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Abstract. As part of a novel approach of sustainable development of mine 
tailings, experimental and numerical analysis is carried out on newly 
formulated tailings matrices. Several physical characteristic tests are 
carried out including the unconfined compression strength test to ascertain 
the integrity of these matrices when subjected to loading. The current paper 
attempts a multiple regression analysis of the unconfined compressive 
strength test results of these matrices to investigate the most pertinent 
factors affecting their strength. Results of this analysis showed that the 
suggested equation is reasonably applicable to the range of binder 
combinations used.      

1 Introduction 
Mine tailings are the waste materials resulting from the mining industry; they typically 
contain all other hazardous materials except the extracted material, left out from the 
processing of the ore. Mine tailings are usually disposed of in large impoundments 
surrounded by dams constructed not far away from the tailings mine. However, this 
classical method of disposal was the reason behind several severe tailings dam failures [1, 
2, 3]. Hence, to lessen the harmful effects from the storage and failure of tailings dams and 
to attempt to economically benefit from these tailings in a sustainable manner, a new 
approach of managing these tailings was deployed and tested by several researchers. 
Researchers such as Demers and Haile [4], Zou and Sahito [5], Celik et al. [6] Roy at al. 
[7], Swami et al. [8], Onuaguluchi and Eren [9], Das et al. [10], Ugama et al. [11] and Sabat 
et al. [12] attempted to investigate the applicability of using tailings as substitutes to 
traditional building materials. While others like Belem and Benzaazoua [13], Fall et al. 
[14], Fall et al. [15], Benzaazoua et al. [16], Ercikdi et al. [17], Fall and Pokharel [18], 
Ercikdi et al. [19], Helinski et al. [20] and Helinski et al. [21] investigated the use of 
different mine tailings in the most traditional manner by using them as cemented paste 
backfill. The tailings, in many of these studies, have been mixed with cement to solidify 
and increase their effectiveness. However, cement is relatively expensive and hence the 
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need to add pozzolanic materials such as fly ash and slag to the tailings product to reduce 
cost and utilize the final product in a sustainable manner.  

Recently there has been a new development in the additives sector with the advent of 
Calsifrit™. Calsifrit™ is a special cement that was developed by a Quebec Based company 
by the name of NovaFrit International [22]. It is a totally amorphous material, which is a 
matrix of calcium and sodium fluoro-aluminosilicate.  It is a homogenous solid substance 
possessing high reactivity potential that shows cementitious properties when finely ground. 
No previous research study had been involved with testing the compression strength of 
mine tailings mixed with Calsifrit. Therefore, a comprehensive experimental and numerical 
research program was devised to formulate new tailings matrices and assess their suitability 
as road base materials in cold regions [23]. As part of this research program, this is an 
attempt to investigate computationally, using multiple regression analysis, the effect 
Portland cement, slag, fly ash and Calsifrit have on the unconfined compressive strength of 
these mine tailings matrices. 

2 Preparation of cylindrical specimens 

Cylindrical specimens of tailings matrices measuring (44 diameter x 74 height) mm were 
molded for the purpose of testing in accordance with ASTM D 4842 [24]. The binders used 
were the following: cement, Calsifrit, fly ash and slag. These cylindrical specimens were, 
subsequently, cured in the moisture chamber for 28 days in the case of wetting and drying, 
and for 43 days for the freezing and thawing testing. Unconfined compression tests were 
conducted on these mine tailings matrices after subjecting them to 12 cycles of drying at 60 
°C and wetting by being submerged in room temperature distilled water. The 
freezing/thawing samples were compressed after 12 cycles of freezing at -20 °C in a 
freezing cabinet and thawing in distilled water at room temperature (22 °C). When 
performing the unconfined compression tests, speed of descent of the platen was kept 
constant at 70 mm/min. Cylindrical specimens of the tailings matrices were subjected to 
wetting/drying and freezing/thawing weathering resistance tests as further explained in 
Mahmood [23].  

3 The predictive equation 

In the modeling of engineered systems a recurrent problem may arise that where the 
dependent variable or variables (Y) are found to depend on a combination of independent 
variables (x1, x2,….., xi) without the availability of a known physical mechanism describing 
this dependence. According to conventional statistical analysis such dependence can be best 
described using the method of multiple regression analysis. Such analysis can be based on 
fitting linear or polynomial equations, as described by Rumsey [25]. 

Multiple regression models can be used, both, to generate predictions based on 
previously unseen data and to explain observational relationships. In multiple regression the 
general form of the model is the following: 

Y = βo +  β1X1 +  β2X2 +...+ βkXk +  ε (1) 

where βo is the Y- intercept, βi (where i=1 to k) represents the true slope of the regression 
surface in the Xi direction, and ε is the error term. The regression equation can be solved 
using the method of least squares, which generates the estimates for each of the beta (β) 
coefficients. These estimates are represented by bi. 
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The UCS data for the wetting/drying and freezing/thawing experiments were fitted 
using design expert®, which is a commercial software program used for the design of these 
experiments. Multiple regression analysis was used to fit the data together with the 
objective of finding a relevant predictive equation that fits the binders used with the UCS 
results.  

Table 1 shows the data being fitted into this proposed model. Binder combinations were 
used to represent the factors of regression and the UCS was used as the response. 
Percentages of fly ash/binder, slag/binder, Calsifrit/binder, cement/binder, binder/tailings 
and type of weathering were used as the factors in developing this model. However, only 
the factors indicating the percentages of Calsifrit/binder, slag/binder and binder/tailings 
were found to be statistically relevant. As for the other 3 independent variables, since their 
effect was found to be statistically weak on the response variable (UCS), it was thought 
better not to include them in this model to avoid overfitting and to get a general view of the 
response. In the future, more models should be attempted using the same independent 
variables, to further ascertain this.   

Table 1. The data used in the regression model 

Run 
No. 

Calsifrit/ 
binder 

ratio (%) 

Fly 
ash/binder 
ratio (%) 

Slag/ 
Binder 
ratio 
(%) 

Cement/ 
Binder 

ratio (%) 

Binder/ 
Tailings 

ratio 
(%) 

Weathering(
1: wetting/ 
drying, 2: 
freezing/ 
thawing) 

UCS 
(N/ 

mm2) 

1 0.00 0.00 0.00 100.00 50.00 1 24.43 
2 10.00 0.00 0.00 90.00 50.00 1 25.65 
3 25.00 0.00 0.00 75.00 50.00 1 25.24 
4 0.00 25.00 0.00 75.00 50.00 1 22.97 
5 10.00 15.00 0.00 75.00 50.00 1 26.22 
6 20.00 5.00 0.00 75.00 50.00 1 25.83 
7 0.00 0.00 25.00 75.00 50.00 1 28.62 
8 10.00 0.00 15.00 75.00 50.00 1 27.9 
9 20.00 0.00 5.00 75.00 50.00 1 29.47 
10 0.00 0.00 0.00 100.00 37.50 1 13.5 
11 10.00 0.00 0.00 90.00 37.50 1 16.41 
12 25.00 0.00 0.00 75.00 37.50 1 19.42 

13 0.00 25.00 0.00 75.00 37.50 1 16.91 
14 10.00 15.00 0.00 75.00 37.50 1 19.3 
15 20.00 5.00 0.00 75.00 37.50 1 21.79 
16 0.00 0.00 25.00 75.00 37.50 1 19.79 
17 10.00 0.00 15.00 75.00 37.50 1 20.09 
18 20.00 0.00 5.00 75.00 37.50 1 17.5 
19 0.00 0.00 0.00 100.00 50.00 2 23.51 
20 10.00 0.00 0.00 90.00 50.00 2 26.31 
21 25.00 0.00 0.00 75.00 50.00 2 27.1 
22 20.00 5.00 0.00 75.00 50.00 2 28.00 
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23 0.00 0.00 25.00 75.00 50.00 2 25.7 
24 10.00 0.00 15.00 75.00 50.00 2 27.83 
25 20.00 0.00 5.00 75.00 50.00 2 24.88 
26 0.00 0.00 0.00 100.00 37.50 2 16.57 
27 10.00 0.00 0.00 90.00 37.50 2 20.94 
28 25.00 0.00 0.00 75.00 37.50 2 23.33 

29 0.00 25.00 0.00 75.00 37.50 2 17.78 
30 10.00 15.00 0.00 75.00 37.50 2 16.71 
31 20.00 5.00 0.00 75.00 37.50 2 16.65 
32 0.00 0.00 25.00 75.00 37.50 2 16.35 
33 10.00 0.00 15.00 75.00 37.50 2 16.74 
34 20.00 0.00 5.00 75.00 37.50 2 20.11 

 
The final equation, based on this analysis, describing the dependency of UCS on binder 

combinations was found to be the following:  

UCS =  - 6.856 + 0.14A + 0.092C + 0.6198E   (2) 

where A: Calsifrit/binder ratio (%),C: slag/binder ratio (%), E: binder/tailings ratio (%). 
It was found during the analysis that the effect of cement could not be associated 

directly with UCS. Its effect was evident in biner/tailings ratio (E), as this ratio includes 
cement as the main binder constituent. Table 2 shows the Analysis of Variance (ANOVA) 
calculated for this model. The P values were found to be much less than the required 0.05 
indicating that significance level has been reached.  

Table 2. The Analysis of Variance of the regression model 

 
Equation (2) is specifically applicable to the range of binder combinations and the two 

types of weathering used. If different binder combinations and ratios are required, beyond 
the range used here, it is best to base a new equation on the new binder combinations. This 
is advised to retain a high numerical accuracy and closer proximity to experimental results. 

The mathematical difference between the observed (yi) and model predicted (y’i) values 
of the dependent variable, for a certain given set of independent variables, specifically yi-
y’i, is known as the prediction error or residual. In order for any mathematical model to be 
valid, four assumptions regarding the model residuals must be met [26]: 

• Residuals are normally distributed 
• Residuals have a mean of zero 
• Residuals have a constant variance 
• Residuals are independent 

The Source Sum of 
Squares 

(SS) 

df (degrees 
of freedom) 

Mean 
Square 

F - value P - value 

Model 580.11 3 193.37 58.93 < 0.0001 
A-A 47.27 1 47.27 14.41 0.0007 
C-C 18.76 1 18.76 5.72 0.0233 
E-E 506.2 1 506.2 154.25 < 0.0001 
Residual 98.45 30 3.28 
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One key assumption that must be fulfilled in order for any model to be valid is that the 
residuals are normally distributed. In order for this assumption to hold true a plot of the 
residuals must look like a random sample from a normal bell-shaped distribution. 
Histograms and normal scores plots are considered useful tools for detecting the normalcy 
of residuals. In the case of the latter, a straight line plot should be expected. Another 
assumption made in the development of the statistical model is that all data points are 
collected with equal precision. In order for this assumption to hold true, a plot of the model 
residuals against model predictions should be free of obvious trends. The third assumption 
concerning these residuals relates to their independence with respect to time and the values 
of the model variables. For this assumption to be true, plots of residuals in time order, as 
well as plots of residuals against the values of the dependent and independent variables, 
must be free of any obvious trend. The fourth and final assumption suggests that a good 
model fit will have residuals that are scattered around a mean of zero [26].  

The first condition to meet is that the residuals must have a normal distribution with a 
mean zero. The software Design-Expert© [27] is used to draw the statistical figures shown 
below. Figure 1 below shows how well the residuals match a normal distribution. The 
residuals fall on a straight line, which means that the normality condition was met. 

 

 
Fig. 1. Normal probability plot of model residuals 

Fig. 2 shows a plot of the model residuals versus predicted UCS values. The horizontal 
line across that plot is at zero as a marker. Residuals were centered around zero in a manner 
that has no predictable pattern, with the same amount of variability around the horizontal 
line that crosses at zero from left to right. This plot shows more residuals scattered around 
zero, where the middle lump would be on a standard normal distribution plot, and fewer 
and fewer residuals as we move away from zero. Due to all of this, this plot confirms the 
normal distribution criteria. The residuals average out at the zero line, which indicates that 
the mean of zero condition holds for these residuals.  

Fig. 2 shows no change in the amount of spread in the residuals around the horizontal 
zero line as we move from left to right or vice versa. This clearly indicates that condition 
three; the residuals have constant variance, has been met. Fig. 3 that shows the residuals 
plotted by observation order indicates no discernible pattern. This shows that condition 
four; the residuals are independent, has been met.  
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Fig. 2. The residual vs. predicted UCS values    Fig. 3. The residuals plotted by 
       observation order 

Plots of the model residuals against each of the independent variables were found to be 
free of trends as can be seen in Fig. 4 to 9. They also seem to cluster symmetrically around 
the middle line. This shows that the suggested model is correct and the assumption of 
linearity is accurate.   

 

 
Fig. 4. The residuals vs. Calsifrit/binder ratio    Fig. 5. The residuals vs. fly 
ash/binder                   ratio 

 
Fig. 6. The residuals vs. slag/binder ratio                                            Fig. 7. The residuals vs. 
cement/binder                    ratio 
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Fig. 8. The residuals vs. binder/tailings ratio 

 

 
Fig. 10. The predicted vs. actual UCS values 

Fig. 10 shows a good correlation between predicted versus actual values. However, 
more tests need to be conducted using the same independent variables suggested here to 
fine tune the model and get a more accurate representation of these independent variables. 
Calsifrit was shown to be a relevant factor in the unconfined compression equation. The 
latter finding was further confirmed by experimental results [23]. 

4 Conclusion 

The above indicates that the multiple regression model suggested here is reasonable and can 
be used for the prediction of the unconfined compressive strength of mine tailings matrices, 
based on the variables used. Calsifrit, was shown to be a relevant factor in the unconfined 
compression equation. The proposed Equation applicable to the range of binder 
combinations and the 2 types of weathering used. If different binder combinations are 
required, beyond the range used above, it is best to base a new equation on the new binder 
combinations. This is done in order to retain a high numerical accuracy and closer 
proximity to experimental results. The proposed Equation needs to be validated with more 
experimental data using the same independent variables. 
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