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Abstract. The paper addresses dynamics modeling of underwater vehicles, which are typical examples of 
variable mass and configuration mechanical systems. Specifically, we address inertia–based propelled 
vehicles, whose mass changes due to change of water amount in their water tanks and their configuration 
changes due to movable mass enabling maneuvers. They can be additionally subjected to constraints, which 
are imposed due to their desired performance, tracking pre-specified motions or are control constraints 
implying underactuation. The paper presents a new approach to variable mass and configuration systems 
modeling, which is based upon Boltzmann-Hamel equations derived in quasi-coordinates. The dynamics 
framework based upon quasi-coordinates results in dynamic models suitable for performance analysis and 
model-based control applications. It serves free or constrained variable mass and configuration systems 
modeling. The example researched in the paper is an underwater vehicle, which is purely inertia–based 
propelled. The theoretical development is illustrated with simulation studies of dynamical behavior and 
performance of the underwater vehicle model moving a specified trajectory. 

 

1 Introduction 
The paper addresses dynamics modeling of underwater 
vehicles (UV), which are variable mass and 
configuration mechanical systems. They can be 
additionally subjected to constraints, which are imposed 
due to their desired performance, tracking pre-specified 
motions or are control constraints implying 
underactuation. An UV is a typical example of variable 
mass and configuration system.  

There are many systems whose mass or configuration 
change when they operate or a change of mass is their 
way of propulsion. The examples of such systems of 
engineering significance are ground mobile robots and 
manipulators, whose mass or configuration change due 
to carrying loads, excavating machines or others 
transporting various materials. Also, space vehicles are 
of interest in this context, since their service missions 
like refueling or debris removal are strongly related to 
control of their variable mass or configuration dynamics. 
If sloshing is to be taken into account for spacecraft, then 
a variable configuration dynamics is also welcome. All 
these variable mass systems mentioned above operate 
and deliver services so they are controlled systems for 
which reliable and computationally efficient dynamic 
models are needed.  

Almost all modeling approaches to obtain either 
dynamics or control models are methods based upon 
Newton-Euler or Lagrange equations; see for example 
[1-3] and references there. Variable mass systems are of 
interest in mechanics for a long time and the beginning 
of its theory is attributed to Mieszczerskii [4] and the 
beginning of analytical mechanics of these systems is 
dated when Lagrange equations were derived for them 
[5]. Nowadays, research on variable mass systems is 
intensive and latest results with references to other works 

can be found in [6]. There, as in other works, holonomic 
systems with mass being mostly a time function are 
considered. Also, in e.g. like [1-3] and many other 
works, rigid body mechanics approach to variable mass 
and configuration systems is applied. Some preliminary 
results in modeling variable mass systems are presented 
in [7]. The results are promising so the main motivation 
of the paper is to develop a modeling framework for 
variable mass and configuration systems.  

The paper presents a new approach to variable mass 
and configuration systems modeling, which is based 
upon Boltzmann-Hamel equations derived in quasi-
coordinates. The dynamics framework based upon quasi-
coordinates results in dynamics models suitable for 
performance analysis and model-based control 
applications. The paper contribution is then a 
development of dynamics modeling method based upon 
Boltzmann-Hamel equations derived in quasi-
coordinates. It serves free or constrained variable mass 
and configuration systems modeling. The example 
researched herein is an UV, which can be powered by 
internal batteries, is a purely inertia–based propelled or 
hybrid propelled, when additional batteries are added to 
facilitate or speed up its maneuvers. The theoretical 
development is illustrated with simulation studies of 
dynamical behavior and performance of an UV moving a 
specified trajectory. 

The paper is organized as follows. Section 1 presents 
briefly an introduction about variable mass systems 
modeling methods. The theoretical framework, i.e. the 
variable mass and configuration system Boltzmann-
Hamel motion equations are derived in Section 2. 
Section 3 presents simulation studies of the new 
equations applications to modeling an UV. The paper 
closes with conclusions and a list of references. 
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2 The Boltzmann-Hamel equations for 
variable mass and configuration 
systems  

2.1 Underwater vehicle and external forces 
modeling  

The Boltzmann-Hamel based modeling framework is 
derived in this Section for a variable mass and 
configuration system. The system is represented herein 
by a UV model, which is inertia based propelled. It is 
quite a general example of a system of variable mass – 
water amount in its two water tanks changes. Also, it is 
equipped with a movable mass that may move back and 
forth and asides enabling the vehicle maneuvers.  

The UV has 9 degrees of freedom, i.e. 3 translations 
and 3 rotations for the vehicle, and 3 translations for 
movable ballast mass. It is equipped with two water 
tanks, the front one and the rear one, whose water 
amount can be controlled due to the vehicle motion 
mode. The scheme of a vehicle is presented in Fig. 1. 

 

 

Fig. 1. Inertia and geometry parameters of the UV model.  

The original Boltzmann-Hamel motion equations for 
constant mass systems are derived in quasi-coordinates 
and quasi-velocities [7]. They are non-inertial 
coordinates and their selection is presented in Fig. 2. 
They are velocities U, V, W along the body fixed frame. 
Rotations about these axes are described by angular 
velocities P, Q, R.  

 

 

Fig. 2. The body fixed frame and quasi-velocities describing 
motion of the UV. 

The UV model geometry and mass data is gathered in 
Table 1.  

 

Table 1. UV geometry and mass data. 

 
 

The buoyancy and gravity forces that act upon the 
vehicle are presented by equation (1). It is assumed that 
the UV can move with moderate velocities so 
hydrodynamic forces are determined according to 
classical fluid dynamics as in (2) and Table 2.  
 

 
(1) 

 

      (2) 
 

Table 2. Hydrodynamic force coefficients for the UV model in 
the velocity related frame. 
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2.2 Boltzmann-Hamel equations in the matrix 
form 

The original Boltzmann-Hamel equations for constant 
mass systems have the form, see e.g. [7] and references 
there 
 

         (3) 
 
with the Boltzmann-Hamel symbols of the form 
 

 
 

Advantages of the Boltzmann-Hamel equations are 
multiple. They are first order differential equations in 
quasi-velocities, which do not have to possess physical 
interpretations and can be selected by a designer or a 
control engineer. Also, the kinematic constraint 
equations can be easily eliminated via the quasi- 
velocities selection and the forces acting and interacting 
in the system can be easily determined [7]. 

Let us write the Boltzmann-Hamel equations (3) in a 
matrix form applying the following notation 
 

(4) 

(5) 
Also, introducing the notation 
 

 
and  

 
 
the matrix form of equations (3) can be presented as 
 

            (6) 
 

The matrix form (6) of the Boltzmann-Hamel equations 
is needed for derivation of the general modeling 
framework based upon these equations, for which mass 
and configuration can change or be constant.  

2.3 Boltzmann-Hamel equations for variable 
mass and configuration systems  

The derivation of the Boltzmann-Hamel equations for 
variable mass and configuration systems starts from the 
presentation of the system kinetic energy using matrix 
and vector notation. It enables easy handling of mass and 
inertia terms in the system model equations. The general 
form of the kinetic energy for the variable mass and 
configuration system is given by (7), where the mass 
matrix is composed of 
 

(8) 

  (9) 
 
Vectors   and   stand for the linear velocity vector 
and the angular velocity vector, both in the body fixed 
frame. The other vectors are: 
 
-  TpzpypxpCB rrrr ,  is a distance of a movable 
mass from the buoyancy center,  
-  TbbcCBbbcCB xr 00,,   is a position vector of the 
front water tank, 
-  TsbcCBsbcCB xr 00,,   is a position vector of the rear 
water tank, 
- vectors with the top wave symbol denote the skew-
symmetry matrices, e.g.: 
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The matrix of the Boltzmann-Hamel coefficients can be 
written as  
 

(10) 

Finally, determining  
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(11) 
with the inertia matrix derivative given by (12), the 
Boltzmann-Hamel equations have the form (13). They 
can be rewritten in the form (14), which clearly shows 
the inertia components in the system. Equations (14) are  

the Boltzmann-Hamel equations for variable mass and 
configuration systems. They can be also easily applied to 
constants mass systems and variable configuration or 
constant mass and configuration systems.  
 

                             (7) 
 

                           (12) 
 

                          (13) 
 

                             (14) 
 

3 Simulation studies – inertia propelled 
UV dynamics and performance  

In this Section, using the general modeling framework 
for variable mass and configuration systems based upon 
the Boltzmann-Hamel equations, dynamics and 
performance of inertia propelled UV is presented. Two 
UV motion scenarios are selected. One presents the 
typical saw-tooth motion of the UV and the second, a 
spiral motion. Both motions are controlled in the open-
loop through the control of the movable mass motion 
and the regulation of water amount in the water tanks. 

3.1 Scenario 1- saw-tooth motion of the UV  

The saw-tooth UV motion is its typical motion pattern. 
The movable mass does not move but water in the water 
tanks is regulated in a sinusoidal pattern with a period 
T=30s as shown in Fig. 3. The UV initial motion 
conditions are U=0.05m/s.  

 

Fig. 3. The movable mass and changes of water amount in the 
tanks in the saw-tooth UV motion. 
 

MATEC Web of Conferences 148, 03005 (2018) https://doi.org/10.1051/matecconf/201814803005
ICoEV 2017

4



 

 

Fig. 4. The UV saw-tooth motion. 
 
The UV velocities U, V, W, the total velocity V0 and the 
angular velocities P, Q, R are depicted in Fig. 5. 
 

 

Fig. 5. The body fixed frame and quasi-velocities describing 
motion of the UV. 

3.2 Scenario 2- spiral motion of the UV  

In this scenario the UV is to move a spiral motion down 
into the water. The UV configuration is as follows: 
motion starts from rest, the water tanks are filled with 
water of 0.1kg each. The movable mass is located at 
0.05m to stern and 0.1m to starboard. Initial motion 
conditions are selected to be: U=0.05m/s, simulation 
time is t = 1200 sec.  
 

 

Fig. 6. The body fixed frame and quasi-velocities describing 
motion of the UV. 
 

 

Fig. 7. The body fixed frame and quasi-velocities describing 
motion of the UV. 
 
Other motions along other trajectories can be simulated 
for the UV in the same way.  

Conclusions 
The paper presents a new method of variable mass and 
configuration systems modeling, which is based upon the 
Boltzmann-Hamel equations derived in quasi-
coordinates.  

The presented dynamics framework based upon 
quasi-coordinates results in dynamic models suitable for 
performance analysis and model-based control 
applications. The dynamics framework serves free or 
constrained constant and/or variable mass and 
configuration systems modeling. The example of an 
underwater, inertia–based propelled vehicle model 
illustrates the theoretical development of variable mass 
and configuration systems dynamics. Simulation studies 
of the dynamical behavior and performance of the 
underwater vehicle moving a specified trajectory 
illustrate the framework applications.  

Future research plans to incorporate kinematic 
constraints into the framework and apply it to design 
model-based control strategies for the UV. 
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