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Abstract. The article considers the definition of absolute types of 

deformations, such as transfer and rotation of a building, using linear spatial 

intersection. In particular, knowing the distances between strong points and 

deformation marks, the coordinates of the marks located on the building in 

the initial and current observation cycles are obtained. Knowing the 

coordinates of the marks, calculate the displacement vectors of the marks for 

a certain period of time. The definition of absolute deformations is based on 

the estimation of the projections of the displacement vectors on the 

coordinate axes, as well as the direction cosines of the vectors with the 

coordinate axes. The determination of the direction of displacement is shown 

for the transference deformation. And how to determine the axis, the 

distance to this axis and the angle of rotation is shown for rotation 

deformation. We show for joint deformation of the transfer and rotation how 

divide it into components and then determine the direction of displacement 

and the axis of rotation. The results can be used in assessing of absolute 

deformations buildings of monuments of cultural heritage. 

1. Introduction 

There are some investigations of various methods of observing deformations and their 

estimates in articles [1–25]. Deformations can be estimated by knowing the distances 

between the deformation marks and their changes. The paper [6] dwells on the estimation of 

the deformation through the distance between deformation marks and their changes. 

Distances are invariants with respect to the coordinate systems used, which makes it possible 

to evaluate deformations through a large time interval, regardless of the coordinate system 

used in the measurements and processing of the results. Deformations are absolute and 

relative. 

Absolute deformations are determined from the support points. Since we work in space 

and have three coordinates of each of the brands, it is necessary to have at least three strong 

points, which should not be located on one straight line. Absolute deformations are possible 

at zero relative. These are included the parallel transfer of the entire object in some direction 
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and the rotation with respect to some axis. In this case, the distance between any pair of brand 

marks in the deformation process does not change, but in general, the distances from brand 

marks to reference points vary [26-31]. The paper presents studies of a simple case (absolute 

deformations without relative displacements of object points). 

The aim of this article is to develop a method for estimating deformations independent of 

the coordinate system was posed.  

There are some tasks that have been solved: 

1. Modeling of transference deformation; 

2. Modeling of rotation deformation; 

3. Modeling of joint deformation. 

2. Methods 

We investigate the absolute deformations using a linear spatial intersection. In this case, the 

three points 1, 2, 3 are the support points, the lengths of the segments between them are 

constant. Only the 4-point P of the tetrahedron changes its position (Fig. 1). 

 

Figure 1. Linear Spatial Resection 

 

Coordinates ,X Y, Z  can be determined from the solution of the system of three quadratic 

equations of the form: 

2 2 2

i i i iL = (X -X) +(Y -Y) +(Z -Z)  (1) 

Where 1, 2,3i  . 
But if we choose the coordinate system as shown in the figure 1 (the origin of the 

coordinate system is aligned with point 1 and the plane XY coincides with the plane 

containing the reference marks 1, 2 and 3), for which 
1 1 1 2 2 3X =Y = Z =Y = Z Z 0  , then it 

is easy to obtain: 

( )2 2 2

1 2 2 22X= L +X -L X  (2) 
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( )2

3 32Y= Y -В+А Y  

where 
2 2

1А=L -X , ( )
22

3 3В=L - X -X  

It is easy to calculate the coordinate Z  from equation (2) for the distance 
1L : 

2 2 2

1Z= L -X -Y  (3) 

After calculation the coordinates of both points P  and 'P , we can estimate the 

displacement vector as the coordinate difference: 
'
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= -

= -

= -

P

P

P

X P P

Y P P

Z P P

u X X

u Y Y
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 (4) 

The initial data are presented in Table 1: 
Table 1. Initial data for solving the spatial linear intersection 

No point X, m Y, m Z, m Li, m 

1 0.000 0.000 0.000 12.800 

2 15.867 0.000 0.000 15.439 

3 7.865 9.711 0.000 11.008 

 

Using formulas (2, 3), we obtain the following coordinates of the point P : 

,X=5,585 m Y=5,713 m, Z=10,000 m .  

3. Results and discussion 

3.1 Deformation of parallel transfer 

At the first stage, we perform the transfer of point P parallel to the axes. 

3.1.1 The point’s transfer is parallel to the X-axis 

With parallel transfer along the X -axis of point P , we obtain the following data (Table 

2): 
Table 2. Spatial linear intersection with parallel transfer along the X axis 

No point X, m Y, m Z, m Li, m 

1 0.000 0.000 0.000 12.806 

2 15.867 0.000 0.000 15.429 

3 7.865 9.711 0.000 11.005 

P′  5.600 5.713 10.000 
 

 

Define the displacement vector 'PP , its length and the direction cosines (Table 3): 
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= -

= -

= -
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Z P P

u X X

u Y Y

u Z Z

     (5) 

where , ,
P P PX Y Zu u u  are the coordinates of the displacement vector 'PP ; 

2 2 2= + +
P P PX Y Zu u u u is its length. 

 

Table 3. The data of the displacement vector 'PP  

Coordinates of the displacement vector 'PP  Length of the vector 'PP  0.015 

0.015 0.000 0.000 

 
The direction cosines of a vector PPʹ 

PXn  
PYn  

PZn  

1 0.000 0.000 

 

From Table 3 we see that the cosine of the angle between the vector 'PP  and the X - 

axis is equal 1. That means the point has changed its position parallel to the X  axis. Also the 

projections of the vector on the coordinate axes Y  and Z are 0. That means the point changed 

its position perpendicular to the plane YZ . We present the data of tables 2 and 3 in the form: 

=
P P P

P P P

X X X

X X X

i j k

Р u u u

n n n

      (6) 

where 
PXu ,

PYu ,
PZu  - the coordinates of the displacement vector P ; 

PXn ,
PYn ,

PZn  – the 

direction cosines of the displacement vector P  of the point with the coordinate axes. 

Then for the point P  the matrix will look like this: 

= 0,015 0,000 0,000

1,000 0,000 0,000

i j k

Р  (7) 

For a variety of marks which are located on the building, we can form a matrix A  of the 

form: 

= ...

P P P

P P P

P P P

P P P

X X X

X X X

X X X

X X X

i j k

u u u

n n n

А

i j k

u u u

n n n

 (8) 
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0,015 0,000 0,000

1,000 0,000 0,000

= ...

0,015 0,000 0,000

1,000 0,000 0,000

i j k

А

i j k

 

(9) 

 

All the coordinates of the displacement vectors and the directing cosines will be equal to 

each other. From the matrix it is easy to determine the value of the displacement of the point, 

it will be
 

2 2 2 2Δ = = + + = =15мм
P P P PX Y Z Xu u u u u . 

3.1.2 The point’s transfer is parallel to the Y-axis 

The cosine of the angle between the vector 'PP  and the Y  axis will be equal 1, and the 

projections of the vector on the X and Z coordinate axes are equal 0. In the matrix of the form 

(8), all the coordinates of the displacement vectors will be equal to each other, like the 

direction cosines. The value of the displacement of the point will be 2Δ = =
PYu u .

 

3.1.3 The point’s transfer is parallel to the Z-axis 

The cosine of the angle between the vector 'PP  and the Z axis will be equal 1, also the 

projections of the vector on the coordinate axes Y  and X are equal 0. Matrix of the form (8) 

all the coordinates of the displacement vectors will be equal to each other, like the direction 

cosines. The value of the displacement of the point will be 2Δ = =
PZu u . 

Next, we carry out the transfer of the point P  parallel to the coordinate planes XY, XZ, 

ZY or perpendicular to the axes ,X Y, Z . 

3.1.4 The point’s transfer is parallel to the XY plane 

For a variety of marks which are located on the building, we can compose a matrix А : 

0,015 0,086 0,000

0,172 0,985 0,000

= ...

0,015 0,086 0,000

0,172 0,985 0,000

i j k

А

i j k

 (10) 

From the matrix we see that the cosine of the angle between the vector 'PP and the Z axis 

is equal 0 and the projection of the vector on the coordinate axis Z is equal 0, which means 

that the points change their position perpendicular to the Z axis or parallel to the XY plane. 

All the coordinates of the displacement vectors will be equal to each other, just like the 
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directing cosines. Define the amount of displacement of the point, it will be 

2 2Δ = + = 87мм
P PX Yu u . 

3.1.5 The point’s transfer is parallel to the YZ plane 

The cosine of the angle between the vector 'PP and the X axis is equal 0 and the projection 

of the vector on the X coordinate axis is equal 0. Also, all the coordinates of the displacement 

vectors will be equal to each other, like the direction cosines. The value of the displacement 

of the point is 
2 2Δ = +

P PZ Yu u . 

3.1.6 The point’s transfer is parallel to the XZ plane 

The cosine of the angle between the vector 'PP  and the Y axis is equal 0 and the 

projection of the vector on the coordinate axis Y is equal 0. Also, all the coordinates of the 

displacement vectors will be equal to each other, like the direction cosines. The value of the 

displacement of the point is 
2 2Δ = +

P PX Zu u . 

Consider the situation when the point is in the plane with the support points 1, 2, 3 (in 

case XY plane) (Table 4). 

Table 4. Initial data for solving the spatial linear intersection 

No point X, m Y, m Z, m Li, m 

1 0.000 0.000 0.000 7.989 

2 15.867 0.000 0.000 11.763 

3 7.865 9.711 0.000 4.602 

Using formulas (2, 3), we obtain the following coordinates of the point P : X = 5.585 m, 

Y = 5.713 m, Z = 0.000 m. 

We research by analogy as in presented case. Carrying the mark parallel to the X and Y 

axes is easy to identify. 

0,000 0,000 0,000

0,000 0,000 0,000

= ...

0,000 0,000 0,000

0,000 0,000 0,000

i j k

А

i j k

 (11) 

When we carry marks parallel to the Z axis by 10 mm: 
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0,000 0,000 0,100

0,000 0,000 1

= ...

0,000 0,000 0,100

0,000 0,000 1

i j k

А

i j k

 (12) 

If the deformation occurs perpendicular to the plane containing the support and reference 

marks, the solution will be either completely absent or available depending on the geometry 

of the tetrahedron and the magnitude of the deformation. 

Assume that there was an arbitrary transfer of the object (Fig. 2): 

 
Figure 2. Deformation of the transfer on the example of two deformation marks 

 

Consider two points on the object: P  and М . The point P has moved to 'P , the point 

М  to 'М . 

For all brands located on the object, we form the matrix A : 

0,115 -0,214 -0,100

0,438 -0,814 -0,831

= ...

0,115 -0,214 -0,100

0,438 -0,814 -0,831

i j k

А

i j k

 (13) 

From the matrix (13) we see that the displacement vectors are collinear and equal, and 

the displacement is arbitrary, since the projections of the vector's coordinates on the axis are 
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not equal to 0 and the direction cosines of the displacement vectors have an arbitrary value. 

The determined amount of displacement of points is 
2 2 2Δ = + + = 263мм

P P PX Y Zu u u . 

3.2. Deformation of rotation 

3.2.1 The point’s rotation around the X-axis 

Perform the rotation of the points М  and D  (Fig. 3): 

 

 
Figure 3. Rotation deformation around the X axis 

 

For a variety of marks, which are located on the building, we can compose the matrix A

: 

0,000 -0,809 3,022

0,000 -0,259 0,966

= ...

0,000 7,500 2,011

0,000 0,966 -0,259

i j k

А

i j k

 (14) 

In contrast to the matrix (10) where the transfer was perpendicular to the Z axis, we see 

that the matrix components are not equal to each other, which indicates that the deformation 

of the rotation is not similar as transfer one. In addition, in the case of rotation there will be 
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points that have not changed their coordinates (for example, in the figure above the points 

N  and P ), so the displacement vectors of these points will be equal 0. Then we can define 

the vector around which the object rotates and find the shortest distance from the 

displacement vector to the rotation vector [6] by formula (15): 

( )

2 1 1 2

2

1 2

( - )
=

×

r r a a
d

a a

     (15) 

where 1r  is the radius vector of the point located on the axis of rotation (for example, N  or 

P ); 2r  is the radius vector of the displacement vector point, for example M , 'M , D , 

D' ; 1a  is the directing vector of the first straight line (axis of rotation, in particular ( NР

); 2a  is the directing vector of the second straight line (for example, the displacement vector 

'MM  or DD' ). 

We write formula (15) in the form: 

2 1 2 1 2 1

1 1 1

2 2 2

2 2 2

1 1 1 1 1 1

2 2 2 2 2 2

- - -

=

+ +

X X Y Y Z Z

l m n

l m n
d

l m m n n l

l m m n n l

 
(16) 

 

For example, for points P  and 'M  we get: 

1 1 1 1 2 2 2 2

1 1 1 1 2 2 2 2

= ( , , ) = (5,585;5,713;10,000); = ( , , ) = (5,585;10,948;13,023)

= ( , , ) = (10,000;0;0); = ( , , ) = (0;-0,809;3,022)

r X Y Z r X Y Z

a l m n a l m n

 
The distance to the axis of rotation will be equal to d=5.839 m. 

Let us calculate the rotation angle ν: 

d
arctg


     (17) 

When Δ << d , then 
d

 


  

where Δ  is the magnitude of the displacement (modulus of the displacement vector); d is 

the shortest distance from the axis of rotation to the point. 

3,129
28 11'09"

5,839
arctg     

3.2.2 The point’s rotation around the Y-axis and Z-axis 

The cosine of the angle between the displacement vectors and the Y (Z) axis will be equal 

0. The displacement vectors are not collinear and their lengths are not equal to each other. To 

determine the distance to the rotation axis, we find in the matrix of the form (8) the points 

whose displacement vectors are zero, calculate the steering vector of rotation and find the 

distance to the axis of rotation from formula (16). The angle of rotation is calculated 

according to the formula (17). 
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3.3. Joint deformation of transfer and rotation 

Perform the object transfer parallel to the X-axis and rotate around the same axis (Fig. 4): 

 
Figure 4. Deformation of the rotation and transfer along to the X-axis 

From Figure 4 we see that the points P  and N change their position only during the 

transfer (become the points 'P  and 'N ). The points D  and K first go to points 'D  and 'K

, then to "D  and "K . Matrix A will be like this: 

1,794 0,767 -2,864

0,518 0,221 -0,826

...

1,794 0 0

1 0 0=

...

1,794 -8,419 -2,256

0,202 -0,946 -0,254

i j k

i j k

А

i j k

 (18) 
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The points P  and N obtained only deformation of displacement, and the deformation of 

rotation for them is equal 0. PN can be taken as the axis of rotation. This is shown also by 

the matrix (18), in which the component for these points will be: 

 
' = ' = 1,794 0,000 0,000

1,000 0,000 0,000

i j k

Р N  (19) 

The matrix shows the transfer along the X axis. Next, subtract the displacement vector 

from the coordinates of the other displacement vectors. For example, for the point K , we 

get: 

" = 1,794 0,767 -2,864

0,518 0, 221 -0,826

i j k

K  (20) 

' = 0 0,767 -2,864

0 0,259 -0,966

i j k

K  (21) 

The resulting matrix (21) shows that there has been a rotation around the X axis. Next, 

we find the distances from the displacement vectors to the axis of rotation PN  according to 

the formulas 16, 17. The distance to the axis of rotation will be equal to d=5.533 m. 

The rotation angle 
2,965

28 11'09"
5,533

arctg    

Analogously, one can investigate arbitrary transfers and rotation along one of the axes. 

4.Conclusions 

The completed theoretical modeling allows us to make the following conclusions: 

1. To determine the deformations of transfer and rotation, we must consider the direction 

cosines, which constitute the displacement vector with the coordinate axes and the projection 

of the vector onto the coordinate axes. We should also consider the mutual position of 

displacement vectors. 

2. In particular, when the building is displaced along one of the coordinate axes, the 

projections of displacement vectors of deformation marks to other axes are zero, and the 

directing cosine with the axis with which the displacement occurred is equal to 1. All the 

displacement vectors are collinear and equal. If the displacement occurs perpendicular to one 

of the coordinate axes, the projection of the displacement vector onto the axis perpendicular 

to which the displacement occurs is equal to 0 and the direction cosine is 0. All the 

displacement vectors are collinear and equal to each other. If the deformation occurs 

perpendicular to the plane containing the support and reference marks, the solution is either 

completely absent or depends on the displacement and geometry of the tetrahedron. 

3. In determining the deformation of the rotation of the displacement vector, deformation 

matrices are not collinear and are not equal to each other, and the further the displacement 

vector from the rotation axis, the larger is its length. In particular, when we consider the 

matrix A rotate, we find points whose displacement vectors, like the direction cosines, turn 

out to be equal to zero. These points indicate the direction of the axis of rotation. Next, from 

formula (16), calculate the distance between the rotation axis and any non-zero displacement 

vector and determine the rotation angle formula (17). 
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4. To determine the joint deformation of the transport and rotation in the matrix A, there 

are points whose matrices of the form (6) are equal. These points have a zero rotation. 

Estimate the direction and magnitude of the displacement. Next, for the remaining points of 

the matrix, the displacement component of the found points is subtracted from the 

displacement vectors of the matrix, a distance is determined by formula (16) between the 

rotation axis and any nonzero displacement vector and the rotation angle (17) is determined. 
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