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Abstract. The paper deals with suitability of use of the explicit and
implicit method in heavily nonlinear seismic analysis. Considering typical
time of duration of earthquakes from several seconds to approximately
twenty seconds, it would seem that use of the implicit method is definitely
more suitable. The shape of accelerograms, however, requires quite short
time steps. For the explicit method, on the other hand, very short time steps
are required in order to obtain a stable solution. Both methods must be
compared with respect to a heavily nonlinear response, typical for
seismicity. Conclusions of the paper are made on the basis of detailed
numerical study and may be very useful for practice.

1 Numerical methods of direct integration of equation of motion
In the following text let us introduce the numerical methods used in the study. A system of
motion equations of a discrete model of a structure subjected to a dynamic load can be
written
(1)
Ma(t )  Cv(t )  Ku(t )  F(t )
Numerical methods of direct integration solve system (1) in a finite number of time
instants t0 , t1 , , tm . The distance between individual time instants ti  ti  ti 1 is called
the length of the integration step. The lengths of integration steps ti influence the
accuracy, stability and speed of the solution. Defined initial conditions are an integral part
of system (1). The time t  0 is considered to be the starting point at which u(t0 )  u0 ,

v(t0 )  v0 . System (1) can be thus written as
Mai  Cvi  Kui  Fi

(2)

1.1 Explicit methods
In explicit methods we make use of the assumption about the distribution of motion
characteristics u, v  u, a  u in interval ti , ti 1  and the knowledge of these characteristics
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at time instant ti , and we calculate vectors ui 1 , vi 1 , ai 1 from (2). Neither triangulation nor
modification of the stiffness matrix is performed in explicit methods.
1.1.1 Method of central differences
The numerical integration of differential equations uses the substitution of the derivative of
the independent variable with respect to time. If we replace the derivatives in (2) by
1
(3)
vi 
 ui 1  ui 1
2ti

ai 

1
 ui 1  2ui  ui 1
ti 2

(4)

we get a recurrent formula for u i

1
1
2
1
1
M
C ui 1  Fi  K  2 M ui 
M
C ui 1
2
2
2ti 
2ti 
ti
 ti


 ti
The method has all the advantages of explicit methods as long as

(5)

C  0

or C   M . Its application is most effective for diagonal mass matrix. However, the
method is only conditionally stable. The length of the integration step must meet the
condition
T
(6)
ti  n



where Tn is the smallest vibration period.
1.2 Implicit methods
Implicit methods are based on system (2) at time instant

ti . The numerical integration of

the system is carried out step by step using the following formula

ai  f  ti , Fi , ui 1 , vi 1 , ai 1

(7)

with the necessity – in order to be able to start with the solution – to evaluate the
acceleration at the beginning of the motion at time t0 directly from system (2)

Ma0  Cv0  Ku0  F0

(8)

1.2.1 Newmark methods
The basic formula of the Newmark method that specifies the relations between
displacement, velocity and acceleration vectors have the following form
1
ui  ui 1  ti vi 1    ti 2ai 1  ti 2ai
(9)
2


vi  vi 1  (1   )ti ai 1  ti ai

(10)

where  and  are what is termed Newmark’s parameters. As formulas

ui  ui 1  ui , vi  vi 1  vi , ai  ai 1  ai

2

(11)
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holds we can write the following formula for the vector of acceleration increments and
velocity increments
1

(12)
ai  ai  2 ui , vi  vi 
u
h i
h



1
1
(13)
ti ai 1  vi 1
ai  
vi 1 
ai 1 , vi  1 
2


2

t




i


The total increments of the displacement (and analogous increments of the velocity,
acceleration and force vectors) can be written as
where

ui 

nITER


k 1

k

ui

(14)

Using the substitution according to formulas above into (2) and the obtained relation is
modified we get

1

M
C  k K T,i  k ui  k Fi  Mai  Cv i
2
ti
 ti


(15)

The bracket on the left hand side of (15) represents what is termed modified stiffness
ˆ . The presented formula can be written in a similar form
matrix, which can be denoted K
i
as
ˆ k u  k F  Ma  Cv ;

for k  1
K
i
i
i
i
i
k
ui : 
(16)
k
ˆ k
for k  1

K i ui  Fi ;
Using this relation (16), it is possible to calculate partial increments of displacement.

2 Comparison of the used numerical methods
For this numerical study a wall of six floor building was used. The structure was subjected
to the seismic load due to the accelerogram from Umbro-Marchigiana, Italy.

Fig. 1. The analysed structure.
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Fig. 2. Accelerograms Umbro-Marchigiana, station Colfiorita-Casermette.

The important aim of the paper is to compare the suitability of use of the explicit
method and the Newmark’s implicit method in the seismic analysis of structures.
It is commonly known that the explicit method (described e.g. in [1], [2] and [3]) is
suitable for actions with very short duration, such as explosions or the impacts of vehicles
against obstacles, i.e. actions generally studied via transient dynamic analysis. With the
explicit method, the time step necessary from the point of view of computational stability is
determined by the shortest time in which sound overcomes the distance between two
arbitrary nodes of the structure of the given material. This time step must then be decreased
to an even lower duration by a certain safety factor, let’s say 0.7, to be sure that the
calculations will be stable. The maximal possible time step then depends on the Young’s
modulus of the material, the density of the material (the square root of the ratio between the
Young’s modulus and density is the speed of sound in the material) and on the shortest
distance between arbitrary nodes. It can thus be seen that refinement of the mesh will
demand a pertinent decrease in the maximum allowed time step. Of course, this will mean
an increase in the amount of computational time needed. It is clear from the above
conditions that the explicit method requires an extremely short time step. For the analysis of
building structures it is usually in the order of 10-5 s. Only in the case that the abovementioned conditions are fulfilled is it possible to avoid the necessity of solving a system of
linear equations at each time step, and instead solve only one equation of motion for each
deformation parameter at each time step. In the case of transient dynamic analysis this is
not a substantial disadvantage as, for actions like impacts or explosions, the speed at which
changes to the external forces occur also requires very short time steps to be used, so the
necessity for such time steps due to computational stability requirements is not an issue.
Implicit methods of solving a set of differential equations (described e.g. in [1], [4], [5]
and [6]) are characterized by the fact that a system of linear equations must be solved at
each time step. In the case of the dynamic solution of structures, dynamic equilibrium
equations are employed. The Newmark implicit method thus ensures the equilibrium
conditions of the structure are fulfilled at each time step. This method does not demand
such a short time step as is needed in the explicit method, and therefore the implicit method
is typically suitable for the solution of dynamical problems of a duration longer than several
seconds.
In the case of dynamical tasks like the impact of a vehicle against an obstacle, or the
effects of explosions, it is necessary to use a very short time step due to the high speed of
load changes. Such a situation also occurs when investigating the response of structures to
seismic load. Accelerograms commonly take the form of polygons with the time distance
between extremes of acceleration being in the order of thousandths of seconds. The
computation of such an accelerogram with sufficiently precise results requires the selection
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of a suitably small time step. This would be an argument for the use of the explicit method.
On the other hand, the duration of seismic loading, which varies between seconds and tens
of seconds, is a fact supporting the choice of an implicit method, which does not demand so
short a time step. Of course, the computational demand for each time step is several times
greater compared to that of the explicit method.
Recently, the development of a nonlinear dynamics program module for the RFEM
program was completed and this module has now been introduced on the market.
Regarding seismic analysis using the direct integration of equations of motion, a substantial
improvement compared to competitors has been implemented in the module. Originally, at
each time step the acceleration value was obtained by interpolation from the accelerogram
and applied in the numerical solution. A study was performed which showed that this
approach is not accurate enough because the speed and displacement obtained from
numerical time integration from those discrete acceleration values are not accurate enough.
A substantial improvement to the algorithm was suggested and implemented. Today, the
RFEM program performs precise double time integration right at the beginning of
computation in order to obtain the exact time course of displacement from the
accelerogram. Additionally, during time step processing, the exact values of displacement
in the nodal support are considered instead of the discrete values of acceleration which
were used in the previous version of the program. These improvements to the program have
been shown to provide a substantial improvement in the accuracy of seismic analysis. This
is particularly noticeable in the case of the implementation of Newmark’s implicit method
in the program. As far as the explicit method is concerned, where the time steps are much
shorter than in the implicit method for stability reasons, the improvement of accuracy is not
as great as with the implicit method. Nevertheless, some improvement in accuracy has been
achieved.
To compare the suitability of the used numerical method for the seismic analysis of a
typical building wall, a real accelerogram from Italy was used along with the DruckerPrager material model. The comparison of numerical methods was performed with regard
to accuracy and computational performance. A time step of 0.0001s was applied in the case
of the explicit method due to stability requirements. The same time step was also chosen for
the implicit method in order to compare the time requirements of both methods for the same
number of time steps, and also to obtain a very precise base solution for accuracy
comparisons.
From the following graphs showing the course of the horizontal displacement of the
upper right corner of the building it can be seen that there is very good concordance
between the results of the explicit and implicit method. This can be regarded as proof that
the results of the explicit method are good. The comparison between the implicit solutions
from the RFEM and ANSYS programs shows that the results of both programs are
practically identical.
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Fig. 3. Explicit method - Graph of the horizontal isplacement of the upper node for the time step
0.0001 s.

Fig. 4. Implicit method - Graph of the horizontal isplacement of the upper node for the time step
0.0001 s.

3 Conclusion
In accordance with expectations, the calculation performed by the implicit method for the
same time step as with the explicit method was several times (about 5x) slower than when
carried out by the latter method. The time step for the implicit method was then increased
fivefold. In this case, the computational time for both methods was practically identical.
The results for both solutions were still practically the same (only the magnitudes of the
horizontal displacements of the upper right corner were compared). When the time step for
the implicit method was increased further, the results provided by the method remained
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accurate enough until the time step was twenty times greater than the time step for the
explicit method.

Fig. 5. Implicit method - Graph of the horizontal isplacement of the upper node for the time step
0.002 s.

Fig. 6. Implicit method - Graph of the horizontal displacement of the upper node for the time step
0.005 s.

The extreme value of the displacement was only 1% smaller even in this case, which
still can be regarded as acceptable accuracy. Good results were thus obtained from the
implicit method for a computational time that was four times lower than that used with the
explicit method. Taking into account the fact that it is not possible to estimate the highest
acceptable time step for Newmark’s implicit method accurately enough without additional
effort, it can be accepted that both methods are comparable when used for seismic analysis,
though the implicit Newmark method is perhaps the preferred option. The estimation of the
highest time step value for the implicit Newmark method is possible with the help of
Fourier transformation (in our case the same value was achieved by both of the above
tests). However, the process is time-consuming and in practice it will be often easier to use

7

MATEC Web of Conferences 107, 00066 (2017)

DOI: 10.1051/ matecconf/201710700066

DYN-WIND'2017

a lower time step to be on the safe side, which partially decreases the advantage of the
implicit method.
An interesting conclusion of this study is the discovery that the usage of both basic
numerical methods for the direct integration of equations of motion, namely the explicit
method and Newmark’s implicit method, are both competitive in their seismic analysis
capabilities. They are also both suitable and comparable as regards practical use.
From the results of numerical analysis it can be seen that there is excellent concordance
between the results of the ANSYS and RFEM programs for the implicit method. The
concordance demonstrated by the results for the two programs for the explicit method is
partially lower, but still acceptable. ANSYS needed some mesh refinement to achieve
comparable results.
This research was partially supported by the project FAST-J-17-4720.
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