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Abstract. The paper discuss the classical Maxwell’s (1873) homogenization method and the problems 
appearing in its practical implications. The method equates the far fields produced by a set of 
inhomogeneities and by a fictitious domain with unknown effective properties. It is re-written in terms of 
the property contribution tensors. The shape of the effective inclusion substantially affects the overall elastic 
properties. The choice of this shape in the case of anisotropic composite is a non-trivial problem. Another 
problem is related to the possible appearance of artificial singularities in the process of homogenization. We 
illustrate the method by several examples. 

1 Introduction 
The Maxwell scheme appears to be one of the best 
homogenization techniques in terms of its applicability 
to cases of anisotropic multiphase composites and 
accuracy. In his original work [1], Maxwell considered 
the effective conductivity of a matrix of conductivity 0k  
containing spherical inhomogeneities of conductivity 1k  
and volume fraction φ . He considered a sufficiently 
large spherical domain possessing the yet unknown 
effective conductivity effk  embedded in the background 

material. He calculated the far-field asymptotics of the 
perturbation, by the inhomogeneities, of the externally 
applied electric field, in two different ways: (1) as a sum 
of far-fields generated by the small spheres treated as 
non-interacting ones, and (2) as the far-field generated 
by the mentioned large sphere (Fig. 1). Equating the two 
yields the effective conductivity in the form 





φ1
φ21

0kkeff    (1) 

where    0101 2kkkk  . This relation is non-
linear in concentration of inhomogeneities. Comparing it 
with results for a periodic arrangement, Lord Rayleigh 
[2] found that Maxwell’s formula remains sufficiently 
accurate up to volume fractions as high as 0.4. As 
discussed in [3], the formula (1) has been misinterpreted 
by several later authors who linearized it with respect to 
φ  – the operation that substantially worsened its 
accuracy [4, 5]:  

 φ310  kkeff    (2) 

 

 

Fig. 1. Scheme of Maxwell’s homogenization method. Effective 
properties of a composite (a) are calculated by equating effects 
produced by set of inhomogeneities embedded in the matrix 
material (b) and by fictitious domain having yet unknown 
effective properties (c). 

This formula is sometimes erroneously identified 
with the original Maxwell’s method (see, for example, 
[6]). Moreover, in contrast with the original Maxwell’s 
result, formula (2) violates Hashin-Shtrikman bounds for 
the effective conductivity [3]. As further remark on the 
linearized formula (5.8.2), we note that Jeffrey [4], 
seeking to improve its accuracy, considered series 
expansion of effk  in powers of φ  and calculated the 

coefficient at the 2φ -term: 
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where 01 kk . Fig. 2 compares Maxwell’s original 
result (1) with the linearized version (2) and 
experimental data presented in [7] for (thermal) 
conductivity of epoxy containing particles of (a) silica 
( 69701 .kk  ), (b) silica coated aluminum nitride 
(SCAN) ( 1128 ), and (c) alumina ( 185 ). The 
insets show shapes of the ceramic particles. The plots 
also show the result (3) (the coefficients at 2φ -term 
were taken from the plot in Jeffrey’s paper as 1.89, 4.51, 
and 4.35 for silica, SCAN and alumina particles 
respectively) and, also, the Hashin-Shtrikman bounds for 
conductivity. Note that adding the quadratic term to the 
linearized version moves it closer to the original (non-
linearized) Maxwell’s formula but still violates the 
bounds. 
 

 

Fig. 2. Effective thermal conductivity of epoxy matrix filled 
with (a) silica, (b) SCAN (silica coated aluminum nitride) and 
(c) alumina particles: predictions by Maxwell’s formula (1),  
its linearized variant (2), Jeffrey formula (3) are compared with 
experimental data of Wong and Bollampally (1999) and with 
Hashin–Shtrikman bounds for thermal conductivity. Insets 
show shape of particles of each material used for 
reinforcement. 
 

Figure 2 also illustrates the importance of appropriate 
modeling of shapes of inhomogeneities. Indeed, the 
Maxwell’s result for a composite with spherical silica 
particles coincides with experimental data up to the 
volume fraction of inhomogeneities 0.5. For SCAN and 
alumina particles having rather irregular shapes, modeling 
them as spherical ones leads to acceptable agreement with 
data at the volume fraction up to only 0.2. 

Recently, Maxwell’s scheme started to attract 
increasing attention. We mention the works [8, 9], where 
the scheme was formulated for the elastic properties of a 
material containing either random or aligned ellipsoidal 
inhomogeneities of identical aspect ratios. In [10], 
Maxwell’ scheme was applied to finding the elastic, 
electric and poroelastic properties of composite 

containing identical parallel ellipsoidal inhomogeneities. 
Following [11], we apply Maxwell’s approach to 
effective elastic properties of composites containing non-
spherical particles of generally diverse shapes and of 
arbitrary orientation distribution. To this end, we 
reformulate Maxwell’s assumptions using property 
contribution tensors. These tensors – that, as discussed 
throughout the present book, are fundamental quantities 
in the problem of effective properties – are particularly 
useful for the Maxwell’s scheme. Indeed, the far fields 
entering the scheme are directly expressed in terms of 
these tensors (Section 3.2): the far-field asymptotics of 
the elastic field generated by an inhomogeneity 
determines its contribution to the effective elastic 
properties and vice versa. 

2 Maxwell scheme in terms of property 
contribution tensors 
According to Maxwell’s idea, we evaluate far-field 
perturbations due to inhomogeneities in two different 
ways and equate the results. Firstly, we evaluate this 
field as the one generated by a homogenized region   
possessing the (yet unknown) effective properties. As 
discussed in [12], this field can be expressed in terms of 
the compliance contribution tensor effH  of the domain 
  possessing the unknown effective properties. 
Secondly, we consider the sum of far fields generated by 
all the individual inhomogeneities within   (treated as 
non-interacting ones); these fields are expressed in terms 
of H -tensors of the said inhomogeneities. Equating the 
two quantities yields:. 



i

i
i

eff V
VV

V HH 1
 (4) 

The right hand side of the equation is known, 
however, the left hand side, besides being dependent on 
the effective properties, depends also on the shape of 
 . Explicit analytic expressions for effH  are available 
for the ellipsoidal shapes only [13], and in this case 
equation (4) can be explicitly solved for the effective 
properties. In the following, we consider domains   of 
the ellipsoidal shape, assuming that it provides 
sufficient flexibility. Then equation (4) can be specified 
as follows [13]: 
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where Q  is fourth-rank Hill tensor [14, 15] that 
depends on the specific ellipsoidal shape of domain  . 
Inverting (5) yields the effective compliance: 
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In this form, Maxwell’s covers mixtures of 
inhomogeneities of diverse shapes. Note that the non-
interaction approximation is recovered if the first term in 
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depends on the specific ellipsoidal shape of domain  . 
Inverting (5) yields the effective compliance: 

     















  QHSS

1
10 1

i

i
i

eff VV  (6) 

In this form, Maxwell’s covers mixtures of 
inhomogeneities of diverse shapes. Note that the non-
interaction approximation is recovered if the first term in 

 

the brackets is much larger than the second one; in other 
words, tensor Q  is the quantity that describes the 
difference between Maxwell’s scheme and the NIA. 
Alternatively, the Maxwell scheme can be formulated in 
terms of stiffness contribution tensors N . 

We note certain logical inconsistency of the scheme: 
in ascribing to homogenized domain   the effective 
properties, interactions between inhomogeneities within 
  are assumed to be taken into account (otherwise, the 
scheme would have coincided with the NIA), whereas in 
considering the far fields generated by inhomogeneities, 
the interactions are disregarded. In other words, the left-
hand part of the equation (4) is sensitive to the shape  
of   whereas the right-hand part is not. This is not fully 
consistent: the interaction effect experienced by an 
inhomogeneity can be characterized by placing it into the 
field σσ   where σ  is the correction due to 
interaction with neighbors within  , and the 
corresponding correction to the far field generated by 
this inhomogeneity is of the first order in σ . This 
discrepancy leads to sensitivity of the predictions to the 
shape of   (indeed, as shown in [16, 17], incorporating 
pair interactions into the Maxwell scheme eliminates the 
sensitivity of the prediction to the shape of  ). The 
question arises on the optimal (from the viewpoint of 
accuracy of the scheme) choice of the shape. In the 
isotropic cases (fully random orientations, or spherical 
inhomogeneities), the spherical shape of   appears to 
be appropriate since there are no preferred directions. 
This choice may, possibly, be reasonable in cases of 
overall anisotropy as well (this assumes ascribing 
anisotropic properties, of the same symmetry as the 
effective ones, to the spherical domain  ), provided the 
type of the overall anisotropy can be specified a priori.  

3 The choice of shape of the effective 
inhomogeneity 
As discussed above, the shape of the effective 
inhomogeneity is one of the key parameters in Maxwell 
homogenization scheme. This shape has to obey the 
following two requirements: 

 The shape of   should be ellipsoidal. Otherwise, 
one cannot proceed from formula (4) to (5) and thus 
cannot separate the two effects, of the domain shape and 
of the elastic contrast; 

 The shape of   should properly reflect the shapes 
of individual inhomogeneities, their orientations and 
properties as discussed in the text to follow. 

We now specify the requirement B using certain 
known results: the one for isotropic composites [8, 18] 
and the one for a composite with parallel ellipsoidal 
inhomogeneities [9]. We utilize these results in 
conjunction with our observations on connections 
between the tensors entering expression (6), to come up 
with general recommendation regarding the shape of   
(of the effective inhomogeneity in Maxwell scheme), for 
an arbitrary composite material (that may be anisotropic 
and may contain several sets of inhomogeneities). 

3.1 Isotropic distribution of identical 
inhomogeneities 

Since the only isotropic ellipsoidal shape is a sphere, the 
effective inhomogeneity has to be spherical so that 
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Note that the shape of individual inhomogeneities 
may be arbitrary, not necessarily ellipsoidal. For 
example, Giraud and Sevostianov [19] used Maxwell 
scheme to calculate the effective elastic properties of a 
material containing randomly oriented concave 
superspherical pores. In the case of randomly oriented 
spheroids [11, 20] 

  







i
iiK

i
iiK

eff

B

B

K
K

φ11

φ1

0 


; 

  







i
iiG

i
iiG

eff

C

C

G
G

φ11

φ1

0 


 (9) 

Formulas (9) coincide with the ones given in [8, 18, 21]. 

3.2 Parallel identical ellipsoidal inhomogeneities 

In this case, 

HH φ1


i

i
iV

V
 (10) 

where φ  is the volume fraction of the inhomogeneities. 
McCartney [9] showed that the best choice of the shape 
of the effective inclusion is the shape of an individual 
inhomogeneity; thus QQ  , where Q  is Hill’s tensor 
of an individual inhomogeneity. Then the expression (6) 
for the effective compliance takes the form 
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Thus, interactions in Maxwell’s scheme are reflected 
only via tensor Q  that depends on the shape of the 
inhomogeneities and elastic constants of the matrix and 
inhomogeneities (in the case of multiphase materials it 
also depends on the partial volume fractions of the 
phases). 
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4 Maxwell scheme as one of effective 
field methods 
Maxwell’s scheme can be considered as a version of the 
effective field method. Indeed: 
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In the context of geophysical applications, Kuster 
and Toksöz [21] proposed a model for wave propagation 
in a media with randomly oriented spheroidal 
inhomogeneities that – as far as the effective elastic 
properties are concerned – coincides with Maxwell’s 
model, with the domain   taken to be spherical. In the 
case of spherical inhomogeneities, the Kuster-Toksöz’ 
scheme also coincides with the Mori-Tanaka-Benveniste 
one [22]. 
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