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Abstract. Monotonicity preserving interpolation is very important in many 
sciences and engineering based problems. This paper discuss the 
monotonicity preserving interpolation for monotone data set by using 2C  
rational cubic spline interpolant (cubic/quadratic) with three parameters. 
The data dependent sufficient conditions for the monotonicity are derived 
with two degree freedom. Numerical results suggests that the proposed 2C
rational cubic spline preserves the monotonicity of the data and outperform 
the performance of the other rational cubic spline schemes in term of 
visually pleasing.     

1 Introduction  
  Visualizing the scientific data is important in computer graphics and geometric modeling 
areas. One of the requirements for scientific visualization is that the ability of the 
interpolating scheme to preserves the geometric properties of the data sets. For instance if the 
given data sets are monotone, then the resulting interpolating curves also must be monotonic 
on the entire given interval. Some examples of monotonic data includes the population at one 
country as well as the approximation of couples and quasi couples in statistics (Karim and 
Kong [13]). The usual 2C cubic spline interpolation is very smooth but for shape preserving 
interpolation purpose, the cubic spline are unable to preserves the shape of the data on entire 
given interval resulting the interpolating curve may be oscillates on some interval. Fritsch 
and Carlson [8] constructed the monotonic cubic Hermite spline polynomial to preserve 
monotone data set. Their scheme have some drawback such as it require the modification of 
the first derivatives if shape violation is found. Fritsch and Carlson [8] scheme is not 
recommended for monotonicity preserving interpolation. Thus one of the alternative strategy 
was the used of rational cubic spline for monotonicity preservation.   
 There exist many research papers on the construction of rational cubic spline for 
monotonicity preserving interpolation. Some literature reviews are as follows: Delbourgo 
and Gregory [6,7] have discussed the monotonicity and convexity preservation by using 
rational cubic spline (quadratic denominator) with one parameter. Sarfraz [18], Sarfraz et al. 
[19] and Abbas et al. [1] also studied the use of rational cubic interpolant for preserving the 
monotone data. Meanwhile Hussain and Hussain [11] and Hussain et al. [12] studied 
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monotonicity preserving for curves and surfaces by utilizing rational cubic spline with 
quadratic denominator- without any degree freedom i.e. no free parameters for shape 
modification. In Sarfraz et al. [19] the rational cubic spline with quadratic denominator has 
been used for monotonicity with 2C continuity – without any degree freedom. Sarfraz [18] 
also discussed the used of rational cubic spline (cubic/cubic) for monotonicity preserving 
with 2C continuity but his schemes also not received much attention since there are no degree 
freedom. Similarly the rational cubic spline of Gregory [9] also did not have any degree 
freedom i.e. free parameters for shape modification. Abbas et al. [1] discussed the 
monotonicity by using 2C  rational cubic spline with two free parameters. This paper is a 
continuation from our previous works (Karim and Kong [14]). The rational cubic spline with 

2C  continuity will used for monotonicity-preserving interpolation for functional data.  The 
main contribution this paper is summarized as follows:  

(i) Our scheme give comparable results compare with existing schemes. Indeed for 
some data set, our scheme is better. 

(ii) Our scheme not involving any knots insertion as appear in the works of Lahtinen 
[15], Lam [16], Schumaker [21], Fristch and Carlson [8], Schmidt and Hess [20] 
and Butt and Brodlie [5].  

(iii)  Our scheme has two degree freedom meanwhile there are no degree freedom in 
the works of Sarfraz [18], Delbourgo and Gregory [6,7] and Gregory [9].    
 

2 2C  rational cubic spline interpolant 
  This section gives the definition for 2C rational cubic spline interpolant with three 
parameters. The mathematical derivations are taken from Karim and Kong [14]. For 
simplicity, we assume that the data points   , , 0,1,...,i ix f i n  are given such that 

0 1 ... .nx x x    Let 1 ,i i ih x x   1 /i i i if f h    and   /i ix x h    such that 

0 1  . For 1, , 0,1,2,..., 1i ix x x i n      the rational cubic spline interpolant with three 
parameters is defined as follows: 
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2C continuity i.e.        2 2 ,    1,2,..., 1i is x s x i n    , lead us to the following system of 

linear equations: 
 
 

1 1 ,   1,2,..., 1.i i i i i i ia d b d c d e i n                                         (3)                                                                 
with 
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The system of equation in (3) gives 1n  linear equations for 1n unknown derivative 
values. By imposing (4) and (5), then the system of linear equations in (4) is strictly tri-
diagonal and has a unique solution for the unknown derivative parameters 

,  1,2,..., 1id i n  for all , 0, 0i i i    . This solution can be found by using Thomas 
algorithm.  

   1
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n ns x d                                                                    (5) 

 
3  Sufficient condition for monotonicity 
   The monotonicity preserving by using 2C  rational cubic spline will be further elaborate in 
this section. Given that the monotone data sets   , , 0,1,...,i ix f i n  such that
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Condition (6) is equivalent to 

0 i   (or 0i   for monotonic decreasing data)              (7)                                                        

The necessary and sufficient condition for the 2C monotonicity of rational cubic spline 
cubic interpolant will be derived by finding the conditions on parameter i  and it is data 
dependent. For monotonic increasing rational cubic interpolant  s x  in (1), the first 
derivative must satisfy the following inequalities:  
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The rational cubic spline,  s x  is monotonic increasing if and only if  
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The first derivative of the rational cubic spline interpolant  s x is given in Karim and Kong 
[13].  
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Remark 1: If the data are constant on certain interval 0,i   then setting 1 0,i id d    will 

produce   1i is x f f   is a constant on the interval 1, , 0,1,2,..., 1i ix x i n     .  

4   Numerical demonstrations 
In order to illustrate the monotonicity preserving interpolation by using the proposed 2C
rational cubic spline interpolation (cubic/quadratic), choose Akima [4] data set i.e. wave 
distortion data in experiment conducted in laboratory.  

Table 1. A monotone data from Akima [4] 

ix  0 2 3 5 6 8 9 11 12 14 15 

if  10 10 10 10 10 10 10.5 15 50 60 85 

id  0 0 0 0 0 0 1.083 24.083 25 18.333 31.667 
 

Table 2. Numerical results 

i  0 1 2 3 4 5 6 7 8 9 10 

id ( 1C ) 0 0 0 0 0 0 1.083 24.083 25 18.333 31.667 

i  0 0 0 0 0 0.5 2.25 35 5 25  

i  
- - - - - 2 2 2 2 2 

 

i  
- - - - - 2 2 2 2 2 

 

i  
- - - - - 0.25 13.66 0.25 0.25 0.25  

id ( 2C ) 0 0 0 0 0 0 0.747 17.498 25.388 14.815 31.667 
 

 
(a) Cubic Hermite spline                                (b) From Sarfraz et al. [19] 
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(a) Cubic Hermite spline                                (b) From Sarfraz et al. [19] 

 
        (c)  From Abbas et al. [3]                             (d) The proposed scheme with 2i i    

 
        (e) The proposed scheme with 0.5i i       (f) PCHIP  
Fig. 1. Comparison of interpolating curves 
Fig. 1 shows the monotonic interpolating curves for monotone data sets given in Table 1. 
Figs. 1(a)) shows the default cubic Hermite spline polynomial. Figs. 1(b) and 1(c) show the 
monotonic interpolating by using the rational spline schemes by Sarfraz et al. [19] and Abbas 
et al. [1] respectively. Fig. 1(d) is obtained by using the data in Table 2. From Figs. 1(d) and 
1(e) the proposed 2C rational cubic spline give smooth results compare to the works of 
Sarfraz et al. [19]  and Abbas [3]. Meanwhile from Fig. 1(f), shows that PCHIP also can 
produce  the monotonic interpolating curves but not visually pleasing and some part of 
interpolating curves very tight and the smoothness is only 1C .  

Discussions and Conclusion  
From all numerical results, it can be seen clearly that the proposed 2C rational cubic spline 
works very well and it is comparable with existing schemes such as Abbas [4], Abbas et al. 
[1]  and Sarfraz et al. [19]. Future work will be focusing on other shape preserving criteria.  
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