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Abstract. The transfer and deposition of solid particles in porous rocks
are encountered in many fields of science and technology, including the
design and construction of waterproof foundations and hydraulic
structures. The paper considers polydisperse suspesion with suspended
particles of various types moving in the porous medium at the same
velocity. The asymptotics of the solution of the filtration problem with
various linear filtration coefficients is constructed. A numerical calculation
of the asymptotics is performed for the case of two different types of
particles.

1 Introduction
The transfer and retention of solid suspended particles of suspension and colloids in the
porous medium is one of the main problems of underground fluid mechanics [1]. Such
problems are encountered in many fields of science and technology, in many fields of
science and technology, including the design and construction of waterproof structures and
hydraulic structures.
Classical filtration models of a suspension in the porous medium consider a flow of a
carrier fluid with the identical suspended particles [2, 3]. Porous medium has a complex
structure, and various factors can influence the retention of particles in the filter pores:
electrical forces, gravity, dispersion, viscosity, etc. If the particle and pore sizes are close,
then the determining mechanism of pore capture is size-exclusion. The mathematical model
of deep bed filtration includes the equation of mass balance and the kinetic equation of
deposit growth rate, forming a quasilinear hyperbolic system. The kinetic equation
determines the growth rate of the deposit in proportion to the concentration of suspended
particles. The coefficient of proportionality is called the filtration coefficient. In the
simplest cases, the filtration coefficient is assumed to be constant. A linear relationship
describing the change in the growth rate deposit with increasing the concentration deposit is
used in more complex models. Analytic and numerical solutions of the classical filtration
problem are known [3-9]. Models with a complicated equation of mass balance take into
account the change in porosity and permeability porous medium when forming a deposit
[10-14].
Consider a suspension with suspended particles of two types. Particles, differing in size
or shape, move in the porous medium at the same velocity. It is assumed that particles of
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different types interact differently with pores and have different filtration coefficients. In
the paper the asymptotic solution of the filtration problem is constructed near the
concentrations front of suspended and retained particles and a numerical calculation of the
asymptotics is performed.

2 Formulation of the problem
In the domain

  {0  x  1, t  0}
a mathematical model is given by a system of equations

Ci Ci Si


0
t
x
t

(1)

Si
 i (S)Ci ; i  1,..., n
t

(2)

with the boundary condition

x  0 : Ci  pi .

(3)

t  0 : Ci  0, Si  0 .

(4)

and the initial conditions

Here S  (S1 ,..., Sn ) ; the filtration coefficients i (S) are continuous and positive; the
constants pi  0 .
At the initial moment the porous medium does not contain any particles. A suspension
with a constant concentration pi of suspended particles begins to flow into the filter inlet.
The concentrations front of the suspended and retained particles moves from the filter inlet
x  0 to the outlet x  1 at a constant velocity v  1 and divides the domain  into two
subdomains 0  {0  x  1, 0  t  x} and 1  {0  x  1, t  x} . In 0 the system (1) –
(4) has a zero solution; in 1 the solution is positive. Since conditions (3) and (4) are not
matched at the origin, the solution Ci ( x, t ) has a strong discontinuity at the concentrations
front, the characteristic straight line t  x .
The solution Si ( x, t ) is continuous in  and has a weak discontinuity on the
concentrations front.
We define a condition on the characteristic

Si

tx

0.

(5)

In the domain 1 the problem (1) – (4) is equivalent to the Goursat problem (1) – (3),
(5).
In the characteristic variables (Riemann variables)  t x, x  x in the domain

1  {0
{  x  1,  0}
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the system (1) – (3), (5) takes the form

Ci Si

0;
x


(6)

Si
 i (S)Ci


(7)

x  0 : Ci  pi ;

(8)

with initial and boundary conditions

 0 : Si  0; i  1,..., n .

(9)

3 The exact solution on the concentrations front
Let us determine the concentrations of suspended particles on the concentrations front.
Substituting (7) into (6)

Ci
  i (S)Ci  0; i  1,..., n .
x
The concentrations front is given by formula
concentrations front equation (10) has the form

(10)

 0 . According to condition (5), on the

Ci
 i (0)Ci  0, Ci
x

x 0

 pi .

(11)

The solution of (11)

Ci  pi e

i (0) x

, i  1,..., n .

(12)

The formula (12) gives the exact solution on the concentrations front.

4 Asymptotics near the concentrations front
Assume that the filtration coefficients linearly depend on the concentrations of n types of
retained particles

 i (S) 

i



n

ak Sk , i  1,..., n ,

(13)

k 1

where ak are constants.
In the neighborhood of the concentrations front
can be obtained in the form

1
Si  Si1  Si2
2

2

 0 the solution of problem (6) – (9)

 O( 3 ); Ci  Ci0  Ci1  O( 2 ); i  1,..., n .

3

(14)
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Here Ci0 are given by the formulas (12), the expansions coefficients Si1 , Si2 , Ci1 depend on
the variable x.
Substituting the expansions (14) into equations (6) and (7) and equating the terms of the
same powers of , we obtain a system of recurrent algebraic and differential equations for
the leading terms of the asymptotics

Si1 

i

Ci0 ;

(15)
n

Ci1   i Ci1  Ci0

Si2 

i

n

Ci1  Ci0

k 1

k 1

ak Sk1  0 ;

(16)

ak Sk1 ; i  1,..., n .

(17)

The initial condition for the differential equation (16) is obtained from (3)

Ci1  0; i  1,..., n .

(18)

The solution of the system (15) – (17)

Si1 

ix

pi e

i

;

(19)

n

Ci1  pi e

ix

kx

pk ak e
k 1

Si2  pi e

n
ix

pk ak (

i



k

)e

1 ;

(20)

kx

i

k 1

.

(21)

Substituting the terms (12), (19) – (21) into the expansions (14) and performing an
inverse change of variables, we obtain the asymptotics of problem (1) – (4) in the domain
1 near the concentrations front

Si ( x, t ) 

i

pi e

ix

(t x) 

Ci  pi e

ix

1
pi e
2

 pi e

n
ix

k 1

pk ak (

n
ix

k 1

kx

pk ak e

i



k

)e

kx



i

 (t

x) 2  O(t x)3 ; (22)

1 (t x)  O(t x)2 ; i  1,..., n .

(23)

5 Numerical simulation
The numerical calculation of the asymptotic solution is performed for 2-size particles
( n  2 ) for the linear filtration coefficients

1  1 S1 S2 ;

2  2 S1 S2 ,

and the initial suspended particles concentrations p1  1, p2  1 .
Fig. 1 shows 3-D graphs of the suspended and retained particles concentrations
separately for each type of particles.
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Fig. 1. Suspended and retained particles concentrations S1 ( x, t ); S2 ( x, t ); C1 ( x, t ); C2 ( x, t ) .

The graphs of suspended and retained particles concentrations for different fixed x are
presented in Fig. 2.

Fig. 2. Particles concentrations S1 ( x, t ) x const ; S2 ( x, t ) x const ; C1 ( x, t ) x const ; C2 ( x, t ) x const .
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6 Conclusion
The asymptotic solution of the problem of particles transfer is constructed near the
concentrations front. Particles of n different types move in a porous medium with the same
velocity. It is assumed that the filtration coefficients of all types of particles are linearly
dependent on the retained particles concentrations.
A numerical calculation of the asymptotic solution for the particles of two different
types is carried out. The calculation indicates that the applicability of the asymptotics is
limited by the small parameter  t x . Figures 1 – 2 show that the asymptotic solution is
valid for
 0.4 . For small values of , the asymptotics determines the analytic
dependence of the solution on the parameters, reducing the amount of laboratory and field
research [15].
With increasing , the retained particles concentration of the first type begins to
decrease and at 1 becomes negative. Respectively the suspended particles concentration
of the first type exceeds the initial concentration at the filter inlet, which contradicts the
physical meaning of the problem.
A further development of the method involves the construction of a global asymptotic
solution of the filtration problem on a small limiting deposit.
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