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Abstract. This paper presents a bilinear approach to nonlinear differential 
equations system approximation problem. Sometimes the nonlinear 
differential equations right-hand sides linearization is extremely difficult or 
even impossible. Then piecewise-linear approximation of nonlinear 
differential equations can be used. The bilinear differential equations allow 
to improve piecewise-linear differential equations behavior and reduce 
errors on the border of different linear differential equations systems areas. 
The matrices of bilinear differential equations system are estimated 
through nonlinear programming. The results of proposed approach 
application are presented.   

1 Linear, piecewise-linear and bilinear approximation of 
nonlinear differential equations  

Let’s consider nonlinear differential equations [1-4].  
                                                          � �uxfx ,��                                                            (1) 

There are x ― state vector, u ― input vector. 
The constant input vector su determines steady-state vector of state variables sx.  

Nonlinear differential equations in a small neighborhood of r-th steady-state point are 
approximately described by linear differential equations [1-4].  

� � � �nr

s

nrnr

s

nrn

uuBxxAx �����                                               (2) 
or 

� � � � nix
nr

s

nr

i

nr

s

nr

i

n

i
,...,1, ����� uubxxa� .                                    (3) 

There are xn ― vector of normalized state variables, un

 ― vector of normalized input 
variables,  

ni

x

x
x

is

in

i
,...,1,

max
�� ,                                               (4)  

mi

u

u
u

is

in

i
,...,1,

max
�� .                                              (5)                       

                                                 
* Corresponding author: r_leibov@mtu-net.ru 

 
 

    
 

DOI: 10.1051/, 00103 (2017) 71170010117MATEC Web of Conferences matecconf/201
XXVI R-S-P Seminar 2017, Theoretical Foundation of Civil Engineering 

3

  © The Authors,  published  by EDP Sciences.  This  is  an  open  access  article  distributed  under  the  terms  of the Creative
Commons Attribution License 4.0 (http://creativecommons.org/licenses/by/4.0/). 



�
�

�

	






�

�
�

a

a

A
r

n

r

r �
1

,                                                            (6)                       

�
�

�

	






�

�
�

b

b

B
r

n

r

r �
1

                                                           (7)                       

are corresponding linear differential equations system matrices.  
Also nonlinear differential equations in a small neighborhood of r-th steady-state point 

are approximately described by bilinear and quadratic differential equations [3], [4]. 
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The derivatives of right-hand side of equation (11) are 
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The values of these derivatives at  
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these derivatives are the rows of (r ‒ 1)-th steady-state point linear differential equations
system matrices. 
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2 Quadratic differential equations system matrices estimation

Nonlinear differential equations time responses � �
k

n
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NL , 1,...,0 �� Nk , � �
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Nk ,...,0� , where ttt
kk

����1 , 1,...,0 �� Nk , are used for quadratic differential 
equations system matrices estimation. The � �

k

n
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NL , 1,...,0 �� Nk  stepwise time 

responses cross the border of r-th and (r ‒ 1)-th linear differential equations systems 
application areas.

Quadratic differential equations system matrices estimation can be reduced to nonlinear 
programming problem 
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There are � �
k
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x
, Nk ,...,1� positive definite diagonal weight matrices, A

r , B
r  are 

considered known, the initial values of quadratic differential equations system matrices 
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3 Quadratic differential equations system matrices estimation
example

In this example m = 4, n = 5, vectors of normalized steady-state values of input and 
state variables are 


 �Tnr

s
0,0,4515.0,1�u , 


 �Tnr

s
1,1,1,1,1�x , 


 �Tnr

s
0,0893.0,4441.0,9442.01 ���

u , 


 �Tnr

s
9790.0,9783.0,9656.0,9834.0,9741.01 ��

x , 
linear differential equations system matrices 

�
�
�
�

�

	










�

�

����
��
��

�
�

�

0422.301171.34159.38163.62.9867
03568.195917.55115.39.6711
01868.131171.205191.119.7385
0001.65070.0697
0001.17708208.1

A
r , 

corresponding eigenvalues  
4370.11 ���r , 0345.22 ���r , 1415.113 ���r , 3324.284 ���r , 0422.305 ���r , 
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2204.00387.05736.04454.0
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B
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At first quadratic differential equations system matrices for two differential equations 
are estimated.
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Then quadratic differential equations system matrices for 3-rd and 4-th differential 
equations are estimated considering the matrices xΓr1 , xΓr2 , uΓr1 , uΓr2 .  
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At last quadratic differential equations system matrices for 5-th differential equations 
are estimated considering the matrices xΓr1 , xΓr2 , uΓr1 , uΓr2 , xΓr3 , xΓr4 , uΓr3 , uΓr4 .  
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There are 2001,...,1�k , 025.0��t , and the weight matrices are identity matrices. Since 
matrix A

1�r is calculated through quadratic differential equations system matrices, 
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additional constraints are used in order to provide matrix A
1�r  real and different 

eigenvalues.  
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Some results of proposed method application are presented at Fig. 1, 2. The piecewise-
linear differential equations system state variable derivative n

x5
PL �  time responce surge on 

the border of two linear differential equations systems application areas is much less if 
matrix A

1�r is calculated through quadratic differential equations system matrices.  

Fig. 1. Nonlinear and piecewise-linear differential equations systems state variables n

x5
NL  and n

x5
PL   

derivatives n

x5
NL �  and n

x5
PL �  time responces ( A

1�r is calculated through quadratic differential 
equations system matrices).
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Fig. 2. Nonlinear and piecewise-linear differential equations systems state variables n

x5
NL  and n

x5
PL   

derivatives n

x5
NL �  and n

x5
PL �  time responces. 
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