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About solution of multipoint boundary problem
of static analysis of deep beam with the use of
combined application of finite element method
and discrete-continual finite element method.
part 2: boundary conditions
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Abstract. The formulation of considering multipoint boundary problem
includes three main components: a description of the domain occupied by
the structure and the corresponding subdomains; description of the
conditions inside the domain and inside subdomains; description of
boundary conditions (for boundaries of domain and boundaries between
subdomains). These boundary conditions (interface conditions) in under
consideration in the distinctive paper.

1 Analysis of options for boundary conditions

In practical applications the following variants of boundary conditions (interface
conditions) between subdomains (2) from the first part of this paper are most often
encountered (some of them are considered in this paper): interface “discrete-continual model
— discrete model”, “internal” boundary condition of the type “perfect contact”; interface
“discrete model — discrete-continual model”, “internal” boundary condition of the type
“perfect contact”; interface “discrete-continual model — discrete-continual model”, “internal”
boundary condition of the type “perfect contact”; interface “discrete model — discrete
model”, “internal” boundary condition of the type “perfect contact”; interface “external
boundary — discrete model”, boundary condition of the type “hinged support”; interface
“external boundary — discrete model”, boundary condition of the type “free edge”; interface
“external boundary — discrete-continual model”, boundary condition of the type “hinged
support”; interface “external boundary — discrete-continual model”, boundary condition of
the type “free edge”; interface “discrete model — external boundary”, boundary condition of
the type “hinged support”; interface “discrete model — external boundary”, boundary
condition of the type “free edge”; interface “discrete-continual model — external boundary”,
boundary condition of the type “hinged support”; interface “discrete-continual model —
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external boundary, boundary condition of the type “free edge”. Of course, other variants of
interface are possible, but similarly, somehow, in one way or another, as a rule, these
variants are reduced to some combinations of the above-mentioned twelve [6-16].

2 Interface “discrete-continual model - discrete model”,
“internal” boundary condition of the type “perfect contact”

Let’s consider arbitrary boundary point x;,, 1<k <n, and corresponding interface

de

between subdomain @,

(subdomain is approximated with the use of DCFEM, p, , =2)
and subdomain @/ (subdomain is approximated with the use of FEM, p, =1).

Boundary conditions at section x, =x;, (perfect contact) have form (4N, equations):

u (), =0 =u", i=12,..,N,, j=1, @)
WO~ 0 =ul Y, i=L2, N, =1 @
I 0 =0, =2 = ®
o 0 =0, i=12..N,, j=1, @

where ;" (x;, —0) and o5 (x}, —0) are nodal (node (k,i)) values of functions of

stress components o,,(x,) and o,,(x,) (after corresponding averaging) for discrete-

(ksi ) and O'(k'['j)

continual finite element «/,; o} o

k=1 2

are nodal (node (k,i,j)) stress
components o, and o,, (after corresponding averaging).

Equations (1)-(4) can be rewritten in matrix form:
BU, (x), -0)=B/U,, )

where B, is matrix of boundary conditions of size 4N, x4N,, which can be constructed in
accordance with algorithm presented at Table 1; B, is matrix of boundary conditions of
size 4N, x2NN,,,

variations [1-5,17].

which can be constructed in accordance with so-called method of basis

Table 1. Algorithm of computing of nonzero elements of matrix B, .

Numbers (indexes) Element value Corresponding
of elements boundary condition
1 2 3
(,2i-1), i=1,2,...,N, 1 (1)
(N, +4,20), i=1,2,...,N, 1 )
_ 1,
(2N, +1,2) Hy1y 7= N{(0)
i 3)
_ 1., i=1
(2N, +1,4) Fiai oy N (0)
1
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1 2 3
_ 3
(2N, +1,2N, +1) B, e
(2N, +i,2(i - 1)), 1- 1 v
i=2,3,..,N, -1 g M h, ‘@
(2N|+lazl)a 1 /’lklxl luAI:
=23, N -1 | 2| N+= =N 3)
i / i=2,3,...,
(2N, +i,2(i +1)), 1= 1o -1
i=2,3,...,N,—1 2 Mo h, 0
2N, +i,2(N, +i)—1), 1, _ _
( I iizl 3 ) ]\3 -1 E(/I’lk—l,i—l +/’lk—l,i)
b RS 1
_ 1,
(3N,,2N, -2) #kfl,N,flh—Nl(l)
Np-1
— Lo 3)
(3N,,2N,) My KNZ(D =N
(3N1>4N1 _l) ﬁk-m,
1
(BN, +1,1) e p — N/(0)
1
1 4
(3N, +1,3) A, p —N!(0) i(:)
1
(3N, +1,2N, +1) A +20
(N, +5,2i-3) S R ()
i=2,3,..,N, -1 27
(3N, +i,2i 1), | Ao ey A
_ _ = = N, () +—=—=N[(0)
i=2,3,..,N, -1 2| &, h @
=23, ...
BN, +i,2i+1), L7 Lvo N ’_31’ ’
i=2,3,..,N, -1 2k ‘
. . 1 - -
(BN, +i,2(N, +1)), 5 A+ A D)+
i=2,3,..,N, -1 _ _
+ Mo — By
_ 1 ,
(4N192N1 _3) ﬂ“k—l.N,—l Nl (1)
hN,—l
T / )
(4N1’2Nl _1) ﬂ-fk—l,.’v]—l thi‘l Nz(l) i: N]
(4N|a 4N1) Zz—l,Nl—l +2ﬁk—l,Nl—l

All other elements of matrix B, are equal to zero.
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The algorithm for computing of matrix B, under the conditions (5) is described below.

1. Elements of the matrix B, are determined by the formula
(8),,=96,,, p=1,2,....2N,, ¢=1,2,....2N,, (6)

where & is Kronecker delta.

It should be noted that computing of the elements of the matrix B, by formula (6)

corresponds to the boundary conditions (1)-(2).
2. The following values are assigned sequentially: i, =1,2,...,N, . For each fixed value

of i_, the actions listed below are performed.
2.1. The following values are assigned sequentially: i=1,2,...,N, . For each fixed value

of i, the actions listed below are performed.
2.1.1. The following values are assigned sequentially: j=1,2,...,N,, . For each fixed

value of j, the actions listed below are performed.
2.1.1.1. The following values are assigned sequentially: g =1,2. For each fixed value
of g, the actions listed below are performed.

2.1.1.1.1. Global index j, is computed in accordance with formula
Je=q+20=D+2N,(j-1). (7

2.1.1.1.2. As a vector of unknowns (see the formula (21) from the first part of this
paper), we set

Uk = é/x > (8)
where e, is the vector, j, -th component of which is equal to 1, and the other components

are equal to 0.
2.1.1.1.3. In accordance with the structure of vector of unknowns (8) with the use of

(k)](ig-l) [O_(k)
b

. (i)
corresponding formulas nodal components [o; 7% of stress tensor can be

computed.
2.1.1.1.4. Elements of matrix B, are computed in accordance with formulas

(ig.1) (ig,1)
(BI:)ZMH',D,,]S, :[Gl(.l;)] 0 (B;)w,ﬂg,‘/g :[G;kz) R ©)

It should be noted that computing of the elements of the matrix B; by formulas (9)
corresponds to the boundary conditions (3)-(4).

3 Interface “discrete model - discrete-continual model”,
“internal” boundary condition of the type “perfect contact”

Let’s consider arbitrary boundary point x;,, 1<k <n, and corresponding interface
between subdomain @}, (subdomain is approximated with the use of FEM, p, , =1) and

subdomain @;“ (subdomain is approximated with the use of DCFEM, p, =2).
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Boundary conditions at section x, =x;, (perfect contact) have form (4N, equations):

ul™ =y*(xl, +0), i=1,2,..,N,, j=N,,; (10)
WD U 0, =12, 0N, =N, v
O =Gl (L +0), =12 N, =N .
G = h (x4 0), i=12,...N,, j=N,, (13)

where o75”(x}, +0) and o5’ (x;, +0) are nodal (node (k,i)) values of functions of

stress components o,,(x,) and o,,(x,) (after corresponding averaging) for discrete-

(k=L.0.j)
1.2

continual finite element /; o and o, are nodal (node (k,i,j)) stress
components o, and o,, (after corresponding averaging).

Equations (1)-(4) can be rewritten in matrix form:
BU,, =BU,(x;, +0), (14)

where B, is matrix of boundary conditions of size 4N, x2N/N,, , which can be
constructed in accordance with so-called method of basis variations [1-5,17]; B, is matrix

of boundary conditions of size 4N, x4N,, which can be constructed in accordance with
algorithm presented at Table 2.

Table 2. Algorithm of computing of nonzero elements of matrix B, .

Numbers (indexes) Element value Corresponding
of elements boundary condition
1 2 3
(G,2i-1), i=1,2,...,N, 1 (10)
(N, +i,20), i=1,2,...,N, 1 (11)
(2N, +1,2) i, 1 L N/(0)
hl
_ 1 (12)
@N+L.4) A —N(0) i=1
(2N, +1,2N, +1) .,
(2N, +1,2G-1)), 1o 1w
i=2,3,..,N, 1 3 Py N
(2N, +1,20), 1z, a.
i=2,3,..,N,—1 S| N+ N(0) (12)
! 2| A, h .
‘ / i=2,3,...,
(2N, +1,2(i +1)), 1 1z 1 Ly N, -1
i=2,3,...,N, -1 2" h
2N, +i,2(N, +i)-1), 1 +
i=2,3,.N, 1 2P H )
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1 2 3
3N,,2N, -2 — |
(3N, 1 —2) By h_ N/(1)
Ny-1 (12)
3N, 2N, — 1 , .
( ! l) /uk.N|4 _Nz(l) 1= Nl
hN,—]
(31\[15 4N1 _l) ﬁk,Nl—l
3N, +1,1 - 1.
Gl +LD By Ni(0)
h,
GN, +1,3) = 1, (13)
A"v‘ h, N;(0) i=1
(BN, +1,2N, +1) A, +20,,
(BN, +i,2i-3), l— L ,
i=23,..,N —-1 21’{”'_] h,, uao)
BN, +1,2i-1), 1 Zk,i—l . Z“ ,
i=23,...,N -1 = N (D) +—N,(0) (13)
2| h_ h, .
-1 i i=2,3,...,
(BN, +1,2i+1), l— l , N, -1
i=2,3,..,N, -1 3 M5 MO
(BN, +i,2(N, +1)), 1 = - — —
i= 21, 3, ---7N1 -1 5(&”‘71 + ﬂ’k,i) M T
(4N,,2N —3) -1,
: 1 ﬂ’k,]vrl _Nl (1)
hN,—]
(4N,,2N, -1) - 1 , (13)
/11(,/\/171 mNz (1) i= ]V1
(4N,.4N,) Ao+ 2

All other elements of matrix B, are equal to zero.

The algorithm for computing of matrix B, under the conditions (14) is described
below.
1. Elements of the matrix B, are determined by the formula

(B),,=6,,, P=1,2,..2N,, ¢=1,2,....2N,. (15)

k

It should be noted that computing of the elements of the matrix B, by formula (15)

corresponds to the boundary conditions (10)-(11).
2. The following values are assigned sequentially: i, =1,2,...,N, . For each fixed value

of i_, the actions listed below are performed.

2.1. The following values are assigned sequentially: i =1,2,...,N,. For each fixed value

of i, the actions listed below are performed.



MATEC Web of Conferences 117, 00110 (2017) DOI: 10.1051/matecconf/201711700110
XXVI R-S-P Seminar 2017, Theoretical Foundation of Civil Engineering

2.1.1. The following values are assigned sequentially: j=1,2,...,N. For each fixed

> 2,k-1"
value of j, the actions listed below are performed.
2.1.1.1. The following values are assigned sequentially: ¢ =1,2. For each fixed value
of ¢, the actions listed below are performed.

2.1.1.1.1. Global index j, is computed in accordance with formula
J.=q+2(—=D+2N,(j-1). (16)

2.1.1.1.2. As a vector of unknowns (see the formula (21) from the first part of this
paper), we set

U

k

=€ (7

2.1.1.1.3. In accordance with the structure of vector of unknowns (8) with the use of

(k1) (g N2 k1) (k=1) g N2 k1)
s [0,7]

s " of stress tensor can

corresponding formulas nodal components [o,
be computed.
2.1.1.1.4. Elements of matrix B, are computed in accordance with formulas

(B =[ol "= (18)

22/

(k1) g Mo -
:[O- B ) (BA )3N1+i,

12 o

It should be noted that computing of the elements of the matrix B, by formulas (18)
corresponds to the boundary conditions (12)-(13).

4 Interface “discrete-continual model - discrete-continual
model”, “internal” boundary condition of the type “perfect
contact”

b

Let’s consider arbitrary boundary point x;,,

1<k <n, and corresponding interface
between subdomain @, (subdomain is approximated with the use of DCFEM, p, , =2)
and subdomain @ (subdomain is approximated with the use of DCFEM, p, =2).

Boundary conditions at section x, =x}, (perfect contact) have form (4N, equations):

u (), —0)=u"" (x), +0), i=12,...,N,; (19)
uy (), —0)=ul" (x), +0), i=1,2,...,N,; (20)
o5 (), —0)=0"(x], +0), i=12,..,N,; 21
o (), —0) =01 (x), +0), i=12,...,N,. (22)

Equations (19)-(22) can be rewritten in matrix form:

BU, (x},-0)=B/U,(x], +0); (23)
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where B, and B, are matrices of boundary conditions of size 4N, x4N,, which can be
constructed in accordance with algorithms presented at Table 1 and Table 2 respectively.

5 Interface “discrete model - discrete model”, “internal”
boundary condition of the type “perfect contact”

Let’s consider arbitrary boundary point x;,, 1<k <n, and corresponding interface

between subdomain @/, (subdomain is approximated with the use of FEM, p, , =1) and

subdomain @/ (subdomain is approximated with the use of FEM, p, =1).

It should be noted that in this case special formulation of boundary conditions are not
required. Subdomains @/, and @/ are normally considered jointly within FEM, boundary
conditions of the type “perfect contact” are automatically met.

The Reported study was Funded by Government Program of the Russian Federation “Development of
science and technology” (2013-2020) within Program of Fundamental Researches of Ministry of
Construction, Housing and Utilities of the Russian Federation and Russian Academy of Architecture
and Construction Sciences, the Research Project 7.1.17.

References
1. P.A. Akimov, Applied Mechanics and Materials, 204-208, 4502-4505 (2012).
2. P.A. Akimov, M.L. Mozgaleva, Applied Mechanics and Materials, 580-583, 2898-

2902 (2014).
3. P.A. Akimov, O.A. Negrozov, Procedia Engineering, 153, 8-15 (2016).
4. P.A. Akimov, O.A. Negrozov, Procedia Engineering, 153, 16-23 (2016).
5. P.A. Akimov, O.A. Negrozov, Procedia Engineering, 153, 24-31 (2016).
6. K.-J. Bathe, Finite Element Procedures (Prentice Hall Inc., 1996).
7. G. Campione, G. Minafo, Engineering Structures, 41, 294-306 (2012).
8. H.S.Kim, M.S. Lee, Y.S. Shin, Procedia Engineering, 14, 2212-2218 (2011).
9. E.Lim, S.-J. Hwang, Engineering Structures, 108, 104-112 (2016).
10. Z. Lin, M. Raoof, Engineering Structures, 17(10), 725-736 (1995).
11. J. Liu, B.I. Mihaylo, Engineering Structures, 112, 81-89 (2016).

12. O.A. Negrozov, P.A. Akimov, 1.Yu. Lantsova, Procedia Engineering, 153, 926-932
(2016).

13. M. Pal, S. Deswal, Computers & Structures, 89(13-14), 1430-1439 (2011).
14. K. Uenaka, H. Tsunokake, Structures, 10, 89-95 (2017).

15. O.C. Zienkiewicz, R.L. Taylor, D.D. Fox, The Finite Element Method for Solid and
Structural Mechanics (Butterworth-Heinemann, 2013).

16. O.C. Zienkiewicz, R.L. Taylor, J.Z. Zhu, The Finite Element Method: Its Basis and
Fundamentals (Butterworth-Heinemann, 2005).

17. A.B. Zolotov, P.A. Akimov, Proceedings of the International Symposium LSCE 2002
organized by Polish Chapter of IASS (Warsaw, Poland, 2002).



