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Abstract. In this article a two-node finite strip with eight degrees of freedom for free vibration analysis of
pre-stressed rotating cylindrical shells is formulated. The circumferential mode shape profiles are described
exactly using trigonometric functions. The axial mode shape profiles are approximated by bar and beam
shape functions for membrane and bending displacements, respectively. In this way a semi-analytical
formulation is facilitated so that the discretization is required only in the axial direction. The developed
finite strip is validated by comparisons with analytical results. An excellent agreement is observed both for
stationary and rotating shells.

1 Introduction
The theory of shells and plates has been covered in a
systematic manner in a number of books [1-8]. For
example, an instructive approach to thin shell theory,
written in a relatively simple way and adapted to the
engineering level for practical usage, is presented in [9].
The general theory and specific discussions regarding
shells of revolution exposed to uniform load can be
found in [10]. Such problems are more particular for
submarine or aircraft pressure hull designs with
pronounced axial symmetry [11-13].
It is often the case that axisymmetric shells rotate
around the axis of symmetry [14-27]. For example,
rotating shells of revolution are found in engineering
practice in rotor systems of gas turbine engines, highspeed centrifugal separators, rotating satellite structures,
and automotive tires. Rotation makes their dynamic
behaviour significantly more complex. One of the first
investigations into vibration of rotating structures has
been carried out by Bryan [14]. He studied vibrations of
a rotating ring and described the travelling modes
phenomenon. These phenomena result from the Coriolis
effect, as shown on the example of infinitely long
rotating cylindrical shells, [15, 16] as well as on finite
rotating cylinders [17, 18]. An experimental study on
flexural vibrations of a thin rotating ring is given in [19].
Furthermore, the influence of a pre-stress on free
vibrations of rotating cylinders has been studied in [20].
Huang and Soedel [21] used the nonlinear straindisplacement relationships [13], to formulate the
corresponding set of differential equations of motion of a
rotating cylindrical shell. They solved the free and
forced vibration problem of a simply supported
cylindrical shell exactly, by assuming simple sine and
cosine displacement functions of the circumferential and
axial variables. In this case, postulating the eigenvalue *

eigenvector problem results in a characteristic
polynomial of sixth order. Its solution gives three
positive and three negative natural frequencies.
If the shell does not rotate, the polynomial is bicubic. There are three pairs of positive/negative
frequencies characterised by the same absolute value.
This is physically explained through pairs of backward
and forward rotating modes. The two modes of a pair
rotate with the same speed in opposite directions and
thus superimpose into a stationary mode. The reason
why there are three pairs of modes and natural
frequencies is that there are three types of dominant
modes: bending (radial), longitudinal (axial), and shear
(circumferential).
If the shell rotates around its axis with a constant
speed, then the polynomial is no longer bi-cubic. The
odd polynomial coefficients occur. The positive and
negative natural frequencies have distinct absolute
values and the so-called frequency veering (bifurcation)
occurs. This means that the forward and backward
rotating modes no longer rotate with the same rotation
speed and thus cannot superimpose into the stationary
modes (standing waves). As a result, with spinning shells
the modes rotate independently. For example, this
phenomenon comes about with tires rolling over the road
surface [22-26]. This significantly influences the overall
NVH (Noise and Vibration Harshness) characteristics of
the vehicle.
It is very common in the literature on vibration of
cylindrical shells, either rotating or stationary, to assume
that the two ends of the shell are simply supported [21,
27, 28]. This type of boundary support is sometimes
referred to as shear diaphragm set of boundary
conditions [8, 9]. The reason why this set of boundary
conditions is often used is that it is probably the only one
for which a relatively simple solution can be obtained
analytically. In other words, mode shapes assumed as
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appropriate products of trigonometric functions of the
circumferential and axial variables, usually satisfy both
the differential equations and the boundary conditions.
This results in a mathematically convenient model.
However, such a model is not necessarily suitable to
describe a particular engineering problem. For example,
although it is very instructive to investigate dynamics of
rotating tires assuming simply supported edges of a tire
tread-band [21, 27, 28], it is difficult to accept, from an
engineering point of view, that the tire sidewall is
infinitely stiff in radial or tangential directions [25, 26].
In case of cylindrical shells with boundary conditions
other than simply supported, the mathematics
significantly complicates. Closed form solutions become
difficult to obtain. A number of investigations have been
undertaken to tackle this problem [29-37]. One of the
solutions has been obtained by assuming shell
displacement field as a product of Fourier series in the
axial direction and trigonometric functions in the
circumferential direction [32]. This procedure has been
recently extended to rotating cylindrical shells [33]. The
problem of free vibration of rotating cylindrical shell,
having arbitrary boundary conditions, can be also solved
by employing the Rayleigh-Ritz method. Such a
solution, using characteristic orthogonal polynomials for
displacements variations along the axial direction, can be
found in [34].
A completely analytical solution for free vibrations
of a rotating cylindrical shell with arbitrary boundary
conditions has been recently offered in [35]. The
equations of motion in [35] are based on the straindisplacement relationships of Hermann and Armenakas
[13]. However, the solution, although exact, requires a
rather complicated procedure of the undetermined shell
length to perform the analysis.
In this paper, a semi-analytical approach is used
which is based on the theory of finite strips [38]. A new,
sophisticated finite strip for modelling pre-stressed
rotating cylindrical shells is formulated. This
methodology benefits from describing the shell
displacement field in the circumferential direction
exactly so that the discretization is only needed in the
axial direction. The energy approach is used with the
strain-displacement relationships given in [13, 21] to
develop and validate such a special finite strip. The strip
element is deliberately made quite simple including two
nodes and eight degrees of freedom (DOF). Its reliability
is checked in a number of numerical examples by
comparison of the numerical with analytical results. An
excellent agreement is observed for all boundary
conditions considered.

cylindrical coordinate system, where x and φ are the
axial and angular coordinates, respectively. The
displacement of a point P on the mid-surface, whose
position is defined by x and φ, is specified by axial,
tangential and radial displacement components, u, v and
w, respectively.

Fig. 1. Rotating cylindrical shell with: a) the main dimensions
and the displacement components. b) finite strips with nodes

The strain energy stored in an infinitesimal shell
element of thickness h is
(1)
dEs  Fs ( x,  , t ) d x d  ,
where Fs is the strain energy density function. The
kinetic energy stored in an infinitesimal shell element is
given by
(2)
dEk  Fk ( x,  , t )d x d  ,
where the kinetic energy density function Fk is a product
of the specific mass per unit area and the total velocity
squared. The total velocity consists of the velocity
components in the axial, circumferential and radial
directions. It also includes contributions due to the shell
rotation.
The total potential and kinetic energy of a general
cylindrical shell is given by


E

2π L

   F ( x,  , t )  F ( x,  , t )  d x d  ,
s

k

(3)

0 0

where the energy density functions Fs and Fk are denoted
in Eq. (1) and (2), respectively.
For a cylindrical shell with a closed cross-section and
arbitrary boundary conditions at the two ends (at x = 0
and x = L, where L is the length of the shell), the three
displacement components can be assumed in the form
u ( x,  , t ) U ( x) cos(n    t ),

(4)
v( x,  , t ) V ( x)sin(n    t ),


w( x,  , t ) W ( x) cos(n    t ),

where ω is a natural frequency.
2.2 Stiffness matrix
In this section the properties of the finite strip of a
rotating cylindrical shell are developed by employing the
energy approach. The rotating cylindrical shell is
modelled by a number of finite strips, as shown in Fig.
1 b). Due to the trigonometric variation of the
displacement field in the circumferential direction, the
dynamic behaviour of the finite strip becomes
representative by its axial generatrix which behaves like
a sophisticated beam. The stiffness matrix is obtained
using the element strain energy from Eq. (1)

2 The finite strip
2.1 Strain and kinetic energies
A thin cylindrical shell rotating around its axis of
symmetry with constant angular speed Ω, is shown
schematically in Fig. 1 a). The shell dimensions are the
following: L is the length, a is the radius, h is the
thickness. The shell mid-surface is defined in the
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2π l

  F ( x,  , t ) d x d  ,
s

Substituting expressions (7) into (6) and
differentiating the strain energy with respect to the nodal
displacements, a system of eight algebraic equations is
obtained, which can be written in the matrix notation:

(5)

0 0

where the expression for Fs can be found in [39], and l is
the strip width. Substituting the assumed displacement
functions (4) into the expression for Fs and integrating
Eq. (5) over the circumference  , the strain energy is
obtained in the form
1
1
1
2
2
2
 2 a1 (U )  2 a2U  2 a3 (V ) 
Es   
1
0 
a V 2  a5U V  a6UV  
 2 4
1
1
1

b (W ) 2  b2 (W ) 2  b3W 2 
d x,
2 1
2
2

b4W W  b5WU   b6W V   b7WV  b8W V 

Es
  K  
  

(10)

where



l



T

U1 U 2

V1

V2

W1

Θ1

W2

Θ2

(11)

is the vector of the nodal displacements, Fig. 2, and [K]
is the strip stiffness matrix. The stiffness matrix consists
of eleven submatrices as follows:

(6)

T
 a1  K   a2  K 

a5  K 3  a6  K 3
b5  K 8
1
2


T
a3  K 1  a4  K 2
b6  K 9  b7  K 10  b8  K 11 
 K   a5  K 3  a6  K 3


T
T
T
T
b6  K 9  b7  K 10  b8  K 11 b1  K 4  b2  K 5  b3  K 6  b4  K 7 
 b5  K 8


where the coefficients a1… a6 and b1… b8 can be found
in [39]. The strain energy (6) is time-invariant. This is
due to the fact that the rotating modes are characterised
by fixed profiles which rotate along the circumference.
A relatively simple finite strip with two-nodal lines is
introduced next. The amplitudes of the displacement
components, Eqs. (4), are approximated by the following
interpolation functions:

(12)

Submatrices  K i , i  1, 2...11 represent integrals of a
different combination of the shape function products.
They are calculated in the closed form and given in [39]
with some comments on their physical meaning. The
stiffness matrix in fact incorporates a geometric stiffness
matrix, which is due to the initial tension forces, and
which tend to increase the natural frequencies [39].

2

U ( x)   U j g j ( x),
j 1

(7)

2

V ( x)   V j g j ( x),

2.3 Mass matrices

j 1

W ( x
)

Mass matrices are determined from the shell kinetic
energy from Eq. (2)

4

  j f j ( x),
j 1

Ek 

where
U 
V 

U   1  ,
V   1  ,

U 2 
V2 

W1 
Θ 
 1
 ,
W2 
Θ2 

2π l

  F ( x,  , t ) d x d  .
k

(13)

0 0

The kinetic energy density function Fk is given by

(8)

Fk ( x,  , t )


2
2
  u 2   v
 w
 
1
a  h      (a  w)   
 v  
2
t
t
  t
 
  

(14)

Substituting (14) and (4) into (13), one obtains after
integration over the circumference angle

are vectors of the amplitudes of the nodal line
displacements, i.e. nodal displacements for short, Fig. 2.

1 2 2 1 2

2
2
 2  U  2 (  Ω )V 

Ek   a  h  
d x
1
0
 ( 2  Ω 2 )W 2  2 ΩWV  a 2 Ω 2 
 2

l

(15)

The kinetic energy (15) is also time invariant for the
same reason of rotating fixed axial mode profiles.
Furthermore, substituting expressions (7) into (15)
and differentiating the kinetic energy with respect to the
nodal displacements yields
 Ek 
2
    a  h  K 2 U  ,
 U i i 1,2
 Ek 
 a  h ( 2  Ω 2 )  K 2 V   2 a  hΩ  K 10   ,
  
 Vi i 1,2

Fig. 2. Nodal displacements and nodal forces of the finite strip
and its cross-section.

 Ek 
T
 a  h( 2  Ω 2 )  K 6    2 a  hΩ  K 10 V  .

 
 i i 1,2,3,4

For membrane displacements, ordinary polynomial
bar shape functions are used. For bending displacements,
beam shape functions (Hermitian polynomials) are used:
g1 
1   , g2 

f1 
1   2 (3  2 ),
f3 
 (3  2 ),
2

f2 
l (1   ) 2 ,

(16)

Submatrices [K]i, i = 2,6,10, have been calculated
and can be found in [39]. The system of algebraic
equations (16) can be written in the matrix form

(9)

Ek
  A  ,
  

f4 
l (1   ) ,
2

where ξ = x/l is the dimensionless axial coordinate.

3

(17)
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Parameter m denotes the number of vibration nodes
of the axial mode profile and the parameter n denotes the
number of the nodes of the circumferential mode profile.
The same results are obtained analytically so that the
curves perfectly overlap.
Parametric analysis considering the internal pressure
p0 is performed next. Fig. 4 shows the increase of natural
frequencies due to increased internal pressure. Also here
the curves obtained analytically perfectly overlap with
those calculated using the present finite strip method.

where {δ} is a vector of nodal displacements, Eq. (11).
Matrix [A] can be separated into three matrices with
respect to the power of frequency ω
(18)
 A 
 B    C    2  M  ,
where matrices  B , C  and  M  are given in [39].
2.4 The finite strip equation
By employing the minimum total energy principle, one
obtains the finite strip equation in the following form

F   K    B   C    2  M  .

mxn

1000

, Hz

(19)

2x1

800

Matrix [B], which depends on Ω2, reduces the
element stiffness due to the rotating mass, whereas the
geometric stiffness matrix contained in [K] has the
opposite effect. However, the net effect of terms
depending on Ω2 is an increase of natural frequencies.
Details on how to re-arrange the rows and columns of all
matrices in (19) in order to facilitate a chain-like
assembly of the strip equations are given in [39].

2x2
600
1x1
400
1x2
200

0

3 Numerical examples

p0 , bar
0

1

2

3

4

5

Fig. 4. Increase of natural frequencies of a simply supported
cylindrical shell due to internal pressure.

3.1 Simply supported shell

3.2 Free-Free shell

In order to illustrate the application of the developed
finite strip and to evaluate its accuracy, a number of
numerical examples considering various boundary
conditions are presented. First, a free vibration analysis a
of simply supported cylindrical shell with the following
geometric and material properties of rubber is carried out
using the example from [35]: L = 0.2 m, a = 0.1 m,
h = 0.002 m, E = 0.45 GPa, ν = 0.45, ρ = 1 452 kg/m3.
The developed finite strip is validated against an
analytical solution [35]. The bifurcation of natural
frequencies due to the angular velocity Ω, for a few m×n
natural modes, has been calculated using 20 strip
elements, and shown in Fig. 3 for two example modes.

Free vibration analysis of the cylindrical shell having the
same geometric and material properties as in the
previous example is now carried out for the case of free
boundary conditions at the two ends of the shell. Two
natural modes are shown in Fig. 5.

m = 4, n = 4

5.0

a)

3.0

The axial profiles of some characteristic natural
modes are also shown in Fig. 6. Natural modes with
m = 0 and m = 1 are known as Rayleigh-type and Lovetype mode respectively, following the nomenclature
suggested in [8]. It is interesting that both symmetric and
antisymmetric axial mode profiles are curved at the ends.
The curvature is increased by increasing the wave
number n in circumferential direction [35]. This
phenomenon manifests the effect of the boundary
conditions. A more detailed analysis of the mode shapes
of free-free shells can be found in [31], [35-37].

2.0

1.0
0.0

0.0

0.5

1.0

1.5

2.0

1.5

2.0

m = 3, n = 2
5.0
4.0
3.0
2.0

1.0
0.0

b)

Fig. 5. Natural modes of the free cylindrical shell (m,n): a) 0×2
Rayleigh mode, 15.2 Hz, b) 1×2 Love mode, 20.7 Hz.

4.0

0.0

0.5

1.0

Fig. 3. Bifurcation of normalized natural frequencies of a
rotating simply supported cylindrical shell.
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