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Abstract. The development of transport infrastructure, reconstruction of roads and railways, together with 
growing urban traffic necessitate the construction of new bridges and/or the reconstruction of existing ones. 
The primary objective of design is obtaining a reasonable system in compliance with the requirements for 
stress-strain state: equal strength or equal torque, maximum rigidity or minimum weight of the structure. In 
the paper, the object of optimization is the design of a three-span girder bridge of a specified length under 
the constant load. The sets of both statically determinate and statically indeterminate systems are 
considered, namely: three-span hinged girders in which the hinge joints are located in the end spans or 
middle span, and three-span continuous girders on unilateral supports or on resilient supports. Two variable 
design parameters are taken into account: the length of each end span z1 and the position of the hinges x for 
the statically determinate systems, and the displacement of support assemblies joints Δ or the value that 
affects the displacement, i.e. flexibility of yielding supports c for the statically indeterminate ones. The 
authors proved that there are optimal solutions in the set of statically indeterminate systems both with 
unilateral and with elastic constraints. 

1 Introduction  
Along with the development of new constructive 
solutions and methods for assessment of the stress-strain 
state and bearing capacity of building structures, the 
issue of optimizing their parameters is also addressed 
now. 

In [1] three principles are described that underlie the 
design of steel constructions: metal saving, reduction of 
labour intensity of manufacture and installation time. In 
different periods, these principles were taken into 
account in different ways, depending on the state-of-the-
art in the industry and the urgent needs of society, as 
well as the existing structural engineering methods. 
Before methods of optimization appeared, methods of 
determining the weight depending on the design 
parameters of structures were developed. Afterwards, 
methods of determining the labour intensity of 
manufacture and the installation of structures were also 
developed. 

The beginning of the modern epoch of optimization 
of building constructions dates back to more than 70 
years ago when the expediency of application of 
developed mathematical programming methods in this 
area was substantiated [1-7]. 

Along with the obtained applied results, these works 
contain the analysis of the principal quality criteria, 
restriction types, as well as problem-solving techniques 
for optimal design. 

Initially, the only tasks in using the mathematical 
programming methods with problems of steel structure 
optimization were to minimize the girder and the plane 
frame weight. Further, problem statements got more 
complicated, in particular, including the transition to the 
economic optimality criteria, adjustment of the stress-
strain state of construction, unification and typification 
of elements, which finally allowed bringing the 
optimization theory closer to the design practice in 
engineering, transport and construction [8-17]. 

2 General provisions 
We assume that the optimal internal force distribution in 
a structure is the set of internal forces in which the 
system becomes optimal, for example, a system of 
minimum volume or cost. 

One of the optimal design types is systems that have 
strength conditions as limitations. The construction is 
optimal, if the maximum stresses in all its elements are 
equal to the estimated ones, that is, a system has equal 
strengths. If the stress-strain state of all elements is the 
same, and their cross-sections are equal, then the system 
can be considered to have equal strength if the forces in 
the nominal cross-sections are equal. To obtain the 
optimal system with equal strengths, equal forces of the 
elements should be obtained by changing the geometric 
characteristics of those elements. 
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All constructions can be conditionally divided into 
two sets: the set of statically determinate systems and the 
set of statically indeterminate ones. 

In the set of statically determinate systems, the forces 
are determined by means of the static equilibrium 
equations; their distribution at the given stress depends 
only on the linear dimensions of elements and their 
mutual arrangement, but not on the displacement of the 
support constraints. 

In the set of statically indeterminate systems, those 
forces are also determined by means of equilibrium 
equations, as well as by equations of strain compatibility. 
Their distribution depends both on the linear dimensions 
of the elements and on the displacement of the support 
constraints. Therefore, in the set of statically 
indeterminate systems, an optimal system can be 
obtained not only by changing the linear dimensions of 
elements, but also by displacing the support constraints. 
For this purpose, the system – for example, a continuous 
girder – must have unilateral support constraints or 
resilient supports. 

To determine forces in the set of statically 
indeterminate systems, additional equations are required 
along with equilibrium equations, namely, strain 
compatibility equations. Hence, the force distribution 
depends both on the linear dimensions of the elements 
and on their deformations. Therefore, equal strength of 
all elements cannot be achieved only by changing their 
linear dimensions. 

Let us use an example to show that in the set of 
statistically indeterminate systems with unilateral as well 
as elastic constraints, optimal solutions exist also under 
constant load. They completely coincide with the 
solutions in the set of statically determinate systems.  

3 Optimization of the design of the 
three-span girder bridge  

3.1 Problem statement 

An optimal design of a three-span girder bridge of a 
given length l under constant load q = const should be 
obtained. The cross-section of the girder is constant and 
equal in all spans, the layout is symmetrical. 

Let us consider four design options: two of them 
belong to the statically determinate systems and the other 
two – to the statically indeterminate ones (Fig. 1). 

The first two are three-span statically determinate 
hinge-connected girders in which hinge joints are located 
in the end spans (Fig. 1, a) or in the middle span 
(Fig. 1, b). 

The second two are three-span continuous girders on 
unilateral supports (Fig.1, c) or on resilient supports 
(Fig. 1, d). 

There are two design parameters. The first one which 
effects the force distribution is the length of each end 
span z1, which is a common parameter for all types of 
girders. The second parameter is specific for each set: in 
the statically determinate systems, it determines the 
position of hinges x; in the statically indeterminate 
systems, it is displacement of the support joints Δ or the 

value effecting the displacement, i.e. flexibility of 
resilient supports c. 

3.2 Optimization conditions 

Since the load bearing elements are girders of constant 
cross-section, they are in the equal strain-strain states 
under load. Therefore, the optimal bridge design is 
equally strong girders with equal breakdown torques in 
the characteristic cross-sections: in the first girder, above 
the support and in the second girder (Fig. 1). 

There are three characteristic cross-sections with 
breakdown torques; therefore, two optimality conditions 
are required, namely: 

 optMM max1 , (1) 

 max2MMopt  . (2) 

On the basis of the above conditions, optimality 
equations are derived; there are two of them for this 
problem. We can determine the optimal design 
parameters for different types of girders by solving these 
equations together. 

3.3 Continuous girder with hinge joints in the 
end spans 

For such a structure (Fig. 1, a), let us write: 
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From (1), we can obtain the expression for x: 

  122 1  zx . (4) 

Parameter z1 can be numerically determined by 
exhaustive search with 0,001 increment until the 
condition (2) is met. 

3.4 Continuous girder with hinge joints in the 
middle span 

We can write the equations for such a structure (Fig.1,b): 
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From (2), we can obtain the expression for x: 
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Parameter z1 can be numerically determined by 
exhaustive search with 0,001 increment until the 
condition (1) is met. 

3.5 Continuous girder with unilateral 
constraints  

For this structure (Fig.1, c) the equations can be written 
as: 
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Fig. 1. Design options of the optimum structure and the optimum force distribution. 
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Table 1. The results of optimization of the bridge. 

System type z1, m x, m 
k 

or cEJ, 
m3 

maxM1 , 
kNm 

optM , 

kNm 
maxM 2 , 

kNm 

Statically determinate  
three-span girders 

hinges in the end spans 11,351 9,404  11,054 11,050 11,054 
hinges in the middle span 11,352 1,947  11,058 11,049 11,049 

Continuous girders 

with unilateral support 
constraints 11,369  k  

0,0271 
10,994 10,996 10,989 

with resilient constraints 11,351  cEJ 
40,151 11,053 11,052 11,052 
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where coefficient k determines part of the distributed 
load kq, at which the girder adjoins the supports, i.e. 
becomes statically determinate. 

Parameters z1 and k can be numerically determined 
by exhaustive search with 0,001 and 0,0001 increment, 
respectively, until the conditions (1), (2) are met.  

3.6 Continuous girder on resilient supports  

Let us write the equations for the structure shown in 
Fig. 1, d: 
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Parameters z1, cEJ can be numerically determined by 
exhaustive search with 0,001 and 0,0001, respectively, 
until the conditions (1), (2) are met. 

The results of optimization of all types of girders are 
summarized in Table 1. The calculations confirm the 
assertion that under constant load the optimal force 
distributions are practically equal for all four structures’ 
types (Fig. 1, e). 

4 Conclusions  
As a result, the authors have proved that there are 
optimal solutions in the set of statically indeterminate 
systems both with unilateral and with elastic constraints, 
and under constant load they completely coincide with 
the solutions in the set of statically determinate systems. 
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