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Creep calculation for a three-layer beam with a lightweight filler
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Abstract. In the article the technique of calculation of a three-layer beam with a lightweight filler taking
into account the creep of the middle layer is given. The problem reduces to a second-order differential
equation, which is solved numerically by the method of finite differences. An example of a calculation is
presented for a hinged at the ends beam under the action of a uniformly distributed load. The linear
Maxwell-Thompson equation is used as the creep law. Solution was performed in software package Matlab.

1 Introduction A A
. M(x)=c"hd——-c"bhd—, (1)

Products containing polymers are more prone to creep 2 2

than many other building materials. Since the middle

layer of three-layer panels is often made of foams, this

property must be taken into account in the design. The

where b — beam width, 4 — beam height, 6 — thickness

consideration of creep is associated with the solution of
complex systems of integro-differential equations [1-7],
which significantly hinders the use of the apparatus of
creep theory in the practice of engineering calculations.
In this paper, a comparatively simple method for
calculating a three-layer beam considering creep is
given, which can be used in engineering practice.

2 Formulation of the problem

We consider a hinged-supported at the ends beam,
loaded with a uniformly distributed load ¢ (Fig. 1).

Fig. 1. Calculation scheme.

In deriving the equations, the following hypotheses
are accepted:
1. The bending moment is completely perceived by the
outer layers.

Proceeding from this hypothesis, the bending
moment is related to the stresses in the upper and lower
sheathing as follows:
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of the sheathings, o™ — stress in the bottom sheathing,

o — stress in the upper sheathing.
Expression (1) can be rewritten as:

M (x) _ ot —-o~

1 ho @

2
where [ = bS% — moment of inertia of the sheathings.

2. The displacements along the thickness of the filler are
distributed according to a linear law:

ut+us ut—u
u,(z)= 5 + P z, 3)

where u™ and u~ — respectively displacements of the
lower and upper skin, u,, — displacement of the middle

layer.

3. The transverse force is completely perceived by the
filler, the filler works only on shear, and the tangential
stresses along its thickness are constant. Proceeding from
this hypothesis, the transverse force is defined as
follows:

0=1,bh=G,ybh, (4)

where 1, — shear stress in the filler, G,,— shear

m

modulus of the filler, yf,f— elastic shear deformation of
the filler, representing the difference between total shear

deformation and creep deformation:

[
Yo =Ym = VYm- (5)
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3 The derivation of the
equations

resolving

The stresses in the sheathings are related to the
displacements as follows:

+ _
ct=E ou ;0 = —au , (6)
ox ox

where E — modulus of elasticity of sheathings.
Substituting (5) into (2), we obtain:

Bt ) ”

The displacement and deformation of the filler are
related by the Cauchy equation:

_ Ouy, +@_u+—u_ ow

= = 7 8
= Tk ax )
We substitute (8) in (5), and then (5) in (4):
ut—uT ow .
0=G,bh| ————+——7,, | )
h ox

According to Zhuravskii's theorem, the transverse
force is related to the intensity of the uniformly
distributed load as follows:

99 _
ox

Differentiating (9) with respect to x, we obtain:

10 _) *w o
G, bh + 20 im0 (10
[h 6‘x( - ) ol ox ] 1 (10)

Substituting (7) into (10), we obtain the basic
resolving equation:

2 *
ow__MX)_ g 0w (11)
ox2 EI  G,bh Ox

m

4 Method of solving the problem

Equation (11) is solved numerically by the method of
finite differences. The bending moment and shear force
for considered beam are determined as follows:

M =L -0 0 =T g

The boundary conditions have the form:

Wy = Wy = 0.

The time interval is divided into n,steps At. At the
first stage we perform the solution of the elastic problem

(ym =0). A uniform grid in x with step Ax is
introduced. The second derivative of the deflection in the
node with the number i using central differences is
written in the form:

82w‘ Wiy —2Wl- + Wi
ox? Ax?

i

As a result, the problem reduces to a system of linear
algebraic equations:

[4]-1X} = 1B},

where [A4] — matrix of coefficients,
{X}={w wy .. wnH}T— vector of unknown nodal
displacements, {B}={0 f5 f5... f,, 037 — vector of free
terms.

The coefficients f; are defined as follows:

Mi 9 aYm
EI G bh ox

i

fi=-

Matrix [A4] has the form:

(1 0 0 0 .. 0 0 O]
ay by ¢ 0 .. 0 0
0 as b3 c3 .. 0 0
[4]= i
a, b, ¢,
L0 0 0 0 1]
2
where a; =c¢; =%,bi =-—.
Ax Ax

It follows from formula (4) that for a statically
determinate beam, the tangential stresses do not change
during the creep process.

If the creep law is given in differential form, then
knowing the creep strain and stress at the current time,
we can determine the rate of growth of the creep strain
and its magnitude at the time 7+ Az :

Yo, (E+AL) =7 () + aém At.

Numerical differentiation of the function y), with
respect to x is performed by the formula:

* *
~ Vmji+l =V m,i-1

e (12)

ox

i

The formula (12) is applicable only for internal grid
nodes. For the first and last node, it is not necessary to

e

ox

calculate the derivative
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5 Results and discussion
The test task was solved with the following initial data:
[=15m, b =01 m, 7 = 0.06 m, ¢g=0.82kN/m,

G, =25MPa, E=0.71-10° MPa, & = 1 mm.

We used the deformation law, which is described by
the Maxwell-Thompson equation [8]:

O m Ot
K——+Hy, =n +T,, 13
o THm o T Tm (13)
where «=nG,, =56 MPa-day — coefficient of
viscosity of the filler, n» — time of relaxation,

H =15 MPa — long shear modulus of the filler.

The total deformation is represented as the sum of
elastic deformation and creep deformation:

T %
= 14
Ym G, Ym (14)

Substituting (14) into (13), we obtain an expression
for the growth rate of the creep strain:

N | H.
&—K{(l Gm)Tm HYm:|' (15)

The resulting curve of the deflection growth in the
middle of the span is shown in Fig. 2.
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Fig. 2. The graph of the deflection growth

We note that under the law of creep (15), the problem
can be solved analytically. The law of creep (15) can be
rewritten in the form:

*m *
Am. =k —k , 16
o KiTkaYm (16)
[I_G er
where k| = nGm , ko= e
m m

We divide the variables in Eq. (16):

%:at. (17)
ky —kyv

Integrating the expression (17), we obtain:

—iln‘k1 kg =1+ InC(x),
ky

where C(x) — arbitrary function of integration which is
determined from condition:

yfn‘ —0 5~ ik =InC(x) > ) = ke
t=0 k2
The dependence of the creep strain on time takes the
form:
H

—t
(l—e_kzl)z T, b 1—e "On |.(18)
H G,

. ky
f=—
Y () ky

Differentiating expression (18) with respect to x, we
obtain:

O O (11} TG,
ox ox \H G,

_H
_Leeft 1y G,
bh ox\ H G,

Equation (11) for considered beam takes the form:

2
1
e [ ()
o2 El 2 G(n)4
Wherei=i+ R l—e "On | A=bh.
Ge G, \H G,

Integrating equation (19) with respect to x, we obtain:

ow _ l[qle qx3J q

x+C(t).

o  EIl 4 6] G4

3 4 2
W)= — | P4 X e et o),
EIl 12 24| G()A 2

Functions Cj(¢) and C, (¢) we determine from the
boundary conditions:
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W _,=0—>Cr(1)=0;

74 74 2
Wo_o=0: - dl) o I yimo s
x=l EI\ 12 24| G4 2
3
So=d 4
2G(t)A 24EI

The expression for the deflection in the middle of
the span takes the form:

4 2
R LA Ly 20)
x=3 " 384E " 8G(1)A

At ¢t =0, the maximum deflection is defined as

w 3 5ql4 N q12
MaXN=0 " 384FI  8G,, 4’

21

Furthermore, at ¢ —> oo substitution in the formula
(20) gives:

" ‘ B 5ql4 N ql2
MaXli>o  384F]  8HA'

(22)

Substituting the initial data into the formulas (21) and
(22), we obtain at =0 wp,, =5.77 mmand at

t—> 0 Whpax =06.79 mm. The  results  obtained

numerically almost coincide with the analytical solution.

6 Summary

When solving a test problem, one of the simplest creep
laws was considered, which is wvalid for linearly
viscoelastic material. However, Eq. (11) allows to
specify an arbitrary creep law, including a nonlinear one.
For polymers, the nonlinear Maxwell-Gurevich equation
[9] agrees well with the experimental data. The method
for determining the relaxation constants included in this
equation is given in [9-10].

It is necessary to note that an analogous problem was
solved in [11].The Voigt law was used, which has the
form:

oy
T :Ka—;”+Hym. (23)

The authors of the paper [11] have reduced the
problem to a system of two differential equations, which
is not very convenient.

. Ot
If the stress 1, is constant, then the derivative a—m
t

vanishes and the results obtained on the basis of the
Maxwell-Thompson law must coincide with the results
based on the Voigt law.

Comparison of our results with work [11] is not
possible, since in this paper the authors do not give all
the initial data necessary for calculating.

An experimental study of the creep of foam filler and
three-layer beams is carried out in [12-13].However, the
authors use Findley’s power law, in which the time is
contained in an explicit form. Such a law cannot be used
for complex loading regimes.

Thus, the question of approximating the creep curves
of the filler on the basis of the Maxwell-Gurevich
equation remains valid.
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