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Abstract: The research considers and analyzes vibration isolation systems, 
whose design schemes are single degree of freedom systems, including 
nonlinear elements - displacement limiter and viscous damper. Presented 
are calculation formulas in closed form for linear systems in operational 
modes (for harmonic and impulse loads), algorithms and examples of 
calculation of linear and nonlinear systems in operational and transient 
modes. The calculation method and the above dependences are written 
using the transfer (TF) and impulse response functions (IRF) of linear 
dynamical systems and dependencies that determine the relationship 
between these functions.  The effectiveness of 2 options of vibration 
isolation systems in transient modes is analyzed. There is significant 
reduction of load from the equipment to the supporting structures in the 
starting-stopping modes by the use of displacement limiter. 
Keywords: vibration isolation, displacement limiter, viscous damper, 
nonlinear system, Duhamel integral. 

1. Introduction 
Vibration-active equipment stationed close to buildings or installed on structures cause such 
structures to undergo oscillation, which often go above the limits set in building standards 
and design manuals  [1]. High displacements can also damage springs and flexible elements 
(for example, pipelines) which are connected to such equipment. Ways of reducing such 
dynamic loads interest a lot of scientists and engineers when putting up structures with 
vibration-active equipment.  Assessment of vibration isolation system using auxiliary mass 
damper to reduce structural vibration was investigated in  [2].  

There has been growing interest in variable stiffness isolation systems[3-9]. These 
systems work by changing the structural stiffness thereby altering the natural period of the 
structure and thus escaping resonance. The changing of the structural stiffness is done by 
switching devices which are controlled by control laws [10-12]. Some of these devices 
incorporate dampers such that there is either stiffness or damping added to the structure, 
depending on the feedback response[11,13]. In  [5] smart rubber material with capability of 
changing its stiffness was studied to be used in variable stiffness base isolation system. 
In order to reduce vibrations in transient modes in many fields of technology, including the 
operation of vibration isolated equipment, systems with non-linear elements - displacement 
limiters and viscous dampers are widely used. In a significant part of the design process, 
dampers are constantly associated with an oscillating body.  
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Such dampers, including a stator and a rotor, are tuned to the frequency of oscillations of 
the object and are effective in damping vibrations in transient modes. The disadvantage of 
such dampers is that their natural frequencies depend on the viscosity of the liquid, which 
varies with the ambient temperature. Such dampers, including a stator and a rotor, are tuned 
to the frequency of oscillations of the object and are effective in damping vibrations in 
transient modes. The disadvantage of such dampers is that their natural frequencies depend 
on the viscosity of the liquid, which varies with the ambient temperature. More stable in the 
operation of the damper are the options in which the damper is activated in operation 
directly in areas close to resonance, in particular, during start-up and shutdown modes. 
Such a scheme is shown in Fig. 1 [14].
This paper outlines the algorithm and calculation method to be used in analyzing vibration 
isolation system with nonlinear elements for a single degree of freedom system. Using the 
relationship between transfer function and impulse response function, the method could be 
used for 2 or more degrees of freedom systems [15,16] .  
Two kinds of nonlinear elements are studied - nonlinear stiffness element (displacement 
limiters), and non-linear viscous damper. 

In this study the control information (feedback structural information) is the reference 
structural displacement (y0). The structure and the standby stiffness engage together as 
soon as the displacement peaks to the reference point (y0). It maintains in this state until the 
displacement goes below the reference point. Below the reference point, the standby 
stiffness and the structure disengage separately. 

These types of vibration isolation could be employed in reducing the levels of 
oscillation of equipment with rotating parts (Fans, compressors) and on screen machines in 
transition modes - starting and stopping modes[16]. 

2. Algorithm of calculation 
The calculation schemes of single degree of system with displacement limiter and viscous 
damper are shown in figure 1. The algorithms of solutions of such systems in operational 
and transient modes are considered. 
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Fig. 1: a) system with displacement limiter ;b) system with viscous damper  

2.1Algorithm of solving vibration isolation system with displacement limiter  
(fig. 1a): 
The equation of motion of vibration isolation in fig. 1a  is of the form: 

  
1 2 ( ) ( )d

mу v c y y q t
dt
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The characteristics of the non-linearity considered in this systems is: 

   1 0( )  при y ;c y y k y y� 
   

  1 0 1 2 0 0( ) ( )( ) при y > c y y k y k k y y y� � � �    (2)  
Taking the nonlinear components of equation (1) to the right side, we have: 

2 2
1 1

( ) ( )1 2 1 2 1 2d q t d d c y yу v p y v p y v
dt m dt dt m

� � � � � �� � � � � � �� � � � � �
� 	 � 	 � 	

у �1 2���1 21 21 2��1 21 2 ;  (3) 

After steps of simplification of equation (3), we have: 

  

2 2 0
1

( )( )1 2 1 2
k y yd q t dу v p y v

dt m dt m

�� � � �� � � � �� � � �
� 	 � 	

у �1 2� ��1 21 21 2��1 21 2 ;  (4) 

The solution of equation (4) is of two parts; from the linear aspect from the applied 
dynamic load (

lin
y )   and from fictitious load which depends on the type of nonlinearity (

nonlin
y ).

    lin nonlin
y y y� �     (5) 

The solution from the applied dynamic load is expressed in terms of Duhamel integral 
[16,17]: 
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The solution from the fictitious load is also expressed in terms of Duhamel integral. For the 
reason that the integrand contains the expression of displacement (y), the second-order 
integral is nonlinear. 
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  (9) 

where 0t � time of switching on the additional stiffness 

Following equations (6) – (8), we have: 
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� � �� � �
 .  (11) 

The total displacement is found from equation (5), which is solved for each time step by 
iterations at each step [18,19]. 

The force of reaction to the supporting structure is calculated using: 

     sup i
Q Ak�    (12) 

where A - amplitude of displacement, ki - system stiffness 

2.2 Algorithm of calculation of system with viscous damper (fig. 1b): 
The dissipative force arising when the piston moves in a working medium with a velocity in 
the vertical direction is determined by the formula: 

gk k k p
P h l� �� � � , where 

k
h �  the coefficient of resistance, in which ( . )Pa s� � the 

dynamic viscosity of the medium; 
p
l �  Working height of a layer of viscous liquid; ( )t� �

Coefficient determined from Fig. 35 [14]. 
In the presence of a viscous damper according to the scheme in Fig. 1b, the equation of 

motion of a system with one degree of freedom takes the form (in particular, during start-up
and in operating mode) 

    

1 2 ( ).
k

d dy
mу кy h q t

dt dt

�� �� � � �� �
� 	

уm �1 21 21 21 21 2
  (13) 

At 0 1y y y� � , where 0 0( )y t  and 1 1( )y t � the boundary of the zones of inclusion in the 
work of damping and shutdown. In the rest of the zone 

k
h  equals to zero. 

Taking into account the above conditions, using the Duhamel integral, the solution of 
equation (13) can also be represented as the sum of two solutions: a linear system for the 
applied load ( )q t and a fictitious load, which takes into account the nonlinear dependence 
of the dissipative forces. The solution of the linear systems for the load ( )q t  is given above 
and can be rewritten as follows: 

    

*
1 1* 0

1

1 ( ) ( , )
t

lin
y q t V p t d

p m

� �� �
 ;  (14) 

where 1*
1 1 1( , ) sinn t

V p t е p t�� �  Impulse response function. 

   
0
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1 1*

1
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t
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t
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� �
�

� � �
 when 1t t
 (15) 

Integrating (15) by parts, we write (in the interval 0 1t t t
 
 ) 

00

* *
1 1 2 1*

1

1 ( , ) ( , )
t

t

nonlin k k
tt

y h yV p t h yV p t d

p m

� �
� �

� � �� �
�  


 ; (16) 

2 1
d

V V

d�
� ,  after similar simplification (see expressions 6-11) takes the form: 

� � � �! "1 1 1 2 2 1 1 1 2 1*
1

( ) ( ) ( ) ( ) ( ) ( ) ( )k

nonlin

h
y t n d t p d t F n d t p d t F

p m

� �� � � � . (17) 

The nonintegral terms are 0 for t� � ; and 
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*
int 1 1 0*

1

( ) ( , )k

non

h
y y t V p t t

mp

� � при for 0t� � .  (18) 

, ;  1,2
i i
d F i �  see formula (8), (9) 
Without giving numerical solutions, we note that this algorithm corresponds to the start 
solution, and the numerical algorithm is similar to the algorithm used in the first problem.
In the operating mode, the upper limit of the integral is to be put 1t t� . The displacements 
of the systems in the stop mode are determined by the algorithm given above in the interval 

3t t� , where 3t � the time for switching on the damper. 

3. Numerical example 
A single degree of freedom of mass 10 ton with displacement limiter is investigated,
amplitude of excitation force (Q) –350kN, frequency of excitation force (ω) – 78rad/s, 
damping coefficient - 0.1, reference structural displacement (y0) = 0.015m.  
For the linear displacement, four values of stiffness k1 were used as input to get the 
displacement for the start-up and shut-down modes. Additional stiffness (k2) with values 
500, 1000 and 1500 kN/m were used for each value of k1 to get the nonlinear displacement. 
Results are shown in table 1.  
The support reactions were computed and are shown in table 2. 
The effect of values of the reference structural displacement(y0) was investigated and 
results are in table 3. 
The input dynamic load is taken from [2]. The time taken is 12seconds for start-up, 60 
seconds for operational and 45 seconds for shut-down mode. 

3.1 Results and discussion 

Fig. 2: displacement of system with traditional vibration isolation (black)  and with displacement 
limiter (grey). 
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Table 1: displacement of system with traditional vibration isolation and with displacement limiter 
displacement of 

system with 
traditional vibration 

isolation (m)

displacement of 
system with 

displacement limiter 
(m)

k1
(kN/m)

in start-
up

in shut-
down

k2 
(kN/m)

in start-
up

in shut-
down

2500 0.0497 0.0772
500 0.0535 0.0700

1000 0.0530 0.0537

1500 0.0717 0.0328

3000 0.054 0.0818
500 0.0566 0.0760

1000 0.0569 0.0636

1500 0.0565 0.0458

3500 0.0561 0.0853
500 0.0596 0.0804

1000 0.0604 0.0704

1500 0.0548 0.0545

4000 0.0592 0.0881
500 0.0624 0.0841

1000 0.0629 0.0771

1500 0.0575 0.0652

4500 0.0608 0.0905
500 0.0642 0.0872

1000 0.0654 0.0817

1500 0.0602 0.0739

For the k1 values of 2500kN/m and 3000kN/m there a decrease in displacement in the 
start- of up to 57% and 44% in the shut down mode. There is however an increase in 
displacement in the startup mode. Therefore the optimum parameters of k1 and k2 are 3500 
kN/m and  1500kN/m, where the reduction in displacement is 36% in the shut-down mode 
and marginal decrease in start-up mode (table 1).  

There is a 32% reduction in the support reaction in the shut-down mode where k1 and 
k2 are 2500kN/m and 1500kN/m. In the start-up mode there is increase in the support 
reaction for all values of k1 and k2. (table 2). 

The optimum value of y0 is 0.025m for k2 value of 1500kN/m which results in the most 
reduction of shut-down support reaction (table 3). 
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Table 2: support reaction of system with traditional vibration isolation and with displacement limiter 
support reaction of 

system with 
traditional vibration 

isolation(kN)

support reaction  of 
system with 

displacement limiter 
(kN)

k1 
(kN/m)

in start-
up

in shut-
down

k2 
(kN/m)

in start-
up

in shut-
down

2500 124.25 193.00
500 160.50 210.00

1000 185.50 187.95

1500 286.80 131.20

3000 162.00 245.40
500 198.10 266.00

1000 227.60 254.40

1500 254.25 206.10

3500 196.35 298.55
500 238.40 321.60

1000 271.80 316.80

1500 274.00 272.50

4000 236.80 352.40
500 280.80 378.45

1000 314.50 385.50

1500 316.25 358.60

4500 273.60 407.25
500 321.00 436.00

1000 359.70 449.35

1500 361.20 443.40

Table 3: Variation of values of reference structural displacement(y0) on displacement 

k1(kN) k2 (kN)
y0(m)

displacement(m) support reaction (kN)

in start-
up

in shut-
down

in start-
up in start-up

3500

500
0.015 0.0596 0.0804 238.4 321.6
0.025 0.0579 0.0745 231.6 298

0.035 0.0563 0.0723 225.2 289.2

1000
0.015 0.0604 0.0704 271.8 316.8
0.025 0.0583 0.0609 262.35 274.05

0.035 0.0561 0.0676 252.45 304.2

1500

0.015 0.0548 0.0545 274 272.5
0.025 0.0573 0.0512 286.5 256
0.035 0.0558 0.093 279 465
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4. Conclusion 
The paper looked at variants of nonlinear systems of vibration isolation (with displacement 
limiter and viscous damper) and algorithms for their calculation as systems with single 
degree of freedom under the action of harmonic load (in operating mode) and in transient 
modes. From the numerical example it was observed that the system with the displacement 
limiter could reduce the maximum values of displacements in transient modes by 30-35%. 
The algorithm for calculating the system with a viscous friction dampener is illustrated by 
the example of calculating the system in the starting mode. 
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