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Abstract. We study the stress-strain state of viscoelastic prismatic rods fabricated or repaired by additive
manufacturing technologies under torsion. An adequate description of the processes involved is given by methods of
a new scientific field, mechanics of growing solids. Three main stages of the deformation process (before the
beginning of growth, in the course of growth, and after the termination of growth) are studied. Two versions of

statement of two problems are given: (i) given the torque, find the stresses, displacements, and torsion; (ii) given the

torsion, find the stresses, displacements, and torque. Solution methods using techniques of complex analysis are

presented. The results can be used in mechanical and instrument engineering.

1 Statement of the torsion problem

Consider a homogeneous viscoelastic ageing rod
manufactured at the initial instant of time and occupying
some cylindrical domain IT,. The lateral surface I, of
the body is stress-free until time t, >0 at which forces
statically equivalent to a couple with torque M (¢) are
applied to the faces of the cylindrical body.

At time 1, > 1,, continuous accretion of the rod by
elements manufactured simultaneously with the rod
begins. Let L(t) be the time-varying boundary of the
cross-section Q(f) , so that L(‘tl)=L1 and Q(t1)=Ql.
The  boundary L(t)

L(t)= L*(IULG(t). Here L (¢) is the accretion boundary
(or the growth boundary) on which the material influx
occurs at time ¢, and L'(f)=L for t<t,; L () is the
stress-free boundary. We also assume that the time
T,(x,,x,) at which the load is applied to the elements

consists of two  parts,

being added coincides with the time r*(xl,xz) at which
they are added to the growing rod.

The accretion is terminated at time T, > 1,, and since
then the rod occupies some domain II, ZH(TZ) whose
cross-section €, :Q(rz) has the boundary L, :L(IQ).
The boundary conditions posed on the boundary
L,= L(‘cz) are the same as on the boundary I, before the
beginning of growth.

Somewhat later, at time T, > 1,, accretion may begin
again; it may well happen that the new growth boundary

is not related in any way to the earlier existing one. Then
one can assume that accretion terminates at time 1, , etc.,
thus successively arriving at the problem of piecewise
continuous accretion of a solid rod with n growth
beginning instants and accordingly n growth termination
instants.

We proceed to the analysis of main stages of the
piecewise continuous accretion process for viscoelastic
rods. From now on, we consider sufficiently slow
processes, and so inertial terms in the equilibrium
equations can be neglected (also see [1-7]).

2 Boundary value problem for the rod of
fixed composition

Consider the stress-strain state of a viscoelastic ageing
rod of fixed composition on the time interval ¢ € [’EO,TI].

We have the boundary value problem (e.g., see [1-3])
consisting of the equilibrium equations

0o, —0 00,, -0 0G5 N 00,,
0x, T ox, © o, ox,

=0, (D

the strain—displacement relations

1{ Ou, a“j
E. = — Ly 2 :O,g..:g :O:ia .:1’2’3’ 2
i 2(8)@ 5xi} v ’ @

the boundary condition
(xl,xz)e L: opun+oyun,=0; 3)

on the lateral surface, and the constitutive equation
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013 =2G(I + N(z,,t)),5,
0y =2G(I + N(z,,t))e,

(I + N(zy,t)) " =(1 - L(zy,1)), 4)

where 1= {nl,nz} is the unit outward normal vector on
the lateral surface of the body, G=G(¢) is the

instantaneous elastic shear modulus, K, (t,r) and 0)(1‘ , ‘C)
are the shear creep kernel and the shear creep rate kernel,
respectively, and [ is the identity operator. The
arguments have been omitted above in a number of
obvious cases. We also omit them in what follows unless
their absence can lead to a misunderstanding.

Further, the following equilibrium conditions should
hold for the end cross-section €, subjected to the torque

M(t):
M(t): HQ (xlo-23 —x20',3)dx, dx,, (5)

Ijglal3dxl dx, =0, ”QIGB dx, dx, = 0.

Relations (1)—(5) form a problem of the
viscoelasticity theory for a homogeneous ageing body.
The solution of this problem permits one to describe the
stress-strain state of the body on the time interval
te [‘co,'c1 ]

Let us transform the boundary value problem for the
main body. To this end, we divide the expressions
containing the stresses o,; and o,, in (1)—(5) by G and

apply the operator (/—L(t,,?)) to them. Since the
operator (/ —L(t,,?)) commutes with the divergence

operator, we see that the expressions (1)—(4) acquire the
form
oo,

0 0 0
005, 0oy, N 00,,

=0, =0, =0,
Ox; Ox, ox,  Ox,
v . Ou,
gii:aulzosgi' :l aul +i :09isj:192a39 (6)
ox, To2(ox; ox

(x],xz)e L opum+cyn, =0,

Oy =285, O =28y,
where cg and o, are related by the formula
o) =(I-L(z,.t))o,G 7. @)

Likewise, relations (5) become

Mo(t): ”Ql(xlo_gs - x20_103)dx1 dx,,

8
”.Qlagdxl dx, =0, J:[Qlo'&dxl dx, =0, ®

where M° =(I—L(z,,t))MG™".

The boundary value problem (6)—(8), in contrast to
problem (1)—(5), contains time as a parameter and is
mathematically equivalent to a boundary value problem
of the elasticity theory with parameter ¢ .

By substituting the strain—displacement relations into
the equilibrium equations of problem (6), we obtain the
equilibrium equations in terms of displacements in the
form

o’u,  Ou, o’u, u,

ok axox, | ox  ovox, ©)
o’u, 0O'u, Ou, Ou ~0

Ox,0x, Ox; Ox;0x, Ox) .

We use the first three strain—displacement relations in
(6) to obtain

u, =u,(xy,x5,1), i=1,2,3, (10)

where the displacement u, is independent of the
coordinate x; .

In view of (9) and (10), the equilibrium equations in
terms of displacements become

2 2 2
Ou, Ou, 07u,

o’u,
= +

2 2
0x; 0x;

2 2
ox;  Ox;

=0. (11

> 5

It follows from the third equation in (11) that the
function u3(xl,x3,t) is harmonic. Let us find #, (xz,x3,t)

and uz(xl,x3,t). To this end, we integrate the first two
equations in (11) twice with respect to x; . As a result, we
obtain

u = f(xza[)xa +Cl(’)x3 +fi(x2,t)+03(t),

iy = gt ), 40,0 + gyt res) 0

By using (12) and the fourth strain—displacement
relation in (6), we obtain

g, N, %

\ i+ 8, (13)
ox, Ox, Ox

Ox,

Equation (13) permits us to conclude that

= H(t)xl,f= —G(t)xz,g1= c(t)xl,fl= —c(t)xz. (14)
By (14), for the displacements #, and #, we obtain

u = —H(I) X, X5+ (t)x3 —c(t)x2 +¢4 (t),
u, = H(t) XX +c, (t)x3 + c(t)x1 +c,(t)

(15)

The last terms in the expression (15) do not affect the
stress state of the twisted cylindrical body. To eliminate
the translational displacements of the rod along the X, -

and x, -axes, assume that some point of the rod end is
fixed, so that x, =x, =0 at that point. We place the
origin there and require that the additional conditions
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hold at that point so as to prevent the rigid rotations of the
cylindrical body about the x, -, x, -, and x; -axes. Then

c(t)= ¢ (z)= C, (t)= [ (t)= c4(t)= 0 , and hence the
expressions (15) for the stresses x, and x, acquire the
form

u, = —9(t)x2x3, u, = H(t)x3x1. (16)

The function O(t) is called the torsion angle (or
torsion) and is related to the displacements by the

formula
0 (Ou, Ou,
—| =L ——=|=-261¢) 17
0Ox,4 (8)62 ox, J ( ) a7

By analogy with [8], set
u; = 6(1)p, (18)

where . is some function to be determined of the

variables x,, x,, and 1, . It is called the torsion function

and characterizes the deformation of cross-sections.
Then, by (16) and (18), we have

u = —9(t)x2x3, U, = Q(t)x3x1, U = 9(’)(/711- 19)

By using relations (19) and the constitutive equations
in (6), we obtain

0 0
o= 0(1)( 4 - X, } oy = H(t)[ ;)11 +x1J. (20)

Ox, X,

By substituting (20) into the third equilibrium
equation in (3), we find that the function . satisfies the

2D Laplace equation
o, o,

R 21
ot ox; @)

i.e., the torsion function . is harmonic in the domain

Q,.
Let us find the boundary condition for the function

¢, on the contour L, of the cross-section Q; . By

substituting (20) into the boundary condition (3), we
obtain

op,

L : 1
(xl,x2)€ 1 on

= X1, — X|H,. (22)

Thus, we have reduced the original torsion problem
for a prismatic body to the Neumann problem for the
function . in the domain Q,, that is, the problem of

finding a harmonic function . in the cross-section

domain €, (see (1.21)) from the given values of its
normal derivative on the contour L, (see (1.22)).
Since

0, 0,
0 0 _ 2 2 3 4]
X0y —X%,03 = 9(t)[xl X+ —X%

, 23
0x, o, ] @)

We see that the first integral equilibrium condition in
(8) acquires the form

M°(t)=(I - L(z,,0)M ()G ()= 6 (1D,

0 0
A J e ds,

24
D = Hnl[xf +x22 +X o -X, o,

and the second and third conditions are satisfied
identically.
The constant D, is called the torsional rigidity. It only

depends on the shape of the cross-section of the body.
The problem in question has two possible statements:
1.Given the torque M (t), determine the stresses 6,

the displacements u,, and the torsion angle O(t).
2.Given the torsion angle 6(¢), find G, U;, and the
torque M (l‘ )

The solution for the first statement can be constructed
as follows: find the function ., from the boundary

condition, use formulas (24) to find G(I), use formulas

(19) and (20) to find u, and 02. , and finally reconstruct

the true stresses o, by the formula

;= G(t)(o;? + +.r 0'; R, (t,z')dr), (25)
‘0
where R, (t,'t) is the resolvent of the kernel K (t, 7).
For the second statement of the problem, one

determines Pe s finds u;, and Gg by formulas (19) and

(20), reconstructs o, with the use of (25), and

determines M (t) on the basis of (5).

Sometimes it is convenient to study the problem for
the main body in terms of rates of the corresponding
variables, because information about these rates is needed
when solving the problem at the growth stage. To this
end, one should differentiate relations (6) with respect
to ¢ . (From now on, differentiation is always understood
in the sense of distributions.) Then we have

0Su_y O _, Ou, % _,
Ox; T oy T ox, ’
) . Ov,
D, = My, D, =1 M, Mo, i,j=1,2,3,
ox, T2l oy, ox

(xl,xz)eLl 1 S +Syun, =0, (26)
83 =2Dy;, S, =2Dy,
le _ Og..
5, =0 % p %
‘ Ot Ot ot

Relations (26) form an initial-boundary value
problem parametrically depending on time ¢ .
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By analogy with the preceding, one can show that v,
and S; have the following structure:

v ==0"(t)x,x,, v, =¢9'(z‘)x3 X,V = 9'0)%:
09, 0p, 27
Sis _‘9.@[ a(pl _xz]’szz _9.(t)[ fol +xl]9 @n

I, 0x,
where the dot stands for differentiation with respect to ¢

(we use this notation in what follows) and 0°(¢) is the

torsion angular velocity.
By substituting (27) into the third equilibrium
equation in (26), we find that the function . satisfies

the 2D Laplace equation
o, o,

—t+ =0 28
ot ox; @5

i.e., the torsion function . is harmonic in the domain
Q,.
The boundary condition for the function ¢, on the

contour L, of the cross-section , acquires a form
similar to (22),

%,

(ror)e ) 20

Thus, we have reduced the original torsion problem
for a prismatic body to the Neumann problem for the
function ¢, in the domain €, .

The differentiated relation (24) becomes

= X1 — X1, 29)

dr+M(rO)aw((;;T°),

M'(t)+J-t oM (1) dolt,7)
Glt) v or o
M (t)=0"(t)D,. (30)

M™(1)=

To solve the first version of the problem (where the
torque M (t) is given), one should use the boundary

condition to find ¢, then determine v, and S§; by

formulas (28), use formulas (30) to find the torsion
angular velocity, and reconstruct the true stresses,
displacement, and torsion angle by the formulas

CACENE G(’){%(l +£OR<I, r)drj +

+ I:O(Sy (%2, T)+ j:OSy. (3,,x,,G)dgR(z, T)jd{|’

ui(xl,xz,t):ui(xl,xz,ro)JrJ.t vi(xl,xz,r)d‘[, (€3]
0

9(t)= 9(2’0)+ Il 9'(1)511.
0
To solve the second version of the problem (where the
torsion angle 0O(¢z) is given), one should find @

determine v; and §; by formulas (28), reconstruct u,

and o, by formulas (31), and find the torque according
to (5).

Note that the initial values of the stresses,
displacements, and torsion angle in (31) are determined
from the solution of the boundary value problem (1)—(5)
or (6) for t =1, .

Thus, the study of the torsion problem for a growing
body at the stage preceding accretion is complete.

3 Initial-boundary value problem for a
growing rod

Now consider the process of continuous accretion of a
deformable body for ¢ € [’El,‘tz]. For a growing rod, we
have the equilibrium equations

00, 06, 00,5 N 065,

=0, =0,
Ox; 0Ox; ox, X,

=0;  (32)

the strain rate—displacement rate relations

1| ov, v,
D.=— l+7/ :O’D..:D :O,i,‘:11273’ 33
ij 2[8x/. ax,-] ! " / 9

.. *
the boundary condition (t =1"(x,x, ))
_ * _ *
O)3 = G35 Op3 = O3

(xl"x2)€ L*(t)5 0o, 0+ 06, n,=0 (34)
ot ot

on the growth boundary, the initial-boundary condition
(xl,xz) eL,: o n+0yun,=0 (35)

on the immovable boundary, and the constitutive
equations
o, =2G( + N(z, (xl , X, ),t))g13 ,
Oy = 2G(I + N(z,(x,,%, ) 1)) €15, (36)
T (xl > Xy ) = {

7~70’(x1’xz)€ Q,
t*(xl,xz), (xl,xz)e Q*(t)’

where Q*(t):Q(t)\Q1 , the operator (I —L(z,,t)) and
the inverse operator (1 + N(t,¢)) can be determined from
(4) by the replacement of t, with 1, , and cs;(xl,xz,r*)

and G;(x,,xz,t*) are the components of the 2D stress

tensor acting on the surface accreted by the 3D body.
The equilibrium conditions for the end cross-section
Q(t) subjected to the torque M (t) have the form

M(t): J.IQ(Z)(XIGB _xzom)dxl dx,. (37)

Relations (32)—(37) form the general boundary value
problem for a continuously growing body. Relations (36)
show that in general the process of accretion of new
elements leads to constitutive relations with
discontinuities on the interface between the main body
and the additional bodies.
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Let us transform the initial-boundary value problem
for a continuously growing viscoelastic ageing body into
a problem with time parameter coinciding in form with a
boundary value problem of the elasticity theory. At the
first stage, we transform the accretion problem for a
viscoelastic body with constitutive relations (36) to the
accretion problem for an elastic body described by
Hooke’s law.

To this end, we represent the equation of the growth

boundary L'(¢) for ¢ =1, in the form
(xl,xz)eL*(t): T,-1 =0, (38)

where 7, -7 >0 for (x,x,)eQ, and t,—t" <0 for

(.2,) € Q'(0) -
smooth function such that V1" # 0 for © —1, =0. (That
is, there are no singular points on the growth boundary.)

We assume that t  is a sufficiently

We introduce the characteristic function 6(1:1 —r*), which

is equal to unity if the argument of the function is
nonnegative and is zero if the argument is negative. Now

the operator (7 — L(t,,¢)) can be represented in the form

(1= Lle ) 0)= (1= L) e) - 06, - 1)L (0, )1 ()
L(z,.7,)f ()= .[:;f(‘r)Kl (t,7)dr, 39)
0= 19(1'1 - ‘r*)(rl - ‘[*(xl,x2 ))+ r*(xl X, ),

where t° =1, for (x,,xz)eL*(rl).

Let us divide the relations containing the stresses O,
and o,; in (32)-(37) by G and then apply the operator
(I~ L(%).0)

Gg. = —L(r;,t))(sl.ijl , We obtain

Then, in view of the notation

lex Lol oc’, 8ol
13—, 2 ), 13, 9O

=0,
Ox; 0Ox; ox,  Ox,

oy,
D; = 1[6‘)1 +jJ_O,Dii :Dlz :O’i’j:1’2’3’

2 ox; O,
0 _ 0 _
o) =28, Ow =2, (40)
el 0 el
. 03 =030 7,0, =056,
(xl > Xy ) el (t): 60?3 80(2)3 _
p n + 5 n, =0;
t

(xl ’xz) eL,: 5?3”1 + ng”z =0,
MO(I) = J._[Q(t)<x10'§3 —X,0% )dxl dx,.

Let us transform the initial-boundary value problem
(40) to a boundary value problem for the strain rates, the
displacement rates, and the operator stress rates. To this
end, we differentiate the equilibrium equations, the
constitutive equations, the boundary condition on the
immovable boundary Lc(t) , and the equilibrium

condition for the end cross-section with respect to ¢ and
obtain the boundary value problem

0y _, Su_, 0,3,

=0,
0Ox, 0x; ox, Ox,

o Ov,
p, = ¥ P _0.p, =D, =0.ij =123,
2{ax; o
Si3 =2Dy;, Sy =2D,,
(xl,xz)eL*(t): Sizn +S;n, =0, (41)
(xl,xz)e L.: Spin+S;n,=0;

M™(1)= jjg(,)(XISZS —x,S,; ) dx, dx, + L* (t)(xlof3 - X,00% )sn dl,

where the second term in the last formula is a contour
integral over the boundary L’ (t)

Being supplemented with the initial conditions for the
main body at ¢=1,, relations (40), which also contain the

initial-boundary condition on the growth boundary, form
an initial-boundary value problem with time parameter ¢ .

The formulas for the variables v, and S; can be
obtained by the replacement of the

(p(xl,x2,rl)=(/l,l by (p(xeZ:t):@l:

function

Vi :—49'(t)x2x3,v2 - 9'(t)x3x1,v3 - 9'(1‘)(/)[,
Sis =9'(t{g(p’ —)CZJ,S23 =9'(t{2¢’+x1} (42)

Xy Xy

The torsion function ¢, can be found from the
Neumann boundary value problem

2 2
0P OOy,

8x1 6x2 5 (43)
(v.x,)e L'(): =

= X, — X\ N,.

Thus, we have reduced the original torsion problem
for a prismatic body to the Neumann problem for the

function ¢, in the domain Q(t).
Obviously, in view of (42) we obtain

M*(t)=6"()D, + IL*(t)(x1033 —xzag)sn dl,

0 0
D’ _J-.[Q(t)(xlz +x22 T a)(le X af: \J dxl dxza

(44)

where D, is the variable torsional rigidity of the growing
body and ¢, is the unknown harmonic function.

At the stage of growth of the twisted body, we also
have two possible versions of the statement of the
problem.

To solve the first version (where the torque M (t) is

given), one should use the boundary condition to find ¢, ,
then determine v, and §; by formulas (42), use formulas

(44) to find the torsion angular velocity, and reconstruct
the true stresses, displacements, and torsion angle by the
formulas
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0, (x,%,,)= G(O{W(l +.[:5R(t’7)d7) +

+ I:Z(Sy (x1 , X5, r)+ .LT:)S&‘ (x1 2 X5, g)ng(t, t)jdr},
u; (xl,xz,t) =u, ()cl 2 X5, Z';)+ 'r*v,. (xl 2 X5, T)d‘r, (45)
70
o(r)=6(c; )+ [0 (¢)d-.
70

To solve the second version of the problem (where the
torsion angle O(¢) is given), one should find ¢, ,

determine v, and §; by formulas (42), reconstruct u,
and o, by formulas (45), and find the torque according

to formula (5).

To solve the boundary value problem (43), one can
apply methods of the theory of functions of one complex
variable, which we will discuss below.

Thus, the study of the torsion problem for a growing
body at the stage of continuous accretion is complete.

4 Deformation of the rod after the
termination of growth

Let accretion terminate at time t, . At this time, the body
occupies the domain IT, whose cross-section €, is
bounded by the contour L, . On the time interval
te[rz,r3] (where 1, is the time at which the next

accretion stage begins), the problem for the nonvarying
body is similar to problem (32)—(36), where the initial—

boundary condition on the growth boundary L(r) is

lacking,
0oy, ~0 00,, —0 0oy, N 00,;, ~0
Ox; T ox, Ty, ox, '
o Ov,
D, S 0D, =D, =0,i,j=123,
2 ox;  ox

0 =2G(I+ N(z,,0) &5, Oy =2G(I + N(z,,1) &5,
(x, ,xz) el,: oun+oyun, =0, (46)
M(t) = ,ng (x1623 —X;03 )dxl dx,.

By analogy with the preceding, we obtain the
boundary value problem

0y g OBs_( 0, 0y

0, 0, L8 Png 5 =ap,, S, =2D,,
ax3 ax3 aXI axz 13 13 23 23
o Ov,
D =M i\ p =p,=0,ij=123
2 ox; ox 47

(xl,xz)eL2 o Spn +Sisn, =0;
M*(t)= IJQZ(xIS23 — %, )....dx, dx, +J.L2(x10'§3 -X,00, )sn dl.

Problem (47) is obviously similar to problem (26). In
this case, formulas (27), where the function ¢, should
1

be replaced by o, :(p(xl,xz,f2), apply to the variables v,
and S,

V= —9'(t)x2 Xy, Vy = 9'(1?))63 X, vy = 09'(t)¢)r2 ,

0 0
SB—G'(I)[ P _] S23—9'(t)[ a“”z +] (48)

ox, X,

To find the function ¢, , it suffices to solve the

Neumann problem

0 0 0
@;2 + 4‘7212 =0, (x,x,)eL,: ﬁ:xznl —-xn,, (49)
ox; Ox;
MO.(I): 9.([)D2 +L2(x10'33 ~X%,0 )Sn dl,
dp,  0p, (50)
D, =H xf+x22+xlﬂ—x2& dx, dx,.
& X, ox,

To find the solution of the resulting Neumann
boundary value problems, one can use methods of
complex analysis, which are presented, say, in [9]. The
true stresses and displacements can be completely
reconstructed with the use of the decoding formulas (45).

5 Conclusions

* A torsion theory of growing viscoelastic prismatic
rods is constructed. Statements of the corresponding
classical and nonclassical initial-boundary value
problems are given.

* Solution methods for such problems are suggested
based on the reduction on nonclassical problems for
growing bodies to elasticity problems with a
parameter. The subsequent use of complex analysis
and the decoding formulas developed in the paper
permits one to reconstruct the true values of stress-
strain characteristics of growing rods.

* A new effect in mechanics is revealed. In the classical
case, the maximum tangential stress intensity is
known to be attained on the boundary of the body. In
the case of a growing rod, the maximum tangential
stress intensity can be attained at an arbitrary point of
the grown part depending on the growth mode.

* The results obtained can serve as a basis for modeling
the processes of crystal growth from melt,
manufacturing or repairing machine parts by spraying,
weld overlay cladding, or precipitation, and a number
of other additive manufacturing processes (see also
[10-16]).
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