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Abstract. The stability of rock slope is studied using the kinematic approach of yield design theory, under
the condition of plane strain and by considering the last version of the Hoek-Brown failure criterion. This
criterion, which is suitable to intact rock or rock mass highly fractured regarded as isotropic and
homogeneous, is widely accepted by the rock mechanics community and has been applied in numerous
projects around the world. The failure mechanism used to implement the kinematic approach is a log-spiral
rotational mechanism. The stability analysis is carried out under the effects of gravity forces and a surcharge
applied along the upper plateau of the slope. To take account of the effects of forces developed in the rock
mass during the passage of a seismic wave, the conventional pseudo-static method is adopted. This method is
often used in slope stability study for its simplicity and efficiency to simulate the seismic forces. The results
found are compared with published numerical solutions obtained from other approaches. The comparison
showed that the results are almost equal. The maximum error found is less than 1%, indicating that this
approach is effective for analyzing the stability of rock slopes. The relevance of the approach demonstrated,
investigations are undertaken to study the influence of some parameters on the stability of the slope. These

parameters relate to the mechanical strength of the rock, slope geometry and loading.

1 Introduction

Analysis of the rock slope stability was often carried out
using the limit equilibrium method and considering the
Mohr-Coulomb failure criterion. The success of this
approach is mainly due to its simplicity. However,
because of the arbitrary simplifying assumptions on
which it is based, the solution provided by limit
equilibrium method is considered not rigorous in a strict
mechanical sense. To avoid this, many researchers have
used other methods, particularly the limit analysis method
[1-5]. In addition, several works have shown the
weakness of the Mohr-Coulomb criterion to adequately
describe the resistance of rocks [6-8]. A variety of
nonlinear criteria were then proposed in the literature [9-
15]. The most practical criterion that has attracted the
attention of rock mechanics community is the Hoek-
Bown criterion [16]. As soon as it was published in 1980,
this empirical criterion has been intensely used and has
undergone several improvements in order to correctly
evaluate the resistance of different types of rocks. This
criterion is applicable for intact rocks and for strongly
fractured rock masses, which are assumed to be isotropic
[17].

The non-linearity of a failure criterion greatly
complicates the study of slope stability, in particular
when the limit analysis method is used. To solve this
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problem, Zhang and Chen [15] proposed a numerical
method, which they called the inverse method. Other
researchers have proposed methods based on a technique
called the tangential technique [18]. Collins et al [18]
generalized the work of Chen [1] on the stability of
slopes which material’s resistance is governed by a linear
failure criterion to the case of nonlinear materials. Instead
of using Hoek-Brown's original criterion to evaluate the
stability factor, they used a tangent Mohr-Coulomb
criterion, characterized by a friction angle ¢, and
cohesion c;, and proposed the following expression of the
stability  factor: N, = Np.c./(s%.6.). In  this
expression N; = y.H./c, is the linear stability factor
previously calculated by Chen [1]. At the same period,
Drescher and Christopoulos [19] proposed a similar
technique for the general nonlinear criterion proposed by
Zhang and Chen [15]. Yang et al [20,21] extended the
work of Collins et al [18] to the case of materials obeying
the Hoek-Brown criterion and proposed the "generalized
tangential technique". In their work, the stability factor is
calculated from the critical height obtained using the
upper bound limit analysis N,, = y.H./(s%°.6.). Unlike
Collins et al. [18], Yang et al. [20,21] do not use the
linear stability factor previously calculated by Chen [1].
Earthquakes are one of the sources of slope
instability. They can generate destabilizing and cyclical



MATEC Web of Conferences 149, 02026 (2018)
CMSS-2017

https://doi.org/10.1051/matecconf/201814902026

inertia forces or a reduction in shear strength. If these two
effects are combined, they induce an overall decrease in
the stability of the slope affected by the earthquake.
Therefore, it is very important to carry out an assessment
of the seismic slope stability. Several methods are
available to perform this type of study; the simplest is the
pseudo-static method. This approach is widely accepted
as a means to assess the seismic slope stability [22-25].
To simulate the potential inertia forces due to ground
accelerations in an earthquake, horizontal and vertical
static seismic forces are introduced. These forces are
assumed to be proportional to the applied forces times
horizontal and vertical average seismic coefficients Ky
and K, [26].

This work deals with the study of the static and
seismic stability of homogeneous isotropic rock slope
obeying the most recent version of the Hoek-Brown
failure criterion [27] and using the kinematic approach of
yield design theory. This method constitutes a
generalization of the limit analysis [28-30]. It is
distinguished by taking into account a failure criterion
representing the limitation of the stresses and disregards
all other information relating to the model of plastic
behavior of the material, in particular its flow rule. To
carry out the seismic analysis, the shear strength is
assumed to be unaffected by the earthquake and the
generated inertial forces are simulated using the pseudo-
static approach. Only the coefficient K, is taken into
account, the coefficient K, is neglected. This hypothesis
has been adopted by several researchers [22-25]. What
distinguishes this work is the direct use, in calculations,
of the Hoek-Brown failure criterion. In fact, this will
properly reflect the non-linearity of the criterion.

2 Problem description

2.1 Geometry and loading

The slope studied has a height H and two inclinations B
and o “figure 1”. B is the main inclination belonging to
the interval ]O,m/2] and o is the inclination of the upper
plateau, strictly lower than . The slope is subjected to
gravitational forces ye;, a uniformly distributed surcharge
qe; applied along the upper plateau and seismic inertial
forces. The geometry of the slope and the loading are
assumed to be invariable in the direction e3. Therefore,
the problem is considered to be a plane strain problem.

2.2 Generalized Hoek-Brown Criterion

The material constituting the slope is considered to be
homogeneous and isotropic obeying the generalized
Howk-Brown nonlinear failure criterion. By adopting the
convention of the positive stress in tension, this criterion
is written in the following form:

f(g) =0; — 03 —6.(—m.o; /o, +s)" <0 1)

where 0; and o3 are the principal stresses respectively
major and minor, o, is the uniaxial compressive strength

of the intact rock. The parameters of the criterion: m, s
and n depend on the geological strength index (GSI) as
follows:

M= m; exp (221-_11403 ) 2)
s p (252 o
n=;+glew(-5) -ew (- ) @

Where m; is the value of parameter m for intact rock. For
some typical rocks, Hoek [31] provides approximate
values of this parameter. D is a disturbance coefficient
that varies from 0.0 for the undisturbed in situ rock
masses to 1.0 for very disturbed rock masses.

3 Implementation of the kinematic
approach of yield design theory

3.1. Kinematic approach

According to the kinematic approach of the yield design,
the slope is stable under the external loading if for any
kinematically admissible virtual velocity field U (termed
failure mechanism in the sequel), defined in the plane
(e1,€,), the work of the external loading P.(U) and the
maximum resisting work P.(U) in this velocity field
satisfy the following inequality [29,30]:

VUKA. P(U)<Pn(U) 5)

The expression of the work of external loading in a
kinematically admissible virtual velocity field is:
P.(U)=/, ve, U.dv+ favq g-e,.U.dS+

Ky (f, v.e,U.dv+ [y, 02,0 ds) 6)
In this expression, V is the volume of the rock mass and

0V, is the contour of V on which q is applied.
The maximum resisting work is given by:

Par (@) = [, m(d)dv+ [ m(y, [U])dz %

Where d is the strain rate field associated with U ;

[[Q]] is the jump of U when crossing a possible velocity
discontinuity surface X following its normal v.
The IT-functions are defined by

(d) = sup, {o: & f(0) < 0} ®)

(v, [U])) = supg {(o-v) . [U]; f(@) < 0} ©)

The Il-functions for a Hoek-Brown failure criterion are
given in [32].
The safety factor is defined as:

['=Pnr(W)/Pe (W) 10)
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A necessary condition of stability is that:
r=1 (11)
It should be noted that this condition of stability requires
that the work of the external loading is strictly positive.

The safety factor introduced in the present approach is
completely equivalent to the safety factor traditionally
defined as the ratio between maximum and mobilized
shear stresses. Both can be used to characterize slope
stability [29,33].

3.2 Failure mechanism

The failure mechanism selected is a rotational mechanism
“figure 1” which has been widely used in the analysis of
homogeneous slopes obeying a Mohr-Coulomb failure
criterion. It defines two volumes, the first one is rotating
about the center 2 with an angular velocity ® and the
other one is kept motionless. The curve I, separating the
two volumes is a log-spiral arc of angle ¢ and focus Q
defined by the equation () =roe®®)=® in a polar
coordinate system (Q, r, 0). r;=QI, is the radius of the
log-spiral curve for 6=0;.

Fig. 1. Loading and slope failure mechanism
Consequently, the discontinuity of velocity at any point
of this line is inclined at an angle ¢ with respect to the
tangent to the same point. As shown in “figure 17, the
logarithmic spiral curve starts from the upper plateau and
passes through the slope toe. Therefore, this spiral arc is
completely defined by the three independent parameters:
61, 62 and Q.

3.3 Safety factor

The slope is subjected to self weight, surcharge and
seismic forces. Taking into account the failure
mechanism described in the previous section the work of
the external forces is:

Pe(g) =15.v.w.[(fo = fr = f)+Kn. (fs — i = )] +
r2.q. w[f3+K;,. f5]
(12)

In this expression f, f;, f,, f3, f5, f], f3 and f5 are
dimensionless functions of the parameters 6, 6, and ¢
defined by the expressions below:

3029100 (3 ¢o5 0, tan @+ sin 0,)-(3 cos 0 tan ¢+sinH;)

fo= 3(9tanZo+1) (13)
=0 2D 056, +x2] (14)
f,=H %ﬁr;) efrontne [cos 0, 6(92'91>ta“¢+x?] (15)
f;=-D.[cos 8; +x2] (16)
320019 (3 5in 9, tan @- cos B, ) — (3 sin O tan ¢-cos ;)
0= 3(9tan2p+1) a7
fi=p 2 (‘2“‘) [sin 0, -x2] (18)
f5=H % 020 tang [sin 0, @20 une — X?] (19)
f3=;D.[sin0, — x7] (20)
In these expressions:
D=TI, /ry = 22 +ﬁ)-e(:i21;"(1;_zj‘°. sin(0+) @1)
H=H/r,=e(®-0) 19 §in 0, -sin 0, -D sin (22)
X$=X$/1y=-sin0, -D.sina (23)
X$= X5 /ry=cos 0, -D.cos a (24)

X$ and X are the coordinates of the center of rotation Q.

According to the mechanism adopted, the virtual
deformation rate d is zero. In addition, the velocity
discontinuity occurs along the arc I;1, of the spiral, then
(7) is written as follows:

Pu=, llzn(y,[g]] )d= (25)
The maximum resisting work is then:
P..=13.6.0.f (26)

The expression of the dimensionless function f; is:

1

n n 1 . —
f4=%|:i+ml-“ (nl-n_nl-n> (12-;_1:(:)1-“] _(ez(ez-el)nanqn_l) 7

Taking account of (10), (12) and (26) the safety factor is:
f,.H

r=
% [(Fy-Fy-£)+Ky (£5-E5-E) ]+ 0% G+ ]

(28)

I is therefore a function of the parameters: B, a,
YH/oc, g/cc, mi, GSI and D. These parameters are related
to slope inclination, gravity level, surcharge and rock
strength parameters.

The critical value of the safety factor is obtained by
minimization of the objective function I with respect to
the set of variables 6, 8, and ¢ taking into account the
following constraints:
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0<¢@<mn/2
0<61<92<7E'B

sin(B+0,) — e(®2-0)tne gin(B+0,) >0
Lro >0

(29)

4 Numerical results

4.1 Comparisons

The validation of the approach presented in this work is
carried out using the results published by Yang et al [21].
These authors used the same version of the Hoek-Brown
criterion. It should be recalled that in [21] the stability of
the slope is characterized by a stability factor calculated
from the critical height. Whereas, here, a safety factor
that plays this role. Equivalence between these two
factors is therefore necessary to make comparisons. It is
obvious that if the slope height is critical then I'=1. In this
situation, in the absence of surcharge and taking into
account the expression of the stability factor, equation
(28) gives:

- f,.H
" S5 (R F1-F) + K (- -F)]

(30)

The minimization of (30) with respect to 6, 6, and ¢ and
taking account of the conditions (29) gives N;.

Table 1. Comparison of stability factors

B (deg) | N, Present Work N, [21] Relative diff. (%)
50 11,56 11,55 -0,09
60 6,53 6,52 -0,15
70 3,79 3,76 -0,80
80 2,28 2,27 -0,44
90 1,41 1,41 0,00

(0=0, g=0, GSI=50, mi=7, D=0 and K;=0.1)

Finally, to validate this approach, the calculation of a
safety factor is transformed into a calculation of a
stability factor by stipulating that the height of the slope
is critical. Table 1 illustrates a comparison between the
numerical results obtained from the minimization of (30)
and those published in [21] in the case where m; = 7. The
small relative errors obtained show the effectiveness of
the approach described in this paper.

4.2 Effects of parameters o and q/c,

In order to study the effect of the inclination «., the safety
factor was evaluated in the absence of seismic forces and
surcharge considering the following parameters:
YH/6¢=0.02, GSI=40, D=0 and mi=7. o varies from O to
20°. The results obtained are illustrated in Table 2.
Examination of these results clearly shows that the effect
of the inclination o on the safety factor is insignificant.
The effect of the surcharge was also studied in the
following configuration: YH/6.=0.02, GSI=40, m=7,
D=0, K;=0 and 0=0. Table 3 gives the values of the

safety factor when B varies from 50 to 90° and the
loading parameter q/c. varies from 0 to 2.107. From
Table 3, it is found that the surcharge has a small effect
on the safety factor.

Table 2. Variation of I" as a function of o

o (deg)

(deg) 0 5 10 15 20
50 36,14 3598 35,96 35,55 35,16
60 19,37 19,31 19,28 19,18 19,01
70 10,27 10,23 10,19 10,11 10,07
80 5,60 5,58 5,57 5,51 5,52
90 3,20 3,19 3,18 3,16 3,15

Table 3. Variation of I'as a function of q/G,

q/c.x10°
(deg) 0 0,5 1 1,5 2
50 36,14 34770 3336 32,06 3081
60 1937 18,64 1790 17,22 16,54
70 1027 9,87 9,49 9,12 8,76
80 560 538 516 496 4,77
90 320 3,06 2,93 2,81 2,70

4.3 Effect of gravity level

To illustrate the impact of the gravity level yH/o, on the
safety factor, a study is carried in the absence of
surcharge and in the case of undisturbed in situ rock D=0
having the following strength parameters: GSI=50 and
m;=10. The inclination B is varying from 50 to 90°. The
obtained results are shown in “figure 2”. As expected, I
is a decreasing function of yH/c.. The decrease in I is
greater when the slope inclination decreases.
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Fig. 2. Variation of I' as a function of yH/c,. for different

inclination of the slope (0:=0 and K;=0)

4.4 Effects of rock strength parameters

This section presents numerical simulations carried out in
order to give, in a particular configuration, some
preliminary ideas on the individual impact of slope
inclination and strength properties on the safety factor.
These simulations are performed for three rock types in
the following situation: YH/6.=0.02 a=0, q=0 and D=0.
The obtained results are presented in Table 4.
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Table 4. Safety factor for m; =7, 10 and 15
GSI=20 GSI=40 GSI=60 GSI=80

Kn| B mi=7 mi=10 mi=15 mi=7 mi=10 mi=15 mi=7 mi=10 mi=15 mi=7 mi=10 mi=15
50| 11,99 18,05 29,01 36,14 51,53 77,99 81,80 113,08 167,01 | 178,96 242,51 348,90
60 5,82 8,41 13,19 19,37 26,58 39,20 46,83 61,68 87,64 110,93 140,00 190,85
70 2,78 3,61 5,18 10,27 12,84 1742 27,13 33,04 42,64 70,37 81,92 102,24
80 1,41 1,58 1,88 5,60 6,18 7,21 16,55 18,13 20,35 46,80 50,40 55,96
90 0,77 0,77 0,77 3,20 3,20 3,20 10,35 10,35 10,35 31,78 31,80 31,80
50 7,33 10,86 17,25 23,31 32,66 48,93 54,37 73,64 107,00 | 123,95 161,87 227,54
60 3,58 4,93 7,45 12,58 16,60 23,62 32,02 40,37 55,06 79,62 96,22 124,95
0,11 70 1,79 2,15 2,79 6,87 8,10 10,11 19,50 22,23 26,81 53,31 59,22 68,65

80 0,97 1,02 1,10 3,95 4,13 4,47 12,34 12,80 13,47 36,70 37,88 39,39

90 0,56 0,53 0,49 2,36 2,24 2,08 7,98 7,64 7,18 25,49 24,61 23,41

50 4,48 6,44 10,03 15,10 20,54 30,17 36,78 48,21 67,87 87,53 109,96 149,16
60 2,25 2,88 4,06 8,33 10,34 13,85 22,51 26,86 34,32 58,98 68,07 83,09

0,21 70 1,20 1,34 1,54 4,76 5,27 6,01 14,27 15,40 17,34 40,83 43,54 47,50

80 0,69 0,68 0,67 2,88 2,86 2,80 9,36 9,32 9,19 29,05 28,74 28,63

90 0,41 0,37 0,32 1,77 1,60 1,41 6,21 5,71 5,10 20,57 19,21 17,47

(YH/6.=0.02, 0=0, g=0 and D=0)
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