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Abstract. Mathematical models and numerical methods for the optimal solution of inverse forming 
problems monolithic panels with contact stamp devices have been developed.  Using the minimization 
criterion for damage in functionals of inverse problems, the optimal laws of deformation in creep are found.  
The algorithms implemented in MSC.Marc allow to model and evaluate the parameters of the technological 
processes for the manufacture of parts, in particular reconfigurable multi-point form-creation. 

1 Introduction  
Lately in the aircraft industry, large monolithic and 
monolithic prefabricated panels are used more and more 
as parts, which allow increasing strength and stiffness of 
structures with simultaneous reduction of masses and 
improvement of aerodynamic performances. Monolithic 
panels utilize reinforced membranes fabricated in 
conjunction with the stiffening ribs of one plate or sheet 
[1]. Setting the aerodynamic shape of such monolithic 
panels is performed by shaping processes undertaken in 
plastic deformation modes, both under normal and 
increased temperatures. 

The development of metal forming processes is 
basically either through the creation of highly efficient 
technologies based on optimization of regimes, or the 
development of new technological processes.  
Establishment of the most effective technological 
process of deformation leads to the problem of choosing 
optimal technological parameters.  In any case, the most 
important criteria necessary for assessing the 
effectiveness of technological processes and their 
optimal management of technology parameters are 
determined for the solution, the objective function 
characterizing the process and being a function of 
various factors is introduced.  In a number of works, a 
set of problems was solved to optimize the parameters of 
the force loading and deformation of thin sheet billets 
under pulsed methods of shaping, in particular, the 
multiparametric problem of optimal shape formation was 
posed and solved [2]. 

The process of deformation in the creep regime 
allows for economically and efficiently forming large 
parts. The use of shaping such a regime avoids many 
manual operations by mechanical molding. 

The deformation-strength properties of the creep of 
structural aluminum alloys depend significantly on the 
state of supply, the thickness of the slab, and the 
direction of cutting the blanks from the plate (slab) for 

making samples and the sign of the applied load during 
the tests [3].  It is experimentally shown in works [4-10] 
that forming in the creep regime and at stresses not 
exceeding the elastic strength of material, provides for 
higher residual strength resource and less damage of 
components compared to the method of conventional 
cold forging. The results confirm the prospects of creep 
using in the manufacturing processes of critical 
structures parts. This is especially important for modern 
civil and transport aircraft, since the airworthiness 
standards are continually being increased and are 
currently based on residual strength estimates and 
damage tolerance of the basic design elements [11, 12]. 

Such processes, in addition, will allow controlling the 
level of material damage, coordinated with technological 
limitations, due to the optimal choice of the strain path in 
time. 

Development of technical decisions in ways of 
shaping does not guarantee high accuracy of final 
geometrical shape of the part. For example, lately 
shaping of products from sheets and panels is considered 
as a promising solution, using configurable core punch 
(die), which allows changing the shape of workpiece. 
Accuracy of the part shape obtained by pressure 
processing technologies of materials under specified 
process parameters depends on accuracy of calculated 
and manufactured tooling shape (stamps, punch, rod 
configurable punch) that determines proactive panel 
shape. Proactive panel shape shall provide specified 
residual curvature of the panel after its release from the 
power tooling. In this regard, inverse problem rises: to 
determine the shape of tooling, which creates such 
proactive curvature of the panel that provides specified 
residual shape of the panel after unloading. In addition, 
in order to minimize damage to parts and deviations 
from specified shape under existing limitations in 
production, formulation of process parameters optimal 
control problems and development of methods of their 
solution are required. 
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It’s shown in works [13, 14] that panel formation in 
the creep regime is limited by deformation and shows a 
large value of material spring-back. To account the 
spring-back and to obtain the required curvature of the 
panel it is proposed to use multi-point forming (MPF) in 
the creep regime [15]. 

The transition of forming matrixes and punches from 
rigid to flexible structures, enabling changes to their 
shape under the required geometry have opened broad 
possibilities for the application of reconfigurable tooling 
system in the variety of technological processes. The 
forming surface of the punch as well as the matrix 
formed by two coaxially arranged rods systems, each 
placed in an individual position by the numerical control, 
allows for the adaptation of the tooling system for 
manufacturing parts of various configurations. The 
mechanisms of rods positioning can be mechanical, 
hydraulic or combined. There are also differences in the 
configuration of the rods, their tips and the quality of 
formed surface of the punch (the matrix). 

Most of the research exploring the possibility of 
using the reconfigurable rod devices is aimed to develop 
the technology of work-piece manufacturing from thin 
sheet material. In works [16-19] design features of rod 
systems are considered and the main approaches to 
definition of the loads acting on each rod element are 
proposed. Results of searches for the most rational form 
of rod element are also presented.  

Results of complex research for the prediction of 
defect occurrence of multi-point forming of sheet 
material by utilizing finite-element analyses (FEM) are 
shown in works [20-22]. The obtained data allowed for 
the optimization of the control system for the punch and 
matrix rods and gave the opportunity to manufacture the 
parts using double curvature from the sheet material with 
account of the effects of material spring-back. 

2 Formulation and method for solving 
inverse optimal forming problems  

Let 3V R⊂  be a bounded domain with a sufficiently 
regular boundary S. The contact surface of rigid bodies 
(stamps) with deformable body is designated through cS  
( cS S⊂ ). Denote by 1 2 3( , , )u u u u= , 1 2 3( , , )u u u u=    , 

1 2 3( , , )u u u u=  - the vectors of current, residual 
displacements of deformable body and the vectors 
displacements contact surface of rigid bodies; 

1 3
2, [ ( )]u u W Q∈ , {0 }Q V t T= × ≤ ≤ , 1 3

2[ ( )]cu W Q∈ , 

{0 }c cQ S t T= × ≤ ≤ . The symbol ( , )S⋅ ⋅  denotes the 

inner product in 2 ( )L S : 
3

1
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iS
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corresponding norm is given by 
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The inverse problem of a kinematic forming by 
contact rigid stamps can be represented in the form of a 
quasi-static variational principle with the functional [23]:  
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where *u , *u  is a given residual displacement rate and 
current contact displacement rate in moment time t; 

[0, ]t T∈  – time deformation under load; cW  - the 
quasistatic contact potentials received by imposing of 
contact conditions on the equations of bodies motion by 
method of multipliers of Lagrange or by method of penal 
functions [24] and differentiation on t; potential form are 
given by:  
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     , ijklc  are the components 

of the symmetric elastic constant tensor; c
klε  are the 

creep strain rates; , , , 1, 2, 3i j k l = ; , ,
1 ( )
2ij i j j iu uε = +   , 

, ,
1 ( )
2ij i j j iu uε = +  

   . 

By consideration of the inverse problem with 
functional in the form of (1) it is supposed that in the 
considered time t there is a contact of rigid stamp with 
deformable body, otherwise these contact potentials 
shouldn't enter functional. 

The problem of optimal deformation is formulated as 
follows: it is required to find a way to deform an element 
of the medium for a given time T, so that at the time t=T, 
the specified creep strains *c

klε  are obtained and the 
damage parameter Ω is minimal. 

Minimizing the dissipation power for each time point 
will give the minimum value of the dissipated work 

0

T
c

ij ijA dtσ ε= ∫   and accordingly the damage parameter 

[25, 26]. 
Using the weighting coefficients method, the 

problem of optimal deformation by the functional [25, 
26] 

 * 2

1
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2 cS cJ u u u u u W a u u
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     (2) 

* 2
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where 1 0c > , 2 0c >  - weighting coefficients. 
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Thus, in the case of small deflections, the optimal 

deformation is linear *
z z

tu u
T

= , in the case of large 

deflections with the assumptions made above, optimal 
deformation is carried out by the nonlinear law 

*
z z

tu u
T

= [25]. 

In the inverse problem of uniaxial stretching of a rod 
in the creep theory with minimal damage, the 
dependence of the rational loading path on the weight 
coefficients and time in the following form [26]: 

2

1
1

(1 )*(1 )1 1

2 2

(1 ) (1 ) n
c n tnEB c EB cp p e

c c

−
−−  + +

= + −  
   

, 

where ( )p p t=  - tensile forces applied to the rod, E, B, 
n – material constants и *p  - initial load. A similar 
expression is constructed for displacements. 

It is proposed in [27] to determine the optimal 
loading path by formulas  

 *
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,  

where the values of the weight coefficients are found by 
the method of local variations. 

Taking into account discretization of the variation 
(1), (2), the finite element equations for the solution of a 
contact problem are formed [24, 28] 

 ( 1) ( ) ( 1)t t i i t t i+∆ − +∆ −∆ =K U R , ( 1) ( ) ( 1)ˆ ˆt t i i t t i+∆ − +∆ −∆ =K U R  

where ( 1)t t i+∆ −K , ( 1)t t i+∆ −K  - are the tangent stiffness 
matrices (in matrices ( 1)t t i+∆ −K  are already included the 
additional elements which are formed from contact 
restrictions), ( 1)t t i+∆ −R , ( 1)ˆt t i+∆ −R  - the vector of internal  
and external forces. The top indexes t t+ ∆  of quantity 
indicate time for which it is calculated. The top indexes 
( 1)i −  indicate number of iteration at correction of the 
solution by Newton-Rafson's method. The solution of 
the following step is found on a formula 
t t t+∆ = + ∆U U U . 

As a result of the solution of the first problem (2) of 
the given movements we receive the deformed model 
with distribution of stress and strain. The second 
problem on the basis of data on initial stress and strain 
determines unloading movements. After that it is 
possible to find residual nodal movements ˆ= +U U U . 

Several procedures have been developed to treat 
contact problems including the use of Perturbed or 
Augmented Lagrangian methods, penalty methods, [24, 
28] and direct constraints. MSC.Marc divides contact 

problems into two domains [29]: the first is when a 
deformable body makes contact with a rigid surface and 
the second is when a deformable body makes contact 
with another deformable body or itself. A target node on 
the deformable body has no constraint while contact 
does not occur. Once contact is detected, the degrees of 
freedom are transformed to a local system and a 
constraint is imposed such that normalu n∆ = ⋅v , where v 
is the prescribed velocity of the rigid surface.  

The iterative method for solving the inverse forming 
problem in displacement of a contact surface is offered  

1 *( ) ( )k k k k k k k
i i i i i iu u u u u uα β+ = + − + −    (4) 

where 0 2kα< < , 0kβ →  at k →∞ , 1, 2, 3i = . 

3 Numerical results for the inverse 
problems 
The problem of movement’s determination of the cores 
of reconfigurable tool creating such anticipatory 
curvature of the panel which provides the set residual 
form of the panel after unloading is considered. For 
modeling the process of forming the work-piece from 
plate with a thickness of 45 mm, finite-element model 
(FEM) in the CAE system MSC.Marc has been 
developed (Fig.1). The perfectly rigid body with a tip 
diameter of 50 mm has been utilized for the rod model. 
Distances between the centres of one tip of a core with 
another are made by 250 mm. Dimensions of work-piece 
are 1750x750x45 mm. The characteristics of the AK4-
1T material (aluminum alloy) were used in the 
computations. The material is isotropic and has identical 
elasticity characteristics under tension and compression, 
namely, the Young’s modulus E = 7000 kg/mm2 and 
Poisson’s ratio v = 0.4. Steady state creep under both 
compression and tension in the experiments is described 
by Norton’s law with different coefficients B for each of 
these types of strain: 
- compression: B1 = 0.25 • 10-14(kg/mm2) -n1 (h)-1, n1 = 8; 
- tension: B2 = 0.5 • 10-14(kg/mm2)-n2(h)-1, n2 = 8. 

 

Fig. 1. Finite element model of work-piece and surface with 
the set curvature 

Conditions of contact are modeling slipping without 
friction. 

According to manufacturing process the necessary 
detail with the set curvature obtain after chipping and 
milling of previously formed work-piece. 
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As initial displacement of contact bodies 0
iu  (4) 

distances from rigid bodies to a surface with required 
curvature taking into account work-piece thickness are 
accepted. The residual displacements in an iterative 
method are determined in nodes of a deformable body 
nearest to projections of central points of contact bodies 
to the surfaces of work-piece. 

The iterative method is realized in MSC.Marc system 
by means of a set of user procedures [30]. 

The numerical model with the set boundary 
conditions and definitions of projections of contact 
bodies is implemented by means of user programs in 
MSC.Patran.   

As a result of calculation the anticipatory 
configuration of work-piece is found (Fig. 2). 

In Fig. 3 the work-piece configuration after 
unloading in comparison with the set surface geometry is 
shown. 

 
Fig. 2. Anticipatory configuration of work-piece in comparison 
with the set surface 

 
Fig. 3. Residual configration of work-piece in comparison with 
the set surface 

For the iteration method (4), the best convergence 
coefficients were determined: 12 (1 )k kα −= − + , 

50.1(1 )k kβ −= + . As a result of solving the inverse 
problems of shaping with different laws of plates 
deformation, it is possible to determine the optimal path 
for stresses and dissipated work (Table 1). 

Table 1. Maximum values of stress intensity and dissipated 
work under different deformation laws. 

 iσ , 
kg/mm2 

A , kg/mm2 ke  , mm 

*
z z

tu u
T

=  36.4 22 28.6 

*
z z

tu u
T

=  33.3 20.9 27.8 

The convergence of the iterative method in the mean 

square norm  ( ( )( )1 220

c

k
k z zS

e u u= −∑   , cS  - where is 

the lower contact surface of the plate and k is the 
iteration number, k

zu , 0
zu  - node parameters describing 

the residual displacement. 
A rational loading path can also be found in the form 

(3). 

4 Conclusions 
The formulation of inverse quasistatic problems of creep 
theory in the form of optimal control makes it possible, 
with the help of the developed algorithm, to find 
numerical rational solutions for more complex details 
that are free from representations of the ideal plate and 
shell, in particular in the formation of wing panels.  The 
developed algorithm is proposed to determine the 
anticipatory shape (snap-in of a reconfigurable bar 
device) with the law of change during the deformation 
process, ensuring minimum damage to the part. 

Algorithms developed can be used in industrial 
applications, such as the forming of aircraft wing panels.  
It allows simulating and efficiently evaluating the 
parameters of the parts manufacturing technological 
processes. 
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