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Abstract. Generally the displacements of the beams are calculated by the traditional methods of structural mechanics 
with the help of approximate formulas which provide good results for linear tasks. The author shows that the 
approximate formula is not suitable for analysis in the case of geometrical nonlinearity which occurs during the 
manufacturing process of bending developable shells. The comparison of results got by methods of structural 
mechanics and shell theory for the shells with developable middle surfaces is given.   

1 Introduction  
 
The displacements of the beams are traditionally 
calculated by approximate equations of the methods of 
the structural mechanics, while the displacements of 
flexible structures are mostly based on mathematical 
models with the systems of nonlinear differential 
equations [1-4]. Professor Krivoshapko S.N. [5] 
suggested an exact method of the determination of 
internal bending moments which occur during the process 
of parabolic bending of thin developable shells with the 
help of differential geometry methods, Hooke’s law and 
Love’s formulas for the elastic shell theory. In a paper [6], 
the shell stress-strain state in view of very large 
displacements and very slight normal and shear strains is 
studied.  

In a paper [7], Elenitsky E.Ya. suggested the 
algorithm of static calculation of geometrically nonlinear 
compound thin structures with the help of linear 
differential equations of moment theory and considered 
the nonlinearity by assigning unknown initial angular 
displacement of each segment retaining the form of the 
generating line. Unknown values of algebraic equations 
resolving system are the arbitrary constants of the general 
solution and the initial angles of generating lines rotation, 
while linearization is realized by Newton-Raphson 
iterative method. It is shown in the paper on examples of 
the console beam and the hinged annulus that such 
approach provides the high precision of results. 

2 Methods applied to the beam 

2.1 Approximate method applied to the beam 

It is well known that displacements in the beam in 
traditional linear theory of structural mechanics [8] can 
be found by the formula of the advanced mathematics  
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where k is a curvature of the curve; R is a radius of the 
curve; y=y(x) is a deflection equation; y’ is a tangent of 
the angle of inclination of the tangent to the elastic line of 
a beam axis.  

In practice, these angels are very small and one can 
neglect their squares in comparison with the unit that 
allows getting the famous equation named the main 
differential equation of the curved axis of a beam: 
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(where E is a modulus of elasticity; I is a moment of 
inertia, M is an inner bending moment), which is 
approximate, because the equation of the axis  curvature 
is replaced by an approximate one, and deformations 
caused by shear forces are also not considered.  In most 
cases, this influence is insignificant and can be neglected. 
However, let us describe the equation without any 
approximations and analyse the accurate results. 

2.2 Precise method applied to the beam 

To simplify the calculations, we will consider the load to 
be consistent and consist only of the converging bending 
moment attached at the end of a console beam (Fig. 1). In 
this case, the Eq. 1 will be 
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where M = const is an inner bending moment. 
On integrating the Eq. 3, one can obtain the following 

equation of the deflection of an axis: 
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which is an equation of a circle, while the approximate 
method (Eq. 2) gives us the deflection equation in the 
form of parabola:
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Figure 1. The analyzed console beam

Test. Let us analyze an example calculated by the 
means of two approaches (approximate and precise). The 
steel beam with the following geometrical and physical 
characteristics: section height is h = 0.01 m; section width 
is b = 1 m; the length is l = 6 m; Young’s modulus is 

MPaE
51006.2 �� , the yield point stress is 

MPa
y

245�� ; was calculated. The displacements are 
shown on Fig. 2 and in the Table 1, where y(x) was 
calculated by precise method (Eq. 4) and y1(x) was 
calculated by approximate method (Eq. 5).
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Figure 2. Displacements y(x) and y1(x) which are 
calculated by precise (Eq. 4) and approximate (Eq. 5) 
methods respectively.

Table 1. Displacements y(x) and y1(x) which are 
calculated by precise (Eq. 4) and approximate (Eq. 5) 
methods respectively and the difference � in the results 
of displacements y(x) and y1(x).

y x( )

0.000000

-0.015003

-0.060054

-0.135274

-0.240870

-0.377133

-0.544446

� y1 x( )

0.000000

-0.015000

-0.060000

-0.135000

-0.240000

-0.375000

-0.540000

� 	 x( )
-53.385·10

0.023

0.09

0.203

0.363

0.569

�

The results of displacements on Fig. 2 are shown in 
meters. The displacements are more than 50 thicknesses 
of the beam, so the task is geometrically nonlinear and 
cannot be analyzed by linear theory.

The differences in results of displacements which are 
calculated by approximate and precise methods 
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are shown in Table 1. The biggest difference on the edge 
of the beam is 0.569 per cent that can be considered as a 
small difference, but in the case of bigger displacements 
such as 100 thicknesses the difference is considerable 
which will be shown further. 

3 A precise method applied to the 
developable shells

According to [9], a developable surface can be flattened 
onto a plane without stretching, tearing or creasing, and 
tangent lines of the edge of regression (cuspidal edge) of 
this surface generate it. Since this type of surfaces is 
widely used in manufacturing [10-15] in many fields such 
as shipbuilding [16, 17], engineering [18] and 
architecture [19, 20] and products are mostly obtained by 
the means of bending, the problem of plastic 
deformations should be taken into account. However, 
most works about developable surfaces do not concern to 
this point [21-27].  

In the case of manufacturing of developable surfaces 
by applying the bending moment My to the plane plate, 
one can be interested in obtaining the minimum radius 
Rmin of the bending until which the plate works in elastic 
stage. The plastic moment My, created by the normal 
stresses, occurs when maximum normal stresses mount to 

the yield point stresses ( ys
�� �max, ) is
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After rewriting the Eq. 4 into more traditional form 
for the circle
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one can obtain the evaluation of the radius of the 
deformation axis of the beam

                             const

M
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The Eq. 6 can be called a radius of a curve of the 
developable surfaces while bending.

On the other hand, it was shown by the author in [28] 
that the minimum radius of the developable surface while 
manufacturing can be also calculated by another approach 
with the help of the shell theory
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According to the Eq. 6 and Eq. 7 the difference 
between standard methods of resistance of materials and 
the method of the shell theory leads to different results. 
Thus, in the case when Poison’s ratio is 3.0�
 , the 
minimum radius occurs to be almost 10 per cent higher 
than the radius which is calculated by standard methods 
of structural mechanics.

4 Practical applications

Let us take the steel rectangular plate with the following 
geometrical and physical characteristics: section height is 
h = 0.01 m; section width is b = 1 m; the length is l = 6 m; 
Poison’s ratio is 3.0�
 ; Young’s modulus is 

MPaE
51006.2 �� , the yield point stress is 

MPa
y

245�� . Let it be required to produce a product 
in the shape of a half circle (C-shaped plate) with the 
radius R = 5 m (Figure 3) by bending.

Figure 3. The required C-shaped product 

We calculate the minimum value of the radius ( minR )
of bending at which the plastic deformations will not 
occur (the shaped plate will turn around into a plane plate 
again). In other words, the plate is bent without plastic 

deformations ( ys
�� �max, ).  

The plastic bending moment My, created by the 
normal stresses, occurs when maximum normal stresses 

mount to the yield point stresses ( ys
�� �max, ), is

mmN
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M
y /4038
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According to Eq. 6 and Eq. 7, the minimum value of 
the radius of bending without plastic deformations will 
respectively be Rmin = 4.082 m for the method of 
resistance of materials and Rmin = 4.485 m for the shell 
theory method. This means that required product cannot 
be manufactured by simple bending because after 
removing the clamps product will turn back into the plane 
plate.

5 Results and discussion

In the case when the biggest displacement y(x) is less or 
the same as the thickness h of the beam, the difference 
between displacements which are calculated by accurate 
and approximate methods is very small (less than 0.0002 
per cent) which coincides with linear theory. In the case 
when the biggest displacement y(x) is less than 50 
thicknesses, the difference is also small and shown on Fig. 
���������	�
���������������

However, in the case of developable shells which are 
manufactured by bending the displacements are much 
bigger and the difference in results can be considerable. 
For example, in the case when the biggest displacement 
y(x) is more than 100 thicknesses the difference is 2.36 
per cent, while in the case of displacements more than 
200 thicknesses the mistake may achieve even 10 per 
cent.

Obviously, the suggested analysis is not absolutely 
accurate as far as it does not take into account the 
displacements along the coordinate x, but it generally 
shows that once displacements are very big, for example, 
in the case of manufacturing a product from the thin plate 
by bending, the traditional approximate equations cannot 
be used. In addition, the suggested equations can be 
improved by further research and the displacements along 
the line x can be also be included in analysis.

For future researchers, it can be interesting to conduct 
an experiment that will confirm the suggested theoretical 
results, the minimum value of the bending radius. There 
have not been found any information in this field of 
research, except [7] where some approaches for 
calculation of this experimental task are presented.

Generally, most engineers consider the task of 
bending of the thin plate to the task of bending of the 
middle surface, and do not take into account the normal 
strains, because as it is well known normal strains do not 
occur on the middle surface. In practice, since the margin 
of safety is usually very high for such products as steel 
tubes, such approach does not lead to any problems. 
However, it can be useful to consider plastic 
deformations when plate is being bent into the product.

6 Conclusion

The investigation presented shows some problems in 
usage of linear and geometrically nonlinear theories for 
beams and shell structures with developable middle 
surface.  There are some results of analysis of the console 
beam which was calculated by both the approximate and 
precise methods of structural mechanics as well as by the 
shell theory. Since the plastic deformations can occur 
during the manufacturing process of bending, the 
determination of these deformations in the shells with 
developable middle surfaces is a considerable point of 
engineering task, and it seems to be rather reasonable to
obtain the simple formula for such analysis. 

It is shown in the paper that the difference between 
results of displacements which are calculated by standard 
methods of resistance of materials and shell theory 
achieves 10 per cent. Since geometrically nonlinear task 
usually occurs in manufacturing process, the analysis is 
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worth to be conducted with precise method of structural 
mechanics and shell theory. 

As a future research topic, the suggested calculations 
can be improved by taking into account the displacements 
along the line x, as well as the comparison with the 
results which can be obtained by numerical methods. The 
two presented tasks can also be used as test examples for 
numerical methods. 
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