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Abstract In the present work, we study the nonlinear vibrations of an AFM system, modeled as a linear mass-
spring-damper system, under the Derjaguin-Muller-Toporov forces and subject to imposed slow harmonic base
displacement. The invariant slow manifolds of the system are approximated and their bifurcations are investi-
gated. Then, the charts of behaviors of the different operating modes of the AFM are determined. The dynamic
saddle-node bifurcations of the contact and the noncontact invariant slow manifolds are found to be responsible

for the occurrence of the tapping mode.

1 Introduction

Atomic Force Microscopes (AFM) are employed in a broad
spectrum of applications such as imaging and characteriza-
tion with an atomic resolution and in chemical and biolog-
ical analysis, see for instance [1] and [2].

Atomic force microscopy is based mainly on a vibrating
microcantilever with a nano-scale tip that interacts with
a sample surface via short-and long-range intermolecular
forces. An enhanced understanding of these vibrations is
central to the correct interpretation of the AFM outputs.
Lakrad [3] and Khadraoui et al. [4] studied the nonlinear
dynamics of the AFM under the Lennard-Jones force be-
tween the tip and the sample. The micro-cantilever was
subject to an imposed slow harmonic displacement of its
base. They computed the slow manifolds in order to ex-
plain the occurrence of the contact, noncontact and tapping
modes of the AFM.

The present paper follows the same workflow than [3] but
in the presence of the Derjaguin-Muller-Toporov (DMT)
interaction forces between the tip and the sample. The AFM
is modelled by a single degree-of-freedom lumped linear
system subject to a slow harmonic base displacement. The

nonlinearities are introduced in the system through tip-sample

interaction forces.

The present work is organized as follows: in Section 2 the
mathematical model of the AFM is presented. Section 3
contains the results of static and linear free vibration anal-
ysis. In Section 4, the theory of slow manifolds is used to
determine various operating modes of the AFM.

2 Mathematical modeling

A single degree-of-freedom model, depicted in Fig.1, is
used to represent a lumped-parameters model of an Atomic

Force Microscope. The microcantilver is modeled as a sphere

of radius R and mass m, its equivalent spring rigidity and
viscous damping coefficient are denoted K and c, respec-
tively. Moreover, the base of the microcantilver is excited
by a piezoelectric actuator generating a vertical harmonic

displacement V() = v* cos(£r).

Furthermore, the cantilever-tip-sample interaction is mod-
eled by the van der Waals force in the non-contact phase
and by the Derjaguin Muller-Toporov (DMT) forces in the
contact phase. The DMT model is valid for describing stiff
contacts with adhesion forces and small tip radii [5].

The equation governing the absolute displacement x(¢) of

Figure 1. The studied lumped-parameters model of the AFM.

the mass towards the sample is given by
m () + ¢ (x(t) - V(z)) +K (x(t) - V(t)) =F (1)

where a dot indicates a derivative with respect to time #, Z
is the initial gap between the AFM tip and the sample, and
F is the interaction force between the mass and the sample.
This latter depends piecewisely on the instantaneous gap,
it is expressed as follows

Fow, for Z— x(t) > ay

F= Fpyur, for Z—x(t) < ay )

where F,,w is the non-contact attractive force of van der
Waals and Fpy7 represents the Derjaguin-Muller-Toporov
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contact force. The DMT force is composed of the long
range attractive van der Waals and the short-range repul-
sive Hertzian contact forces [6]. These forces are given by

HR
Fuw = 67 -2 3
HR 4 3
Fpur = — - 2E*VRlag - (Z - x(t)]* (4

6a; 3

where ay represents the intermolecular distance at which
the contact is initiated; H, R, and E* are, respectively, the
Hamaker contant, the tip radius, and the effective modulus
of elasticity. The latter is given by

1 1- v,zn 1- v%
= 5)
E~* E, E,

with v,, and E,, are, respectively, the Poisson ratio and
modulus of elasticity of the micro-cantilever and similarly
v, and E; are those of the sample.

The equation of motion (1), written in nondimensional form,
can be expressed as follows

" ) s Yo, [ V@
y'(1)+ 28y (v) +y(r) = (1 Z) 26 Z

where distances were normalized by the initial gap Z.

-F (6)

— 7is anew scale of time : 7 = w t, with w = VK/m is
the linear natural frequency of the micro-cantilever in
the absence of the sample interaction forces. The prime
is the derivative with respect to 7.

— ¢ is the damping ratio: & = ¢/(2mw).

— y is the nondimensional instantaneous tip/sample gap:
y=(Z- )z

— The nondimensional imposed displacement V(7)/Z =
fcos(etr), where f = v*/Z and € = Q/w.

The tip/sample interaction force can be rewritten

y(yrz)2 for y(1t) = Ag
F = 3 7
Byl gl for g <A
) 4 E*VRZ HR . _
where vy, = = ; = an = .
=37k 2= 8Kk 0= 7

3 Static equilibria and free vibrations

In the present section we will compte the static equilibria
of Eq.(6) and the natural frequencies of the free vibrations
around them.

3.1 Static equilibria

The static study of the model is obtained by dropping the
time derivatives and cancelling the base motion in Eq.(6).
Then, the static equilibria y, are obtained by solving the
following third order algebraic equations

yﬁ—y§+72:0 for

Ys = 1_11_(22)+71(A0_ys)% for

0 é 'l 6 8 10
Z(nm)
Figure 2. Number of static equilibria of Egs. (8) in the (Z, K)-
plane. The black zone corresponds to the existence of three equi-
libria, and the white zone to one equilibrium.

Figure 2 shows the number of static equilibria in the plane
of the stiffness K of the system versus the initial gap Z.
The black zone corresponds to the existence of three static
equilibria and the white zone to the existence of one static
equilibrium. In fact, the contact zone i.e., y; < Ag has only
one static equilibrium, while the non-contact zone y; > Ag
can have three solutions for y, < %.

It is worth noting that the system can have one static equi-
librium for hard micro-cantilevers and for high initial gaps.
Figure 3 shows, for K = 0.89 N/m, the static mass-sample

Equilibrium mass-sample position
W
!

Figure 3. Static tip/sample separation versus Z.

separation distance versus the initial gap Z. The resulting
static curve can be divided into two regions; a bistable re-
gion, for Z € [1.5nm, 4.2nm], formed by the stable branches
BC, ED and the unstable branch CD and a monostable re-
gion formed by the stable branches AB and EF.

The bistable region is delimited by two saddle-node bifur-
cations at points C and D where jumps occur when varying
the initial gap Z.

3.2 Free vibrations

In order to compute the natural frequencies of the system
under the effects of the interaction forces, the nondimen-
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sional Eqgs.(6) and (7) are linearized around a given stable
static equilibrium y,;. Moreover, the damping and the im-
posed base motion are cancelled.

The normalized natural frequencies of the contact mode
freq. and the noncontact mode freq,. are given by

1 3y

freq. = o 1+ BN VAo —ys for y, <Ay (9)
1

fregu = ~ [1-22 for ys =40  (10)
2 R

In the absence of the interaction forces, the contact and
noncontact frequencies are constant and equal to 1/(2nx).
In Fig. 4 are shown, versus the initial gap Z, numerical and
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Figure 4. Normalized natural frequency versus the initial gap Z.
Circles are obtained numerically from Eq.(6). Continuous lines
are analytically computed frequencies in Egs. (9) and (10).

analytical normalized natural frequencies given by equa-
tions (9) and (10), respectively, for contact and noncon-
tact modes. The numerically computed frequencies are ob-
tained by integrating Eq.(6) using a fourth order Runge-
Kutta algorithm, then the corresponding power spectrum is
computed using a Fast Fourier Transformation algorithm.
Figure 4 shows that in the contact phase, the natural fre-
quency (9) is decreasing with increasing the initial gap Z.
This can be explained by the decrease of the apparent stiff-
ness of the micro-cantilever. In the non-contact phase, in-
creasing the initial gap Z leads to the increase of the natu-
ral frequency (10) till reaching the natural frequency of the
system without any force of interaction i.e., 1/27x. In short
we have two zones: one with one solution corresponding
to monostable region, and the other zone with two stable
solution that represents the bistable region.

4 Dynamic behavior

In the present paper, the frequency of the base displace-
ment is taken very small with respect to the natural fre-
quency of the system i.e., € = 2/w << 1. The case of
resonant excitations was investigated in many papers, see
for instance [7].

Equation (6) can be written as a fast-slow system since it is

ruled by two dynamics: the first on the time scale of order

1 (the natural frequency) and the second one on the time

scale of order € (the base displacement).

Introducing the new slow time scale T = et, Eq.(6) be-

comes

»d%y dy
€ IT +2E§dT +y=1- fcos(T)

+2eéfsin(T) - F(T)  (11)

In the limit € — O one can compute an approximation
of the slow manifolds by solving the following algebraic
equations

Y+ (feos(T)- D y* +y3 =0, for y>A4, (12)

y—71(Ag—y)? + feos(T) = 1 - j‘—i for y, < Ag(13)
0

The invariant slow manifolds can be viewed as periodic
quasi-static lines of equilibria with respect to the slow time
scale 7. During a period of T they can bifurcate giving rise
to very interesting phenomena [8]. Indeed, the computa-
tion of the invariant slow manifolds and their bifurcations
are of great importance for determining and understand-
ing the dynamics of the AFM system ruled by Eq.(1). In
fact, solutions of the system will spend most of their time
following attracting slow manifolds. This phenomenon is
sometimes called “slaving principle” or adiabatic reduc-
tion [9].

Figure 5 shows the graphs of the slow manifolds versus the
slow time T, for various values of the amplitude f of the
imposed harmonic displacement of the base and for an ini-
tial gap Z = 3 nm, belonging to the bistable static region,
see Fig. 4. The stable manifolds are plotted in continuous
lines and unstable ones with dashed lines. The lower and
the upper stable solutions correspond to contact and non-
contact slow manifolds, respectively.

In Fig. 5a, for f = 0 i.e., no base motion, the slow mani-
folds are the coexisting three static equilibria, that are in-
dependent of T, corresponding to the contact and noncon-
tact modes and separated by an unstable solution. When in-
creasing f the slow manifolds are becoming periodic with
increasing amplitudes. Thus, for f = 0.39 the contact slow
manifold collides with the unstable manifold leading to a
sadlle-node bifurcation. Consequently, for f = 0.45 the
contact slow manifold does not exist for all times and the
noncontact slow manifold is the visited solution. Increas-
ing further f leads to a new collision between the noncon-
tact slow manifold and the unstable slow manifold. Hence,
for f = 0.55, the contact and the non contact slow mani-
folds will be both visited during a period of the base dis-
placement. This solution is geometrically a periodic burster
and physically corresponds to a tapping mode of the AFM

[3]. The confirmation that the solutions of the nondimen-
sional Eq.(6) are following the scenario discussed previ-
ously is shown in Fig.6 for Z = 3 nm.

Based on the computed slow manifolds, Fig. 7 shows the
behavior chart of the system in the plane (f, Z). In the white
region there exist only one solution: either the contact solu-
tion in the lower zone or the nonconact solution in the up-
per zone. In the light grey zone, the two solutions coexist,
but only one is chosen depending on the initial conditions.
In the dark grey zone, the two solutions will be visited dur-
ing a period of the base motion: the tapping mode.
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Figure 5. Graphs of the slow manifolds, given by Eqgs.(12) and
(13), for various base amplitudes f and for Z=3 nm

5 Conclusion

In the present work, we studied nonlinear dynamics of a
lumped single d.o.f. model of an AFM system under the
vand der waals and Derjaguin-Muller-Toporov interaction
forces with very low frequency displacement of its base.
The invariant slow manifolds theory is used to determine
the different operating modes of the AFM (contact, non-
contact and tapping modes). It is shown that the tapping
mode is triggered by dynamic saddle-node bifurcations.

As a continuation of the present work, the nonlinear dy-
namic of continuous models of the AFM will be studied
under the effect of imposed slow harmonic displacements.
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Figure 6. Numerical solutions of Eq.(6) in black and slow mani-
N folds in grey, for f = 0.5 and Z = 3 nm.
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