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Abstract. The efficiency of the mechanical energy harvesting with the use of vibrating elements can be
improved by synchronizing stimulation vibrations and own linear frequencies of systems as well as super or
sub harmonics induced by non-linear phenomena. The article presents numerical cross-sectional study of the
mechanical system. The system consists of an elastic beam set vertically, which the lower end is fixed in the
rotary support, and is stimulated to move in the horizontal axis. The upper end of the beam is free but below its
level there are bumpers limiting the free rotation of the beam. Numerical studies took into account the variability
of the frequency and amplitude of the excitation beam movement, and horizontal distance between bumpers.
Beam deflection was observed, on the basis of which the amount of energy generated by the piezo element was
estimated. Nonlinear phenomena and analysis of frequency synchronization of vibrations improving the energy
effect of an energy generator are presented.

1 Introduction
In the field of energy harvesting, a mechanical systems
using non-linearity are used to increase the efficiency of
the system with the ambient vibration sources. The frequency and amplitude of the system excitation are directly
affecting the power output of the harvesting device. Account for high energy density, deflecting piezoelectric layers were proposed [1] to transduce mechanical into electrical energy. The occurrence of the nonlinear phenomena
are giving additional frequency broadness of the moderate power output via inclined nonlinear resonance characteristics, multiple natural frequencies as well as their
sub-harmonics and super-harmonics or dynamical hysteresis occurring with frequency change [2–4]. For industrial
applications, the frequencies from over few to few hundred Hertz are of interests [5–8]. In the present note, we
present the results on the bistable vibrational energy harvester with additional amplitude limiters inducing impacts
[9, 10]. Here we focus on energy efficiency with changing
selected system parameters, namely: excitation parameters (amplitude and frequency), clearance between the angular amplitude limiters.

2 Energy harvesting system
The subject of the research was the elastic beam set in a
vertical position (as in the system of the inverted pendulum) and mounted on a rotary handle. The rotating handle
was placed on a trolley equipped with two stops to limit
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the rotation of the beam. An important function of the
bumpers is to cause collisions and increase the deflection
arrow of the elastic beam. The schematic picture of the
mechanical resonator is shown in Fig. 1.

Figure 1. Schematic view of the resonator used in the Matlab
program. The amplitude limiters (bumpers) are sketched in yellow. Piezoelectric layer can be placed above the contact point.
Deflection of the beam will be proportional to the voltage output.

Sample time series of selected variables registered during the simulation is shown in Fig. 2. Note that at the
initial conditions, the beam is in a vertical position, and
then as a result of the movement of the trolley it falls onto
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3 Results
Fig. 3 presents the surfaces formed from the results of sum
of beam deformation expressed by changing the distance
between the ends of the beam [mm]) for different beam
excitation frequencies. In the case of a zero distance between buffers and a beam in the charts there are minimum
non-zero values. The beam then shakes and its deflection
is low.
Figure 3 shows that the total deflection of the beam
gets higher values as the clearance C increases. Generally,
energy output increases with clearance, which presumably
enable the beam to accelerate just before impacts. For frequency of 1 Hz of excitation the influence of the clearance
and excitation amplitude is the simplest and can be identified by the simple proportional relation. Increasing the
frequency we observe corrugation on the resulting energy
surface. It can be noticed that a similar flattened shape
(with respect to 1 Hz results) takes the surface for an excitation frequency of 16 Hz. This non-monotonous property
against frequency focuses our range choice of ω. Additionally, It can be noticed that for a higher edge of the
surface for the highest value of clearance increases with
the excitation amplitude, unlike 1 Hz, where the decrease
of the total beam deflection (and harvested energy output)
with decreasing amplitude of the trolley for a clearance C
of 11 mm has been observed.
To illustrate the nonlinear effect, which can be noticed
as the larger output deviation by changing the bifurcation
parameter, on the amount of energy output we calculated
deviations from the reference surface. Here the set of results by 1 Hz excitation was chosen as the reference surface to all other results obtained in the experiment. The
simulation results for this frequency allow to achieve high
values of the total deflection of the beam. The highest values were observed in the case of 2 Hz frequencies. Consequently, Fig. 4 presents the negative differences in the
results of the total beam deflection obtained for the trolley activation frequency equal to 1 Hz and other systems
where the excitation frequency (trolley movement) was
from 2 to 16 [Hz].
On the other hand, Fig. 5 indicate positive fragments
of surfaces, not visible in the figure 4, where the differences of the total deflection of the beam to the reference
surface for higher beam excitation frequencies were higher
than zero.

Figure 2. Sample part of the simulation results with sinusoidal
excitation of the vertical beam lower end with frequency ω =
5Hz, amplitude A =9mm and distance between bumpers C = 10
mm (where the thickness of the beam is T =3 mm).

one of the bumpers (amplitude limiters). In the further
part of the simulation, the beam is stimulated by the movements of the trolley for rotary motion and collisions with
bumpers. The moment when the beam again reaches the
vertical position and hits the opposite bumper is achieved
for a series of selected parameters. In these cases, the kinetic energy of the rotating beam must be higher than the
potential energy of the beam striving for a resting position,
i.e. the support on one of the bumpers [12]. Note that for
C → 0 we get the inverted elastic pendulum case studied
by Friswell et al. [13].
For this system the physical experiments and numerical simulations (in the Matlab program using additional
Simmechanics libraries) were performed after [10, 12].
During the physical experiments carried out, the beam position and deflection was observed with the high-speed
camera, [9] and a piezo element was placed on the beam’s
wall. The voltage was recorded in the circuit equipped
with the resistor and next, the amount of generated electric energy was calculated [11, 14]. In this way, the energy efficiency of the system operation was evaluated, and
the results obtained from numerical simulations were confirmed in physical experiment.
Consequently, a number of numerical simulations
were performed to investigate the phenomenon of nonlinearity, evaluate the energy efficiency of the inverse beam
system with buffers in the low frequency range of excitation of the beam motion.
During the simulation, the following variables were
recorded: the position of the trolley, the deflection angle
of the beam and the distance between the ends of the beam
as a measure of beam deflection (assuming one-sided deflection, this value is proportional to arrow deflection).
A series of simulations were prepared for various sets
of parameters, which were:
- amplitude of excitation of the beam in the range: A = 1 16 [mm],
- frequency of beam activation in the range ω = 1-16 [Hz],
- distance between buffers, gap in the range C = 0 - 11
[mm].
The maximum distances between the bumpers and the
beam walls in the initial position were 5.5 mm, 11 mm in
total.

4 Conclusions
We studied the energy harvesting system with the inverted
elastic pendulum with amplitude limiters. Changing the
excitation parameters (amplitude, frequency) and geometrical property of the system (clearance) we obtained systematic simulation results of the potential transduction efficiency. Interestingly, the clearance has a considerable
effect for the whole range of the excitation frequency. It
seems to be more important for the total energy output
with respect to amplitude of excitation (Fig. 3). Amplitude of the excitation includes some fluctuation and the
noncontinuous changes in the output energy which could
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Figure 3. Surfaces formed from the results of strain distortion (sum of deflection [mm]) for different excitation frequencies and
amplitudes (frequency from 1 to 16 [Hz] and amplitude from 1 to 16 [mm] trolley) and clearance between bumpers and beam in the
range from 0 up to 11 [mm]. Z axis - sum of beam deflection [mm], X axis - clearance [mm], Y axis - amplitude [mm].

Figure 4. Differences between surfaces formed from the results of strain distortion (sum of deflection [mm]) for excitation frequencies
1 Hz and different excitation frequencies. Z axis - sum of beam deflection [mm], X axis - clearance [mm], Y axis - amplitude [mm].
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reflect possible bifurcations. In the present studies we assumed only first mode solution. However, due to nonlinearities, the system was also sensitive to a super- and subharmonic resonance conditions. To complete these studies, more natural frequecies of beam oscillations should
be investigated further with possibility of higher cantilever
beam mode occurrence.
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