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Abstract. The paper is about the stress-strain state of the thin shell in the form of Monge surface with parabola 
generatrix and sinusoid guide. Coordinate system of the Monge surface is a system of coordinate lines of the principal 
curvatures of the surface. The variational-difference method is used for analysis. Variational-difference method 
allows using the geometric characteristics of the middle surface of the shell, which is important in the calculation of 
shells of complex shape. In the finite element method, which is often used in the shells of complex shape analysis, the 
equation of the middle surface of the shell is used only for finite element mesh. 

1 Introduction 
The Monge surface is formed by the movement of a plane 
fixed generatrix curve which is moving in the orthogonal 
plane of the directrix curve, with one point of the 
generatrix curve is linked to the guide curve. If the guide 
curve is plane, the generatrix curve doesn’t rotate in the 

orthogonal plane of the guide curve [1-6]. 
In paper, the variational-difference method (VDM) [2, 

4, 7-13] is used for analysis of the stress-strain state of 
the shell. The variational-difference method is based on 
the Lagrange principle, the principle of minimum total 
potential energy [14-22]. The Lagrange principle can be 
performed as the following: the total potential energy 
reaches the absolute minimum for the displacements 
(among all possible displacements) which satisfies the 
given boundary conditions and the equilibrium equations.  

When analysing shells by the VDM the middle 
surface of the shell is covered with a mesh of constant or 
variable density. The grid lines coincide with the 
coordinate lines of principal curvatures. The derivatives 
of the displacements in the strain vector are replaced with 
finite-difference relations. In this case the total potential 
energy functional becomes a function of strain nodal 
displacements. Then, in order to minimize the total 
potential energy the Ritz-Timoshenko procedure is used. 
Solution of the system of equations gives the nodal 
displacements. Using the differential equations again the 
tangential and bending forces can be obtained. 

At the Department of Strength of Materials and 
Structures of the Engineering Faculty of Russian Peoples' 
Friendship University, a software package for the 
variational-difference analysis of the shells of the non-
canonical form is developed [2, 4, 23, 24]. 

The complex includes a library of curves, which 
allows forming various thin-walled shells and calculating 

all geometric characteristics which are used in the 
equations of the shells. 

2 Methods 

2.1 Design of the shell 

 
Figure 1. The wavy shell with parabola-sinusoid curves. 

The guide curve is a parabola ( baxz �� 2 ; а = -0,05; 
m-1; 5,11�b  m; -15 � х � 15 (m)) at vertical plane and 
generatrix curve is a sinusoid with 7 half-waves  
( � � � �Lypcdycz /sin/sin �� �� ; c = 1 m; L = 28 m  – 
the length of the shell; pLd /�  – the length of a half-
wave; p = 7 – the number of the half-waves of the shell.  

If the number of the half-waves is odd the shell haves 
a plane of symmetry when y = L/2. The design of the 
shell is shown at figure 1. 

At the cross-sections х = -15;  х = 15 the sides of the 
shell are fixed; the sides y= 0,  y= L are free. 

The boundary conditions: 
 

      
  

DOI: 10.1051/, 79595MATEC Web of Conferences matecconf/201
CMME 2016I

12007  (2017) 12007

© The Authors,  published  by EDP Sciences.  This  is  an  open  access  article  distributed  under  the  terms  of  the Creative Commons Attribution
 License 4.0 (http://creativecommons.org/licenses/by/4.0/). 



х = �15 м   	 u1 = u2 = u3 =; 0/ 13 �

 �u

 y = 0,    y = c   	 N2 = M2 = S = H = 0. 
�1, �2 – the coordinates of the middle surface of the shell; 
u1, u2 – the tangential displacement, u3 – normal 
displacement; N1, N2, S – tangential forces; M1, M2, H –

bending forces. 
Since the shell has two planes of symmetry, the 

analysis was performed for the shell sector
015 ��	 x , 142/0 ��� Ly .

At the plane of the symmetry the following conditions 
were realized: 

01 �u ; 0/ 13 �

 �u when �1= 0; 
02 �u ; 0/ 23 �

 �u when �2=L/2 . 

2.2 The results and analysis 

The calculation was made with the grid of 80�140 (40 
steps per one half-wave of the sinusoid). The sole weight 
of the shell (
= 25kN/m3) was taken as an external load. 
The characteristics of the material: Young’s modulus is 
E=35000 MPa, Poisson’s ratio is �=0.15. 

The epures of the tangential force N1 and bending M1,
M2 moments are shown at the figures 2-4. The tangential 
forces N2 are much less (5-6%) then forces N1. The 
relationship for forces is 12 NN �� only at the fixed edge 
(x= -15). That is why the epure of the force N2 is not
presented here. 

Figure 2. Normal tangential forces. 

It is shown on the given graphics that the biggest 
compressing normal forces occur at the supporting cross-
section x = -15. Those stresses decrease 2-3 times in the 

middle zone. It may be also seen that the internal forces 
have a wavy character in longitudinal direction. 

The big bending moments M1 occur only in the 
supporting zone which is caused by the boundary effect. 

The maximal bending moments M2 can be seen at 1/3 
of the bottom part of the shell while they decrease in 2-4
times in the middle section of the shell. 

The comparison of internal forces of the first three 
waves of 9 waves shell with internal forces in the same 
waves of shell with 7 waves shows that they vary slightly. 

So there may be made a conclusion:  for the equal (in 
longitudinal direction) load the first 3.5 waves (so as 
three last) of the many waves (7, 9 and more waves)  
shell may be analyzed for 3.5 waves with real boundary 
conditions on the left boundary and conditions of 
symmetry on the right side (3.5 waves). 

As far as the middle waves (the forth and next) of the 
many-waved shell are concerned, all of them may be 
analyzed as 1 wave shell with the boundary conditions 
coinciding with conditions of the symmetry: 

02 �u ; 0/ 23 �

 �u when �2=0; 
02 �u ; 0/ 23 �

 �u when �2=d, 

where d  is a length of a half-wave of the shell. 

Figure 3. Bending moments M1. 

It is possible to analyze a half part of the half-waved 
section, as it has a plane of symmetry. 
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Figure 4. Bending moments M2. 

At Figure 5, the sections of the shell which may be 
used for analysis of the middle waves of the many-waved 
shell are shown. 

At the Tables 1, 2, the results of calculation of the 
middle wave of the shell with 9 half-waves and one 
section (Figure 5, a) are shown. 

The analysis of the middle section was made on the 
grid of 80�80 steps and the ¼ part of 9 half-waved 
surface with the grid of 80�180. This gives the equal 
precision of the results of calculation of both structures as 
they have equal steps of the grid. Generally, the 
difference in the strains of the regarded parts of the 
structure does not exceed 1-3%. Only the longitudinal 
strains �N2 at some parts differ more. But those stresses 
are much less than the stresses �N2 and this will have no 
effect on the strength of the structure.

The calculations of section which is presented at 
Figure 5, b shows mostly the same results as for sections 
at Figure 5, a. 

The comparison of the stress-strain state of the section 
from Figure 5, a with stress-strain state of the middle (4, 
5) wave of shell with 9 half-waves shows the similar 
results.  Figure 5. Middle sections of the wavy shell. 
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Table 1. Results of calculation of the middle wave of the 

shell.

Number of 
half-waves

1N�  (kPA) 2N
�  (kPA) 

9 отс. 9 отс.

�1 (m) �2 = 0 m

-15 -230 -237 -34,2 -35,5

-12 -287 -290 -11,1 -13,7

-9 -272 -272 -11,2 -0,66

-6 -211 -211 -13,0 -8,62

-3 -159 -159 -16,0 -10,6

0 -138 -139 -17,7 -10,5

�1 (m) �2 = 2 m

-15 -432 -433 -64,2 -65,0

-12 -399 -399 -3,33 -3,08 

-9 -340 -340 0,60 1,09 

-6 -277 -277 -1,36 -0,63 

-3 -227 -227 -7,54 -6,50 

0 -207 -207 -11,5 -10,3 

�1 (m) �2 = 4 m

-15 -630 -629 -94,5 -94,4 

-12 -308 -306 10,2 10,5 

-9 -174 -171 17,3 17,5 

-6 -168 -165 15,3 15,6

-3 -213 -209 2,91 3,49

0 -238 -234 -5,88 -5,16

�1 (m) �2 = 6 m

-15 -434 -433 -65,1 -65,0

-12 -400 -399 -31,2 -30,8

-9 -340 -340 0,88 1,29

-6 -277 -277 -1,15 -0,63

-3 -227 -227 -7,36 -6,50

0 -207 -207 -11,3 -10,3

�1 (m) �2 = 8 m

-15 -240 -237 -35,9 -35,5

-12 -290 -290 -13,7 -13,7

-9 -271 -272 0,48 0,66

-6 -209 -211 8,23 8,62

-3 -156 -159 10,0 10,6

0 -135 -139 9,81 10,0

Table 2. Results of calculation of the middle wave of the 
shell. 

Number of 
half-waves

1M
�  (kPA) 2M

�  (kPA) 

9 отс. 9 отс.

�1 (m) �2 = 0 m

-15 9,81 10,9 1,48 1,63

-12 -15,8 -15,6 -106 -106

-9 -12,3 -12,3 -94,2 -94,7

-6 -9,00 -9,11 -68,2 -69,6

-3 -7,49 -7,52 -50,9 -51,1

0 -7,16 -7,18 -45,6 -45,0

�1 (m) �2 = 2 m

-15 -183 -182 -27,4 -27,3

-12 21,3 21,2 114 113

-9 12,9 12,9 68,2 68,6

-6 3,07 3,12 19,6 19,8

-3 -2,70 -2,76 -6,28 -6,16

0 -3,75 -3,90 -11,9 -11,9

�1 (m) �2 = 4 m

-15 -91,3 -91,4 -13,7 -13,7

-12 -17,2 -17,2 -115 -115

-9 -13,4 -13,4 -102 -102

-6 -8,54 -8,61 -67,0 -67,5

-3 -4,80 -4,91 -34,4 -34,9

0 -4,03 -4,16 -22,8 -23,3

�1 (m) �2 = 6 m

-15 -181 -182 -27,1 -27,3

-12 21,0 21,2 112 113

-9 12,9 12,9 62,8 68,6

-6 3,19 3,12 19,8 19,8

-3 -2,67 -2,76 -6,15 -6,16

0 -3,82 -3,90 -11,9 -11,9

�1 (m) �2 = 8 m

-15 11,5 10,9 1,73 1,63

-12 -15,2 -15,6 -104 -104

-9 -12,3 -12,3 -94,4 -94,7

-6 -9,15 -9,11 -69,8 -69,6

-3 -7,59 -7,52 -51,7 -51,1

0 -7,26 -7,18 -45,7 -45,0

3 Conclusion 
The analysed waved surface may be used for roofing of 
the buildings such as the trading, exhibition or sports 
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centres. The variational-difference method which was 
used for analysing of stress-strain state of the structure 
allows taking into account the possibilities of the 
geometry of the shell. The calculation of the construction 
was made with different mesh density in order to receive 
the necessary accuracy of the result.  

In paper, there are the results which were obtained for 
the grid of 80�140. Such approach gives the difference in 
results less than 5%. 

The many wave shells with different boundary 
conditions on the left (�2=0) and right (�2=L) sides may 
be analyzed separately: by left and right sections with 
three of half waves with their boundary conditions and 
middle waves as well.  

The boundary conditions on the left (x=0) and the 
right (x=b, b – the width of the shell) longitudinal sides 
of the shell may differ. In this case, the symmetry on 
coordinate x is not used.

If the load is not constant in the longitudinal direction 
(in direction of y) then it is necessary to analyze the 
whole construction. 
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