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Abstract. This paper covers application of the novel method of Lyapunov exponents (LEs) spectrum
estimation in non smooth mechanical systems. In the presented method, LEs are obtained from a Poincaré
map. By analysing the map instead of the full trajectory, problems with transition of perturbations through
discontinuities can be avoided. However, the explicit formula of the map is usually not known. Therefore,
the Jacobi matrix of the map is estimated using small perturbations of the initial point. In such a manner,
direct calculation of the Jacobi matrix can be avoided. The article provides a detailed description of the
method accompanied by clear schemes. The algorithm of Jacobi matrix estimation is elaborated and an
example is given. Efficiency of the method is confirmed by a numerical experiment. The mechanical
oscillator with impact has been simulated. Bifurcation diagrams and Lyapunov exponents graphs have been
generated. It has been shown that the method provides values of the whole Lyapunov exponents spectrum
with high accuracy.

1 Introduction
Lyapunov exponents (LEs) are one of the most useful
criteria for determining the stability of solutions of
dynamical systems in local [1] and also global
sense [2]. They are extremely useful instruments for
identification of the motion character in these systems.
Determination of these numbers is one of the
fundamental tasks in nonlinear dynamics. Definition of
LEs was established by V. I. Oseledec [3], in a form
suited for the theory of dynamical systems. These
numbers were named after A. M. Lyapunov, due to the
fact that their values are qualitative and quantitative
illustration of his criterion of dynamical systems
stability [1]. LEs can be treated as the exponential
measure of divergence or convergence of orbits in the
phase space that start close to each other.
Mathematically, LEs are eigenvalues of the state
transition matrix that determine evolution of an
infinitesimal perturbation in the dynamical system.
Hence, they can be treated as a measure of the sensitivity
to initial conditions in the phase space.
For preliminary assessment of the system dynamics,
it is enough to know the largest Lyapunov exponent.
Positive value of the largest LE indicates high sensitivity
to initial conditions of the system and is a sign of an
irregular response, i.e. chaotic or even hyperchaotic. The
largest LE equal to zero means regular, periodic or
quasi-periodic system dynamics. If all the LEs are
negative, then the limit set is a stable fixed point.
However, for more detailed and accurate analysis of the
system, the knowledge of the complete spectrum of LEs
is essential. For any dynamical system, such spectrum is
*

a set of real numbers sorted in the non-increasing order.
Number of LEs is equal to the dimension of the phase
space. Knowing all the LE values in the spectrum
enables to estimate the fractal dimension of the system
attractor (according to the Kaplan-Yorke formula [4]),
determine the dimension of the system quasiperiodicity
(defined by the number of LEs of zero value) or the scale
of hyperchaos (defined by number of positive LEs). On
the other hand, Lyapunov exponents also provide a
criterion for global stability of the system [2]. From
properties of the LEs one can conclude that the sum of
all of them is equal to the divergence of the phase flow
[5]. If the sum of all components in the spectrum is
negative, then the dynamical system under consideration
is dissipative and its attractor is globally stable. This sum
is equal to zero for any conservative system. In the case
of positive sum of all the LEs, an exponential divergence
of the phase flow is observed, so the system is globally
unstable.
The analytical determination of Lyapunov exponents
is possible only in the considerations of simple linear
dynamical systems. Owing to this fact, numerical
methods are used to calculate LEs in most cases. The
first numerical characteristics of chaotic behaviour of the
dynamical system, which presented a divergence of
neighbouring trajectories, was conducted by Henon and
Heiles [6]. An efficient algorithm for calculating the
complete spectrum of the Lyapunov exponents based on
the Oseledec theorem was independently formulated by
both Benettin et al. [7] and Shimada, Nagashima [8].
Then, it was improved by Benettin et al. [9-10], Wolf
[11], Parker, Chua [12] and Nusse, Yorke [13]. Recently,
another method for the LE spectrum calculation, based
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on the scalar product of vectors, was proposed [14-20].
These techniques allow to calculate the complete
spectrum of the LEs. They can be successfully used for
many dynamical systems, both autonomous and nonautonomous. But the range of their use is limited by the
condition of continuity of the system equations in the
analysed time interval. Discontinuity in equations
usually cause significant numerical problems, because
derivative of the trajectory with respect to the initial
conditions (Jacobi matrix) becomes ill conditioned or
cannot be calculated at all. Therefore, when typical
methods are applied, error of LEs estimation becomes
very large or calculation of the LEs is not possible.
In the real world there are many dynamical systems
with discontinuities. Among them mechanical systems
with impacts, dry friction or piecewise linear stiffness
characteristics are especially important. Two decades
ago, a method of the LEs calculation based on the
Oseledec theorem adapted to dynamical systems with
discontinuities was proposed [21]. In order to apply this
method, linearization of the equations of motion must be
accompanied by a clear statement of the transition
conditions while the trajectory is passing through the
discontinuity. Another class of methods for the LEs
calculation employ reduction of the dynamics of the
phase flow in the k-dimensional phase space to a discrete
map of a lower dimension, such as a Poincaré map [12],
an impact map [22], a local map [23] or a transcendental
map [24]. Then, the LEs of such mapping are determined
using classical approaches mentioned above. First
examples of such an approach can be found in the works
by Hilborn [25] and Oestreich [26-27]. The main
problem in application of these algorithms is
determination of the Jacobi matrix of the mapping,
where consecutive iterations are not explicitly defined by
a known difference equation, but they are reconstructed
from the flow. The example of such a map-based
algorithm is the method by Galvanetto [28], who applied
implicitly defined maps for calculation of the two largest
LEs of the 2-DoF stick–slip system. Other interesting
application of such approach is the algorithm for impact
oscillators formulated by Souza & Caldas [24], which
exploits the so-called transcendental maps that take into
account the solution of integrable differential equations
between impacts, supplemented by transition conditions
at the instants of the impact. On the other hand, Jin et al.
[23] focused on the local mappings of non-smooth
systems and found a general calculation method of the
spectrum of LEs for k-dimensional non-smooth
dynamical systems, which could be generally applied to
the systems with rigid or flexible constraints. The largest
LE can be estimated also from a one-dimensional
mapping of the dynamics of the system – the so-called
H-map, without defining the Jacobi matrix [26]. The idea
of such an attempt is calculation of the value of the
largest LE on the basis of the averaged value of the slope
(directional coefficient) of a line tangent do the H-map
in the point of its contact with the phase plane trajectory
[29]. The next practical method for estimation of the
largest LE, elaborated by authors of this paper, is based
on the synchronization phenomenon. Previously, we
successfully employed this approach for discontinuous

oscillators with impacts and friction [30-31], discretetime maps [32] and systems with time delay [33].
Other technique, which can be also applied in the
case of systems with discontinuities, is an algorithm of
estimation of the LEs from the scalar time signal. This
method is based on a procedure of reconstruction of the
system attractor from the time dependence of one of the
coordinates that was introduced by Takens [34]. The first
numerical algorithm for estimation of the largest LE,
derived from it, was formulated by Wolf [35]. In the
following years, this algorithm has been improved by
other researchers in order to estimate the entire spectrum
of the LEs and to recognize the so-called spurious
Lyapunov exponents [36].
In this paper we demonstrate a method for
calculating the spectrum of LEs which is based on the
idea of estimation of the Jacobian matrix using small
perturbations of the initial orthogonal vectors. This
technique is especially useful for non-smooth oscillators,
because such estimation procedure allows us to avoid
direct calculation of the Jacobi matrix. We have
successfully applied this procedure in order to test the
hyperbolic properties of the attractor of stick-slip
oscillator [37]. Recently, an analogous approach of
determining the LEs has been presented by Soriano et al.
[38]. They named it cloned dynamics approach. We have
developed and applied this technique to a typical
mechanical system with discontinuity: the impact
oscillator.
The paper is organized as follows. The section 2
contains a detailed description of the applied method of
the LEs spectrum calculation. In the section 3 examples
of the method application are demonstrated. Finally, in
the section 4, a discussion of our results and conclusions
are presented.

2 The method
The method under consideration is based on the classical
algorithm by Parker & Chua [12]. However, calculation
of linearized equations is replaced with the estimation of
Jacobi matrices using small orthogonal perturbation
vectors. Scheme of the Jacobi matrix estimation method
is presented in the Fig. 1.

Fig. 1. Scheme of the Jacobi matrix estimation method

2

MATEC Web of Conferences 148, 10003 (2018)
ICoEV 2017

https://doi.org/10.1051/matecconf/201814810003

The idea of the estimating procedure is as follows.
For any N-dimensional time-continuous system:

y  F(y)

Let's follow how this procedure works on the
example of classical Henon map, i.e.:

(1)

 x  1  axn2  yn
U(x n )   n 1

yn 1  bxn

where y=[y1, y 2, ... , yN]T RN and F=[f1, f2, ... , fN]T, a
(N-1)-dimensional map (e.g. Poincaré cross-section) can
be defined in the following general form:

x n1  U(x n )

with the Jacobi matrix :

 2axn
DU(x n )  
 b

(2)

(8)

Du x (x n )  U(x n  Δ x )  U(x n )  
1  a( xn   ) 2  yn  (1  axn2  yn ) 
  2a( xn   ) (9)





b( xn   )  bxn
b
 






Finally, in accordance with the Eq.(4), estimated Jacobi
matrix of the Henon map is obtained in the following
form:

(3)

  2 a ( xn   ) 1 
(10)
DU(x n )  Du x (x n ) Du y (x n )  
b
0




where DU(xn) is a Jacobi matrix composed of (N-1)
column vectors DUi(xn) = [fi(x1,... ,xN–1)/x1, … ,
fi(x1,...,xN–1)/xN–1]T, i.e.:



The example above implies that the precision of the
Jacobi matrix estimation depends on the magnitude of
the small parameter  Note that, in general, this
procedure requires high accuracy of the trajectory
simulation, especially in the vicinity of the discontinuity.
Then, such numerically generated Jacobi matrix can be
implemented in a classical algorithm for calculating
Lyapunov exponents spectrum, including the GrammSchmidt orthonormalization [12].

DU(x n )  Du1 (x n ), Du 2 (x n ),, Du N 1 (x n ) (4)
From Eq.(3) the Jacobi matrix can be approximated from
the formula:
DU(x n )Δ n  U(x n  Δ n )  U(x n )

1
0

Orthogonal perturbation vectors are x=[, 0]T and
y=[0, ]T (x = x = ). Substituting Henon map into the
Eq.(6), we obtain following column vectors:

where x=[x1, x2, ... , xN-1]T RN-1. For the discrete map
presented in the Eq. (2), direct calculation of Jacobi
matrices is impossible, because the right side of the Eq.
(2) is not known. In this case, each iteration of the map is
reconstructed numerically from the solution of the
investigated system, described by the Eq. (1). Therefore,
the Jacobi matrix of the map (2) cannot be determined
analytically. However, an approximate value of the
Jacobi matrix can be evaluated by means of the method
of small perturbations vectors. This idea works as
follows. After introducing the perturbation vector n =
[1, 2,...,N-1]T, where i (i = 1, 2, … N-1) is a small
magnitude value, into the Eq. (2), we have
x n1  Δ n1  U(x n  Δ n )  DU(x n )Δ n  U(x n )

(7)

(5)

Consequently, each column vector can be estimated as:
Du i (x n )  [U (x n  Δ in )  U (x n )] 

3 Numerical example

(6)

In this paper, the method presented in the previous
section has been applied to a simple mechanical system
with impacts. Scheme of the system is presented in the
Fig. 2. The system is a typical linear mass-spring-damper
system. However, motion of the mass is constrained by
the wall placed in the position Xw. The equation of
motion of the system is as follows:

where n=[, 0,..., 0]T, n=[0, ,…, 0]T...,
n=[, 0,...,]T are orthogonal vectors of small
perturbation . Columns of the Jacobi matrix of the map
Du i (x n ) can be estimated numerically from the solution
of the system defined by the Eq. (1). Procedure is as
follows. For each iteration of the map, trajectory has to
be calculated once for the reference path, starting from
the original initial conditions xn, and N-1 times for the
initial conditions disturbed by each perturbation vector:
xn+ni. In such manner, after the iteration of the map,
the reference point xn+1=U(xn) and N-1 perturbed points
U(xn+ni.)≈ ≈xn+1+DU(xn)n+1i are obtained (see the
Fig. 1). Then, columns of the Jacobi matrix described in
the Eq. (4) can be obtained from the Eq. (6). Obviously,
this way of Jacobian matrix estimation can be also
applied for the maps given by known difference
equations.

mX  cX  kX  F cos( t )

(11)

where X is the coordinate of the oscillator, m is the mass
of the oscillator, k is the spring stiffness, c is the
damping coefficient, F is the amplitude of forcing, Ω is
the angular frequency of forcing and Xw is the position of
the wall. Obviously, this equation is not correct when a
contact with the wall occurs. If tc is the moment of time
in which collision with the wall takes place, then
transition of the oscillator’s velocity is defined by the
following equation:
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-0.1 independently of the value of the control parameter
η, which confirms validity of calculations.

(12)

Fig. 3. Bifurcation diagram and Lyapunov exponents graphs of
the system defined by the Eq. (21-22)

Fig. 2. Scheme of the analysed system with impacts

This paper provides an introduction to the new
method of Lyapunov exponents spectrum estimation for
non continuous dynamical systems. Foundations of the
method have been explained and detailed description of
the algorithm has been given. The numerical example
proves validity and efficiency of the method. It has been
shown that this method of LEs spectrum estimation can
be successfully applied to mechanical systems with
discontinuities. In the future, authors plan to apply the
method to other kinds of non continuous mechanical
systems, for example as stick-slip oscillator or a network
of such oscillators.

By simple rearrangements, Eq. (11-12) can be
transformed to the form:
X   2X   X  f cos( )

X ( c )  eX ( c )

(13)
(14)

where  is the damping ratio, ω2=k/m is the squared
natural frequency of the system, f=F/(mω2), τ=ωt is the
dimensionless time, η=Ω/ω is the dimensionless
frequency of forcing and τc is the dimensionless time of
collision. Equations (13-14) have been simulated
numerically. The values of parameters were chosen as
follows :  =0.05, f=1.0, Xw=2.0, e=1.0 and the
dimensionless forcing frequency η was used as the
control parameter. To simulate the system a simulation
program has been written in C++ by means of
CodeBlocks environment. Throughout the simulation,
Runge-Kutta method of the fourth order has been used to
integrate the equation (13). The selected step length was
dependent on the dimensionless frequency in such a
way, that 1800 integration steps were performed for each
forcing period. In order to detect the collision time τc
with a proper accuracy, the linear interpolation method
has been used when the coordinate X approached Xw.
The spectrum of Lyapunov exponents has been
calculated by means of the method described in the
previous section. The obtained bifurcations diagrams and
Lyapunov exponents graphs are presented in the Fig. 3.
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