. 

 The amplitude of the incident shock is: 

 1111  Jpppp ,                                       (4) 

the amplitude of the reflected wave is equal to  121122  JpJppp , and 

the overpressure after the reflection point is  1212   JJpppp . 

It is therefore apparent that the reflected wave amplitude 2p  and the overpressure p

, at fixed values of p  and 1J , depend linearly on the strength 2J . Therefore, 2p  and 

p  depend on the wedge angle   in the unsteady case and on the Mach number М  in 

an equivalent steady case qualitatively as 2J  depends on those factors. Non-monotonic 

variation of  MJ 2  at a regular steady reflection means that the overpressure p  after 

the point of reflection of the propagating shock also depends on the reflecting surface angle 

non-monotonically. The described fact seems not evident and needs proof. 

The pressure ratio across the reflected wave, 2K  characterizes its amplitude relative to 

the incident shock: 

   11 12122  JJppK .                           (5) 
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The pressure amplification factor K  characterizes the load increase on a considered 

obstacle: 

   11 1211   JJJppK .                         (6) 

Both coefficients are minimal ( 02 K , 1K ) in the case of a sliding shock and the 

reflected shock disappears (degenerates to a weak disturbance, 12 J ). The amplitude of a 

normally reflected shock (  90 , 01  ) can be evaluated using the Crussard-Izmaylov 

formula [14]: 

   01112 11 ppppp   , 

with corresponding values of the factors of pressure (5) and amplification (6). 

3 Results.  

Applying the equation 02  MJ  to (1) determines the conditions for extreme strength 

of the reflected steady shock: 
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Solution of (7), shown by curve 3 in Fig. 2a, indicates that it really corresponds to the 

reflected shock strength minima and pressure minima downstream of it. 

The plane  ,1p  shown in Fig. 2b is convenient for analyzing the equivalent unsteady 

problem. Relation (4) connects between the incident shock amplitude and its strength, 

relation (3) connects between the surface slope angle and the Mach number and shock 

strength for 190   . It was also confirmed that the shock wave propagates in 

undisturbed quiescent media having initial pressure of 100p  kPa. 

The regular reflection solution exists in the wedge angles range of:   90,d . Angle 

d  (curve 1 in Fig. 2b) corresponds to transition to irregular reflection. Curve 2 corresponds 

to criterion of the mechanical equilibrium. Curve 3 points to the obstacle angles that provide 

reflected pressure minima at any fixed amplitude of the incident shock. 

Surface angles that yield minima in the pressure loads are also demonstrated in 

coordinates  ,SM , Fig. 2c. The curve 2c corresponds to pressure minima after the point 

of reflection of the shock wave with some definite Mach number 
SM  of its propagation.  

“Optimal” surface inclination angles obey the following equation in coordinates  

 ,SM : 

0
3
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n

n zZ ,                                                        (8) 
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According to (8), at the limiting reflection case of weak shocks ( 1SM ), the pressure 

minimum corresponds to   225.022122  z , and the optimal wedge 

angle becomes equal to      


656.6141arcsin22arcsin
4141

 с  

(curve 3, point c ). The optimal angle corresponds to the von Neumann criterion at 

175.2SM  (point e  of intersection of curves 2 and 3). Its value (  105.56e ) obeys 

the relation 
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At 175.2SM , the optimal wedge inclination angle corresponds to the dual solution 

domain situated between curves 1 and 2.  

In the limiting case of strong wave reflection ( SM ), the optimal obstacle angle 

obeys the following equation for the horizontal asymptote of curve 3: 

        0122311311 2232   zzz , 

( 367.0z ,  715.52 ). It lays between the horizontal asymptotes of curves 1 and 

2. As seen from Figs 2b and 2c, the “optimal” surface slope angle shifts closer to the lower 

border of the region for regular reflection for the case of stronger shocks. 

4 Discussion 

Dependence of the reflected wave pressure and amplification coefficients (5, 6) on the 

obstacle slope angle   is demonstrated in Fig. 3,a-b, for various amplitudes of the incident 

shock (curves 1-10). Slope angle   changes from curve 11 that corresponds to the 

detachment criterion, to the value  90  that corresponds to the normal reflection as a 

limiting case for the regular one. The Crussard-Izmaylov relation is appropriate in the latter 

case. It is seen in Fig. 4a that meaningful pressure decrease is obtained behind the reflected 

shock.  

The obtained non-monotonicity of reflected overpressure dependence on the obstacle 

inclination angle follows immediately from well-known relations for oblique shocks. So the 

theory of optimization of shock-wave systems, leads to better engineering solutions in many 

problems of jet and blast technologies, aviation and rocket engineering, blast protection and 

supersonic aerodynamics. 
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Fig. 3. Variation of the reflected pressure factor (a) and pressure amplification factor (b) depending on 

obstacle inclination angles at several fixed amplitudes of the incident shock: 50 kPa (curves 1), 100 kPa 

(2), 150 kPa (3), 200 kPa (4), 250 kPa (5), 300 kPa (6), 350 kPa (7), 400 kPa (8), 450 kPa (9), 500 kPa 

(10). Curves 11 border the domain of regular reflection existence according to the detachment criterion 

5 Conclusion.  

Flow Mach numbers and parameters of the incident shocks that achieve minima in the static 

pressure downstream of the reflected shocks obey the cubic algebraic equation in “shock 

strength – oncoming flow Mach number” variables. The analogous equation defines the 

obstacle slope angles that yield a minimum pressure after the reflection of the propagating 

shock having any amplitude. Those optimal angles exist at all theoretically possible 

parameters of the incident shock. The optimal shock reflection differs both from the normal 

one and from limiting case of shock reflection transition. The geometrical optimization of 

shock/blast wave interaction with obstacles and constructions allows to diminish the impulse 

mechanical loads significantly. The obtained theoretical results can be applied, at least, for 

design of blast-resistant constructions, blast protection equipment, in aviation and rocket 

engineering, and in supersonic aerodynamics. 
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