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Abstract. In this paper the comparative analysis of the interpolation methods (Bresenham’s method and the 
least distance method) of the linear interpolation trajectory of the working tool of a two-tier mechanism is 
performed and its error is examined. The kinematic diagram of the two-tier mechanism is studied; the direct 
and inverse kinematics are determined. To perform the comparative analysis, the method of the mechanism’s 
interpolation grid construction is studied. 

1 Introduction 
In most cases the flattened materials (metal, fabric, 
leather, stone and etc.) profiling operation by using the 
firmware reduces to segmentation (division) of the 
figure’s compound contour to elementary figures, which 
can most be the rectilinear segment, considering the 
interpolation algorithms implementation simplicity. 
When dividing a compound contour to rectilinear 
segments the processing accuracy of a raw workpiece is 
determined by the number and the accuracy of the 
interpolation method applied.  

The problem of an optimal compound contour division 
to the rectilinear segments is solved by most electric 
accounting machines (systems) and the interpolation 
problem rests to a CNC devices, which solution accuracy 
depends on its kinematic aspects, operating mechanism’s 
accuracy and the interpolation methods.  

There are many different methods of the linear 
interpolation, such as digital differential analyzer (DDA) 
and Bresenham's method [1], which are the most known 
methods at the present time.  

The choice of the particular method to solve the linear 
interpolation problem depends on the kinematic 
characteristics of the equipment.  

Due to this, here, we perform the comparative analysis 
of the rectilinear segment interpolation methods to study 
the interpolation error for every method.  

It is known, that the DDA is more complicated in a 
way of hardware implementation, since it involves the 
recurrent division operations, so as the comparative 
methods in this work the Bresenham’s method is 
regarded, as well as the method for the two-tier 
mechanism, suggested before [2].  

 
 

2 Two-tier mechanism  
The two-tier mechanism, which kinematic diagram is 
illustrated in fig. 1, is represented as the disk with radius 
R , which can turn around the center, located at coordinate 
origin of the basic coordinate system XOY through an 
angle  , where the rotation angle 0 ≤ � < 2�.  
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Fig.1. The kinematic diagram of the two-tier mechanism 

At the edge of the disk the rod is fixed and its length 
equals to disk’s radius �.  The rod can turn through angle 
� on itself, which axis is located in the additional 
coordinate system �′�′�′, where the rod’s rotation angle 
0 ≤ � ≤ �

�
. The working tool is fixed on the edge of the 

rod at the point �(�, �) and goes through the disk, that’s 
why disk is provided with a slot of the certain width. The 
slot strikes an arc of the circle with the radius � and the 
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center in the origin of additional  coordinate system 
�′�′�′.  

3 The solution of the inverse kinematic 
problem 
The solution of an inverse kinematic problem [2] can be 
described as following: 

          �
�(�) = arcsin ��(�)∙����(�)��(�)�����(�)∙�(�)

�∙�(����(�)��)
�

�(�) = arccos ����(�)���(�)��∙��

�∙�� �
   (1) 

The solution of the direct kinematic problem can be 
written in accordance with [2] as following: 

        �
�(�) = � ∙ sin��(�) + �(�)� − � ∙ sin �(�)
�(�) = � ∙ cos��(�) + �(�)� − � ∙ cos �(�)

  (2)  

When solved the direct kinematics for the two-tier 
mechanism considering the angle resolution of the disk 
rotation ∆� and the rod rotation angle resolution ∆�, all 
connection joints of the interpolation grid coordinates can 
be defined. For this purpose, in MATLAB development 
environment the virtual prototype was actualized. The 
prototype allows calculating coordinates of all connection 
joints in the interpolation grid of the two-tier mechanism. 
The input parameters of the prototype are: disk radius � 
and the discrete pitch size of angles ∆� and ∆�. In 
accordance with the prototype’s input parameters its 
algorithm creates a rectangular matrix of the joint 
coordinates � expressed in units � × �, which has the 
following form: 

�(�, �) =

 

(��; ��) (��; ��) … ���; ��� �����; ���
(��; ��) (��; ��) … ���; ��� �����; ���

… … … … …
(��; ��) (��; ��) … ���; ��� �����; ���

(��; ����) (��; ����) … ���; ����� �����; �����

(3)        

where ���� − �� = ∆� и ���� − �� = ∆�. 
In fig.2,a and fig. 2,b the interpolation grid of the two-

tier mechanism with the radius � = 500 mm, ∆� = 10° 
and ∆� = 5° is shown [3-10].  

As seen in the fig.2,a and 2,b the specific arc-shaped 
curve is formed by the rod movement about the center in 
the point �′ (fig. 1) in angle �. The set of arc-shaped 
curves is formed resulting from the rotation of the disk 
with the radius � about the center at point � in angle �. 
The set of concentric circles with the center at the point 
�, forms as the result of the angles � and � resolution. 
The set of cross-points of the concentric circles and the 
arc-shaped curves are the joint connections of the 
interpolation grid of the two-tier mechanism.  

Let’s locate a certain rectilinear segment in the two-
tier mechanism’s operating area, with endpoints at 
�1(�1; �1) and �2(�2; �2). If solving the inverse 
kinematics at the point �1(�1; �1), we will have the 
values of the required parts rotation angles of the given 

mechanism which contain in the matrix (3). Such matrix 
element is denoted as (��; ��), where 0 ≤ � < � и 0 ≤ � <
�. It is obvious, that (��; ��) in the matrix (3) is 
surrounded by nearby elements: 

 

         �� = �
… (��; ����) …

(����; ��) (��; ��) (����; ��)
… (��; ����) …

�   (4) 

The summary of the method [2] is in the search for the 
nearby element from the matrix ��  upon criterion of the 
minimal distance from such element’s coordinate to the 
endpoint of the rectilinear segment �1�2���������. After such 
element is found, the search of its nearby elements upon 
the given criterion will be actualized again. Algorithm’s 
iterative process will repeat until it will reach the end of 
the rectilinear segment �1�2���������.  

4 The result of computer simulation 
using the Brazenham algorithm 
In fig.2 the result of the computer modelling in MATLAB 
is shown and it reflects the interpolation process of the 
rectilinear segment (line in fig. 2,а), indexed by two 
points, point �1[−350; −100] and point �2[160; 280]. 
Interpolation is fulfilled according to the the least distance 
method using the two-tier mechanism with disk radius 
� = 500 and ∆� = 10°, ∆� = 5°. 

 

Fig.2.  Results of the rectilinear segment interpolation: a 
- by the least distance method, b – Bresenham’s algorithm  

During the modelling it was discovered that root-
mean-square deviation of the interpolation error by least 
distance method doesn’t exceed the value of 9.914. 

For the comparative analysis the rectilinear segment 
interpolation procedure by known Bresenham’s algorithm 
was also actualized. The result of the computer modelling 
is presented in fig.2,b. This result was obtained with the 
same input parameters of the prototype [11-36]. 

5 Conclusion 
Modelling showed that the root-mean-square deviation 
by the Bresenham’s algorithm equals 15.799, which is 
significantly higher than the deviation with the least 
distance method, and this proves that the least distance 
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center in the origin of additional  coordinate system 
�′�′�′.  

3 The solution of the inverse kinematic 
problem 
The solution of an inverse kinematic problem [2] can be 
described as following: 

          �
�(�) = arcsin ��(�)∙����(�)��(�)�����(�)∙�(�)

�∙�(����(�)��)
�

�(�) = arccos ����(�)���(�)��∙��

�∙�� �
   (1) 

The solution of the direct kinematic problem can be 
written in accordance with [2] as following: 

        �
�(�) = � ∙ sin��(�) + �(�)� − � ∙ sin �(�)
�(�) = � ∙ cos��(�) + �(�)� − � ∙ cos �(�)

  (2)  
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In fig.2,a and fig. 2,b the interpolation grid of the two-
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is shown and it reflects the interpolation process of the 
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Fig.2.  Results of the rectilinear segment interpolation: a 
- by the least distance method, b – Bresenham’s algorithm  

During the modelling it was discovered that root-
mean-square deviation of the interpolation error by least 
distance method doesn’t exceed the value of 9.914. 

For the comparative analysis the rectilinear segment 
interpolation procedure by known Bresenham’s algorithm 
was also actualized. The result of the computer modelling 
is presented in fig.2,b. This result was obtained with the 
same input parameters of the prototype [11-36]. 

5 Conclusion 
Modelling showed that the root-mean-square deviation 
by the Bresenham’s algorithm equals 15.799, which is 
significantly higher than the deviation with the least 
distance method, and this proves that the least distance 

 

method is expedient for the solving the interpolation 
problem in unorthogonal mechanisms. 
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