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Abstract. A theoretical as well as a numerical investigation of the propagation of thermoelastic waves and vibration
of transversely isotropic cylinders of finite length is discussed. Lord-Shulman theory is adopted here to model the
thermoelastic deformation of cylinders. A semi analytical finite element (SAFE) method is employed to study
dispersion of thermoelastic waves and natural frequencies of vibration of finite cylinders with traction free curved
surfaces having both ends insulated and constrained by frictionless rigid walls. Numerical results obtained by the
SAFE method for the frequencies of vibration of a sapphire rod are found to be in excellent agreement with published
results. Natural frequencies of vibration for first three axisymmetric and asymmetric modes are presented graphically
for a silicon nitride thermoelastic cylinder. Also, numerical results showing dispersion of both propagating and
evanescent circumferential waves in infinite and finite cylinders are presented also.

1 Introduction
Isothermal vibration of finite–length cylinders has been
studied by many investigators. Since exact analytical
solutions for a finite-length vibrating cylinder cannot be
obtained in general, approximate solutions have been
proposed to estimate natural frequencies of finite
isotropic circular cylinders by [1]-[5]. If the material of
the cylinder is anisotropic, the solution of the free
vibration problem becomes more complex. [6] used
separation of variables technique presented by [7], who
derived
the
dispersion
equations
governing
compressional wave propagation along the axis of a
transversely isotropic cylinder. In their study [6], they
considered the axisymmetric vibrations of finite – length
transversely isotropic
cylinders
and
presented
experimental results for sapphire rods. [8] estimated
natural frequencies of axisymmetric modes of finite
length transversely isotropic cylinders by applying the
Ritz method. [9] and [10] studied axisymmetric and
asymmetric vibrations of a finite transversely isotropic
cylinder using potential functions and compared their
results with the experimental observations of [6]. [11]
studied free vibrations of finite orthotropic thin
cylindrical shells by employing shell theory.
In this paper, thermoelastic circumferential wave
propagation in a finite – length transversely isotropic
cylinder has been investigated. [12] studied analytically
the two-dimension problem of isothermal guided
circumferential waves in a circular annulus. To our
knowledge, propagating and evanescent modes of
circumferential waves in a finite-length transversely
isotropic cylinder have not been studied in the past. Since

finite - length cylinders are common structural
components in many practical applications, the safety of
these structural components must be assessed regularly
for their continual usage or for their repair. In order to
monitor their health, it is necessary to assess their
material properties and detect critical cracks or defects in
them. Guided ultrasonic waves have proven to be very
efficient for structural health monitoring (SHM). In
recent years, laser based ultrasonic techniques for
material
property
measurements
and
defect
characterizations have proven to be very reliable. The
coupled theory of thermoelasticity must be used to find
complete solutions for the guided waves generated by
pulsed lasers.
Recently the thermoelastic wave in a generalized
cross section cylinder immersed in a fluid is studied by
using the Fourier expansion collocation method by [13].
[14] studied the propagation of thermoelastic
circumferential waves in orthotropic cylindrical curved
plates using the Green–Naghdi (GN) generalized
thermoelastic theory (without energy dissipation). It is
shown that thermal properties have no effect on the
circumerential SH wave and the thermoelasticity has very
limited effects on the other circumferential modes. In
2011, a work on the randomness of thermoelasticity wave
in thick hollowed cylinder was reported [15]. They
analytically studied the thermal and mechanical waves
using theory of coupled thermoelasticity without energy
dissipationbased on Green–Naghdi model.
Propagation of thermoelastic waves in a circular
annulus and finite length circular cylindrical shells have
been studied here in the context of LS [16] generalized
theory of thermoelasticity. A semi-analytical finite
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element (SAFE) method [17-19, and references therein]
is employed to study characteristics of guided wave
modes in the cylinder. The dispersion equation governing
the modes is obtained in the form of an eigenvalue
problem. Solutions obtained by the SAFE formulation are
validated by comparing the numerical results for finite
length transversely isotropic elastic cylinders (isothermal
case) with those published by [9], [10]. Frequency spectra
obtained for the (plane strain) circumferential wave
propagation problem are shown to agree well with those
published by [12] for an isotropic (isothermal) case.
Numerical results are presented here for both propagating
and evanescent modes in a transversely isotropic silicon
nitride cylinder.

ij

, the thermal coefficients; kij , the coefficients of

thermal conductivity. In the above equations, the
superposed dot indicates the derivative with respect to
time.
A normalization procedure is needed to find the
solution of the problem. A careful identified set of basic
variables was choosen and see detail in [21]. It may be
noted that the non-dimensional scheme yields all
dimensionless equations in the same form as their
dimensional counterparts. Therefore, this normalization
can be used to solve multilayer cylinders as well. The
final equations of motion in terms of displacements and
temperature are given by
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2 Equations of motion
ij

Consider a finite - length transversely isotropic circular
cylinder of inner radius ri and outer radius ro in the
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Figure 1. Geometry of the cylinder
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T0 , the reference temperature;  , the entropy density;
T , the temperature change; cE , the specific heat at
constant deformation;
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the strain tensor; Cijkl , the elastic constants;
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The generalized LS governing equations of
thermoelasticity, in the absence of body force and heat
source, are given by [20] as,

T0
0 qi  kijT, j

0

In this method, for a finite cylinder of length L, the radial
dependence of the displacement, u , and temperature, T,
is approximated by one dimensional isoparametric finite
elements. The total thickness of the cylinder, H , is
composed of cylindrical layers and each layer can have
distinct thermoelastic properties and thickness. By using
the SAFE method, thickness of the cylinder is discretized
into N laminas. Quadratic interpolation polynomials are
used to approximate the displacement and temperature
field over each lamina in the radial direction.
The displacements and temperature of the kth lamina
are expressed as

z
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3 Semi analytical FE formulation

the cylinder are traction free and the heat flux vanishes at
inner and outer surfaces in the radial direction. The ends
of the cylinder are insulated thermally and also
constrained by frictionless rigid walls.

ri

0

T, j   ui

It’s worth to mention that the above quantities are in
their respective non-dimensional form.

cylindrical coordinate system ( r , , z ) shown in Fig. 1.
The cylinder is initially in the undisturbed state with
uniform temperature T0 . The inner and outer surfaces of

ro

T0 (1
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where s  sin pz  , c  cos pz  , p  m
the length of the cylinder and,
number. The shape functions are

, the thermal relaxation time;
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T

and L is
L
is the axial wave
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Solution of the generalized eigenvalue problem (14)
gives the dispersion relation for guided circumferential
thermoelastic waves in the finite cylinder. On the other
hand, for given integer values of m and n, i twill generate
the frequencies of free thermoelastic vibration of the shell,
see detail in [21].

where
2r  Rb  R f

 

( Rb  r  R f )

R f  Rb

(14)

The nodal displacements urj , u j , uzj , and temperature

T j , where j = 1, 2, 3, are taken at the inner surface Rb,

4 Numerical results and discussion

middle layer Rm and the outer surface Rf of the k lamina.
By employing the variational principle of
thermoelasticity [20], the equations of motion can be
written as, in the matrix form,
th

E1V E2 V,

E3V E4 V,

E5V E6V,

In order to validate the SAFE formulation, a couple of
examples were studied and results were compared with
published literatures. The first example was guided
circumferential waves for the isothermal plane strain
problem, it was reported in [12]. The comparison
between SAFE results and those obtained by Liu and Qu
[12] is shown in below in Fig. 2. The agreement is
excellent. The second example was the vibration of a
finite transversely isotropic cylinder and it was compared
with the results in [9, 10], the comparison does not show
here to save space. They all showed excellent agreement.

E7 V,  0 (11)

where Ei i  1, 2,..., 7  are the global matrices, see
details in [20], V is the global nodal displacement and
temperature vector.
Traction free boundary conditions on surfaces of
cylinder require that the stresses at inner and outer
surfaces of the cylinder are zero

 rr   r   rz  0
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The solution of Eq. (11) is assumed as
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Figure 2. 2D view of propagating modes for s = 0.1 ([12], Fig.

where, V0 is the nodal amplitude vector and  is the
nondimensional

circular

frequency.
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For
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waves
A finite cylindrical tube of length 15mm with inner
and outer radii of 1.5 mm and 2.5 mm, respectively, is
considered here. Thus, the nondimensional length is 15
and, nondimensional inner and outer radii are,
respectively, ri  1.5 and ro  2.5 . The material of the tube
is taken to be transversely isotropic silicon nitride (Si3N4)
[20]. The symmetry axis of the material is aligned with
the axis of the cylinder. For the purpose of
nondimensionalization, normalizing velocity ! is chosen

is defined as

ein  ei ( kro ) where k is the wave number defined as
k   c(ro ) . c(r ) is the phase velocity of the

circumferential wave travelling along the surface at a
distance r. Substitution of Eq. (12) into (11) results in a
set of linear homogeneous equations. For integer values
of m, two eigenvalue problems can be obtained
depending on whether n or ω is chosen as the eigenvalue.
If n serves as the eigenvalue with assigned values for ω,
it will give a quadratic eigenvalue problem:
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to be 0.25 km/s. Furthermore, the normalized density 
is taken to be 1. Then, the nondimensional material
properties of the tube are given by
*
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The dispersion curves for thermoelastic waves in a
cylinder of finite length were evaluated for different
value of m – the wave number in the axial direction.
Group velocities of the circumferential waves are
computed at the outer surface of the cylinder as well. Due
to the limitation, only the results for m = 1 are presented
here.

5 Conclusion
The natural frequencies of vibration of finite length
cylinders have been studied in the context of the L-S
generalized theory of thermoelasticity. The proposed
SAFE formulation is validated by comparing predicted
numerical results with those obtained in earlier
investigations. Thermal modes have a much higher
attenuation than the elastic modes and the influence of
thermal effects on elastic modes is not significant. The
guided waves studied in this paper can be used for
detecting cracks predominantly in the axial direction in
finite cylinders.
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