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Modification of the Lagrange Interpolating Polynomial
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Abstract. Modification of the Lagrange interpolating polynomial (LIP) scheme for using with
the finite difference method is proposed. Merits of the modified LIP scheme used with the
finite difference method for problem solving are facile to discretize equations, and fast to
obtain solutions. Verification of the modified LIP scheme was performed by comparison of the
solutions computed from the modified LIP scheme with the analytical solutions of a heat
conduction problem. The verification gives credence to the modified LIP scheme for
correctness of the solutions. In addition, the comparison results of solution accuracy and
computational time of problem solving between using of the finite difference method with the
modified LIP scheme and the finite volume method with the LIP scheme are exhibited.

1 Introduction

Most scientific and engineering problems are defined by partial difference equations. There are many
numerical methods for solution determination of the problems such as the finite difference method
(FDM), the finite volume method (FVM), the finite element method, the boundary element method
and the lattice Boltzmann method etc. The FDM is not complicated, easy to understand and develop
codes, and has low cost in memory and computational time. Problem solving by using high-order
schemes is a means which high accurate solutions are desired. But, using the FDM with existing high-
order schemes and non-uniform grids is quite burdensome.

In the last decade, there were many authors devising new high-order schemes not difficult to solve
problems by using with the FDM and non-uniform grids. Filbet and Prouveur [1] developed a
temporal high-order scheme for backward semi-Lagrangian methods and applied to transport
equations for plasma physics problems. In addition, Chen et al. [2], Zhao and Deng [3], Wang et al.
[4], Baeza et al. [5], and Jha and Kumar [6] constructed spatial high-order schemes for using with the
FDM and non-uniform grids, and performed verification of their schemes with different problems.

Recently, the Lagrange interpolating polynomial (LIP) scheme for using with the FVM was
proposed by Prasopchingchana and Manewattana [7]. The LIP scheme is easily modified for using
with the FDM, called the modified LIP scheme.

An aim of this article is to propose a modified LIP scheme for using with the FDM. The modified
LIP scheme is a high-order scheme used for discretization of the first and second derivatives of
variables with respect to both space and time. Using the modified LIP scheme with the FDM to solve
problems simulated by using non-uniform grids is facile, and solution convergence of the using is fast.
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2 Modification of the LIP scheme for using with the finite difference
method

From Figure 1., the first derivative values of variables with respect to time can be approximated by
using the modified LIP scheme and can be expressed as
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Figure 1. Schematic details of the modified LIP scheme for using with FDM.
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where ¢, t and DLT are a variable, time and the first temporal derivative coefficients of the
modified LIP scheme. The first temporal derivative coefficients in Equ. (1) can be computed from

prr, - | 10T =Tn)
dTT| .= (TT, -1TT,)

where 17, =t,—t,, IT, =t —t, and TT =0

The first and second derivative values of variables with respect to space in the horizontal direction
can be approximated by using the modified LIP scheme and can be written as
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where x, DLX , DDLX and nxh are space in the horizontal direction, the first and second spatial
derivative coefficients of the modified LIP scheme and a node constant value in the horizontal
direction, respectively. The first and second spatial derivative coefficients in Equ. (3a) and (3b) can
be calculated from

d| & (X-X,)

DLX .=— - 4a
dx H (X, —-X,) )
& [ (r-x)
DDLX, .= - 4b
nx,i dXz ”E[ (an _ Xﬁ) ( )
where X, =x_.,. . —x , X,=x_.,.,—% and X =0 . And the node constant value in the
horizontal direction is nxh=1 for i=imin , nxh=2 for i=imin+1 R

nxh=3 for imin+2<i<imax—2,nxh=4 for i=imax—1 and nxh=5 for i=imax where
imin and imax are the minimum and maximum numbers of nodes in the horizontal direction.

Equ. (2), (4a) and (4b) can be simplified by changing to be algebraic forms. The algebraic forms of
the first and second, temporal and spatial derivative coefficients of the modified LIP scheme are
shown in Table 1.

Table 1. The first and second, temporal and spatial derivative coefficients of the modified LIP scheme.
First derivative coefficient Second derivative coefficient Remark
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3 Verification of the modified LIP scheme

Verification of the modified LIP scheme for using with the FDM must be performed for confidence
that the modified LIP scheme works correctly. Comparison of the solutions computed from the
modified LIP scheme with the analytical solutions of a "heat conduction in rectangular plates with
boundary temperatures specified” problem was adopted for the verification. The analytical solutions
reported by Beck et al. [8] are the well-known solutions of the problem. An in-house code was
developed based on how to solve the problem by using the modified LIP scheme with the FDM.

For the problem, interior temperatures in the rectangular plates with the specified boundaries as
shown in Figure 2. can be calculated from

T T 0T
ca——k 82+62 =0 ®)
ot ox”~ oy
where p, ¢, k and T are density, specific heat, thermal conductivity, and temperatures,
respectively.
y
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Figure 2. Schematic details of a "heat conduction in rectangular plates with boundary temperatures specified”
problem for verification.
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Figure 3. Dimensionless temperature contours of the solutions of a "heat conduction in rectangular plates with
boundary temperatures specified” problem which are computed from the modified LIP scheme, (a) case 1, (b)
case 2, (c) case 3, (d) case 4 and (e) case 5.
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Table 2. Comparison of the solutions computed from the modified LIP scheme with the analytical solutions of a
"heat conduction in rectangular plates with boundary temperatures specified” problem.

s *k

T(x**,y**) /T,

()L,

q, (x**,y**)L / kT,

Case Author x y .
(Accuracy, %) (Accuracy, %) (Accuracy, %)
8] 0.100 025 020  0.4874535168 0.9992238948 -0.0393751511
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Figure 4. Comparison of solution accuracy and computational time of problem solving between using of the
FDM with the modified LIP scheme and the FVM with the LIP scheme at the different grid sizes for case 1, (a)
solution accuracy and (b) computational time.
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Figure 5. Comparison of solution accuracy and computational time of problem solving between using of the
FDM with the modified LIP scheme and the FVM with the LIP scheme at the different grid sizes for case 2, (a)

solution accuracy and (b) computational time.
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Figure 6. Comparison of solution accuracy and computational time of problem solving between using of the
FDM with the modified LIP scheme and the FVM with the LIP scheme at the different grid sizes for case 3, (a)

solution accuracy and (b) computational time.
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Figure 7. Comparison of solution accuracy and computational time of problem solving between using of the
FDM with the modified LIP scheme and the FVM with the LIP scheme at the different grid sizes for case 4, (a)

solution accuracy and (b) computational time.
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Figure 8. Comparison of solution accuracy and computational time of problem solving between using of the
FDM with the modified LIP scheme and the FVM with the LIP scheme at the different grid sizes for case 5, (a)
solution accuracy and (b) computational time.

The first temporal and second spatial derivative values of the temperatures in Equ. (5) can be
discretized by using the modified LIP scheme.

4 5 5
pc [Z (DLTm Tm,i,j )] -k [( Z (DDLan,f 4i-nxh+nx, j )J + ( Z (DDL Kw,j T:Li,j—nyh+ny )j] =0 (6)
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Equ. (6) can be rearranged to be
3
—pC[Z(DLTm Tnt,i,j )j
nt=1
5 when
+k(r;(DDLanz T:‘,l.*ﬂxh‘f’ﬂx,j )j nx £ nxh
5 when
+k n}YZI(DDLYny,j ]Zt,i,jfnthrny) ny % I’lyh
U ()
(peDLT,~kDDLX,,, —k DDLY,, )

The Gauss-Seidel iterative method with the non-uniform grids were used to solve the equation
system of Equ. (7). Fine grids were drawn near the boundaries of the rectangular plates, due to the
steep temperature gradients. And coarse grids were applied in an interior area of the rectangular
plates. A spatial ratio of the coarse grids to the fine grids was 1.05. A relative error of the code was
less than or equal to 107'°, and a time step value of the code was 0.01s .

Table 2. shows comparison of the solutions computed from the modified LIP scheme with the
analytical solutions of the "heat conduction in rectangular plates with boundary temperatures
specified” problem. There are 5 cases of the difference of the dimensionless parameters for the
comparison. For the present work, the modified LIP scheme which is the spatial 4" order (a 9 nodes,
2D stencil) and the 4 time steps is adopted for discretization. The dimensionless parameters displayed
in Table 2. can be calculated from x~ =x/W , " =y/W and L = L/W . The accuracies of the

solutions computed from the modified LIP scheme can add credence to the modified LIP scheme.

Figure 3. illustrates dimensionless temperature contours of the solutions of the "heat conduction in
rectangular plates with boundary temperatures specified” problem which are computed from the
modified LIP scheme for 5 cases. The contour values in Figure 3. are specified according to the
contour values shown in [8], and the contour pattern displayed in Figure 3. is similar to the contour
pattern exhibited in [8].
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Figure 4.-8. display comparison of the solution accuracies and computational time of the problem
solving between using the FDM with the modified LIP scheme and using the FVM with the LIP
scheme at different grid sizes for 5 cases. CPU time of the computer is adopted to be the
computational time of the code. Specification of the computer used for code computation is “Intel ®
Core ™ i5-4460 CPU @ 3.20 GHz 3.20 GHz”. For the comparison of the solution accuracy, it can not
specify which of the FDM or the FVM can give more accurate solutions. But, for the comparison of
the computational time, the computational time of the problem solved by using the FDM with the
modified LIP scheme is less than the computational time of the problem solved by using the FVM
with the LIP scheme in all of the grid sizes and cases.

4 Conclusion

Modification of the LIP scheme for using with the FDM is presented. And, verification of the
modified LIP scheme was performed. Advantages of the modified LIP scheme for using with the
FDM are that it is a high-order scheme, easy to understand and develop codes, and spends less
computational time for problem solving than by using the FVM with the LIP scheme.
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