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Stability of E. Reyssner's plates on the elastic
non-winkler foundation
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Abstract. The problem of E. Reyssner’s plate stability lying on an elastic
three-dimensional layer with desired elastic constants. The end surfaces of
layer are smooth, connection holding. It is assumed that the plate is in a flat
stress-strain state of the effects on its cylindrical surface of the self-balanced
load, with some numerical parameter characterizing the magnitude of the
load at loss of stability of the plate. From the conditions of restraint ties one
obtain a system of equations for determining the numerical parameter.
Method is given for calculating the lowest value of the parameter at which
the plate's loss of stability is fixed. As special cases, the results of the
classical theory and model of Winkler foundation are present.

1 Introduction

Let us consider the plate having the shape of Q and limited by cylindrical contour I' lying
on the elastic layer of the three-dimensional: — oo (x, y) < o0; 0 < z; < h;. Let the elastic
constants be E;, v; layer, plate thickness h, its elastic constants £, v, D = WPE/12(1- /).
The end surfaces of layer are smooth, connection holding. Let us assume that the plate is in
a flat stress-strain state of the effects on the contour I' of self-balanced load AP,(s), AP: (s),
where A4 — some numerical parameter, characterizing the magnitude of the load at loss of
stability of the plate. From these conditions,

Ol =AB(S), Tyl =—AP(S), Tuzl, ., =0, 0], =0; (1)
z-UZZI |21:0;1'!1 - O’ @ |Zl:0 = 0’ (Of =X, J’), (2)
wal'Zl:hl , 9z |Z=h/2 =9z |Zl:;,l : 3)

2 Problem definition

Suppose that for some reason, plate bent a bit. Consider the following conditions of
bifurcation of forms of compressed slabs according to Euler equilibrium.
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If the plate is loaded by power system (1), when of its bending compressive forces give
the component in the same direction as the transverse load:

q= (x' }I) = A(wxxFyy + wnyxx - zwxnyy) )

Where @(x,y) — function of longitudinal forces in the plate, determined by solving

biharmonic problem [1]. The relations between the power and the geometric characteristics
of the plate of E. Reysner have the form

nv
M, ==D(@;, +v03)0+0,11*8,0, +0,1n*v | 1=v)@,0, +0,0,) ~————q(x.) (s

12(1-v)
(x=x,y);

M, =-D(1-v)3,0,0+0,1h* (3,0, +8,0,); (6)

aaMa _aﬂMaﬂ:Qas (x=x,y), (ﬂ:ysx) (7

2

(0,1"* D> ~1)Q, +0,14° iaa ©,0, +8,0,) = DaD2w+}11—2%6aq(x, y)

(8
(x=x,y);

Stress-strain state of three-dimensional elastic layer is described by the solution of
homogeneous equations of the theory of elasticity in displacements [2]:

u sinz; D
=cos z; D, 0 _ﬁuaago; %)
v v 2 D
inz; D in z, D
_ad o)+ A -z, cosz, D |6,; (10)
D 2
1 sinz; D u
— Taz, :—L(Dz 0 —0,0) — X 7, cosleaaeoJ; (11)
Hy Vo
1 :
;Tzl =2c08 z; D@y +[x,z; D sin z; D+ (x; —1) cos z, D16,. (12)
1

Here z, €[0; /], uy(x,»), vo(x, ), @y(x,y), 6y =0,uy +0,V, + @, —basic unknown
functions. Expressions (10) (11) identically satisfy the conditions (2). Other conditions on
the ends of the plate and layer allow to solve the problem of the of bifurcation forms of

balance of system and to determine the value of the parameter A. For this purpose substitute
(10) — (12) (2) and (3) [3-6]. Get

—0,@) + Xz, cos z;Dx0,,6, =0; (13)
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W= @y 5 —h costhjeo; (14)

sinzzD |, x (sinz D
—_ + —_—
D

aIQx +62Qy +q(x’ y) =%
X[x, Iy Dsin iy DOy +(x; —1) cos iy DGy + 2 cos by D ] (15)
Thus, the general solution of the problem of stress-strain state "plate - a layer" system is

reduced to solving the system of Equations 13-15 [7-8]. Let us transform it. From (8) and
(15) we have

2 f— —
ppto=| 1= 27V 2 e )= [ 10,12 22 D2 |
60 1-v 1-v

(16)
x{2 cos Iy Dy, +[x; iy Dsin by +(x; —1) cos iy D16, }.

Substituting (14) into (16) leads to the Equation

{003 sin 7y D + 24 (1—0,1112 2_—VD2)cos th} wp +

1-v

N B
ApX[nal L nD | [ 10,17 220 D7 |«
2 D 1-v

(17)

2 p—
[,y Dsin b D +(x, —1)cosh1D](90} :[1—Z—Olf—szJq(x,y)
-V

Next, the whole issue is to solve the system of Equations 13 and 17 which can be built by
semi-inverse methods. For this we represent the desired solution as the sum of two
independent solutions — potential and vortex. It is easy to show that the vortex solution does
not solve the problem of stability of the system "plate — layer", and therefore we"ll focus only
on potential solutions [9]. Let

uy = Lo I, vy = Lo, 11, @} = L,D* 11, (18)

where L; u L; — some differential operators; P — stress function. Substituting (18) in (13), we
obtain the equation

[(Dsin iy D+ x,y D* cos hy D)L, —(Dsin iy D—x,, D* cos hy D)L, IT=0, (19)
which are satisfied with identically for the obvious choice of operators:

_siniy D

L.

1

+(=1)" x,ly cos iy D. (20)

The unknown functions take the form

o,
—x;hy cos hy D 5

U

D 1, (21)

B [sin hD

Vo 2
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, (sin D
wh =

+x;hy cos thj D*IT; (22)

6, =2Dsin i DIT . (23)

The expressions for the bending plate we find from expression (14)[10-11]:

o= +1) sin? hDII. (24)
The differential equation for the stress function I1 we obtain after substituting (22) — (24)
(17):
- in 2/ D
DD* sin® D +24x,D* (1_0,1;,2 27V 2 | Sl
-V 2D
212 (25)
v
= 1= 227 D g, ).
[ 60 1—v Jq( »)
Where

q(x,y) = 4x,[@,, sin® hDOTIT + @ sin® iy DOSIT — 2@, sin® by ADd,0,11] (26)

and biharmonic function — the solution of the problem of plane stress-strain state of the plate
[1,12]. As an example, consider the case of a uniform compression plate. Get

d),xx :d),yy :_;: (ny =0 (27)
Equations (25) and expression (26) take the form
: 22— in 24, D
DD sin® b DIT+ 2D | 1= 27V 2 |[ 1, 30 2m D
10 1-v 2D
Pl K12 (28)
+A+x)—|1-— Y p? DzsinzthH:()
h 60 1-v
(x,y)=—A(l+x )ED2 sin? h DIT
T S 1 29)

In order to solve a wide range of engineering problems associated with the problem of
buckling of rectangular plates of different purposes, is often used the method by which the
plate is given some form of depression. For hinged plates such form is received in the form
of

w=asinaxsin Sy, (30)

and stresses the function IT is determined by the differential equation (24):

(g +D sin? h DIl =asinaxsin By .



MATEC Web of Conferences 106, 04024 (2017) DOI: 10.1051/matecconf/201710604024
SPbWOSCE-2016

A particular solution of this equation has the form [2,13]

a

i sinaxsin Sy, 3D

(x +D)sin? ik

where * =’ + .

After substituting (31) into (28) we obtain the equation for A:

244xh - in” i 2 12—
2Dy2—&(1—o,1h2722 V] PRIV NP PINCR S Y
sin” iy 1-v 2ihy 60 1-v

The lowest value A characterizes the magnitude of the load on the contour I', at which is
fixed the loss of stability [14,15].

3 Results and discussions

Applied theories
1. IfE. Reysner plate is simply supported along the contour T, the equilibrium equation of
forms can be obtained at 4 — 0 and x; — 0. From (4) and (16) we obtain

(33)

2 pa—
DD*w = /1[1 —2—0 112_VV DzJ(wxxCDyy +0,®, —20,P,,)

Power characteristics are determined by formulas (5) — (8). Neglecting the term with 4>,
we get the results of the classical theory.

2. If the expansions of differential operators retains members with h12 , we get the base

model of Winkler. In the case of the equation of equilibrium forms a uniform
compression plate as follows:

1
ppt 2P N P e, (34)
h 2 "
1
w=(+x)IT (35)

As an example, consider the size of the plate buckling a x b. Assume that the deflection
plates and a function of stress is expressed as

a):(l+xl)Asinﬂsin%, H:Asinﬂsin%, (36)
a

a

Substituting (36) in (34), define the parameter A buckling under consideration:

2 2 2 2
(NG B EGIC
a 1 a

Ratios between the size of the plate are installed using the equilibrium conditions
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b a
ﬂ‘azdxdy—2{J.Qxdy+J‘dex} 0. (38)
s 0 0 I
Because the shear forces O, | r 0, |r and contact stress o, |Z:h ,, have the form
(=Y (=Y Ty
=2D—||—=| +|—| |Asin—; 39
oo (5 o o
| (z\ (=Y X
, =2D—||—| +|—| |4sin—; 40
Qé|g=0 a{(a) (b) } a (40)
X . TX . 1y
le =—-L, — Asin —sin—, 41
Ncpn ==L I P b (41)

then, after integration (38), we obtain

2
L2+L2:L2 iniac i U 42)
a b T th

From (37) and (41) one can get a simpler Equation:

-1
/1_8,ulx1 £a2+b2
Wt b a*b?

4 Conclusion

Thus, E. Reysner theory in the zero approximation leads to results of the classical theory. At
the same time fulfill all the plate boundary conditions of equilibrium. This is an advantage of
the method.
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