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Abstract. As an Elastic memory composite (EMC) laminate is bent, the prebuckled plate 
theory is valid until the transition curvature at which point the postbuckled solution becomes 
effective. This is the point at which microbuckling is predicted to occur. From the point onward, 
EMC laminate follows the postbuckled solution. In this paper, a solution of the transition 
curvature is proposed by combining matrix shear energy with Timoshenko’s elastic foundation 

energy. By comparing with the intersection point of the straight line given by the prebuckled 
plate theory and the curve given by the postbuckled solution, the solution can be used to predict 
the point at which microbuckling is predicted to occur. 

1 Introduction 
Elastic memory composites (EMCs) are similar to the conventional fiber-reinforced composites 
except matrix material having a shape-memory function as compared with the conventional polymer 
matrix. Due to some valuable properties, such as high folding deformation, very high deployed 
stiffness- and strength-to-weight ratios, low density[1], EMCs have attracted considerable interests in 
the applications of deployable space-structure industry. Several research teams have reported 
successful fabrications of various components for deployable structures using EMCs, such as 
laminated plates and shells, pultruded rods, open-grid lattices, and hinges[2-4]. 

Compared with the ultimate strain of the reinforcing fibers, the folding strain of continuous-fiber-
reinforced EMCs is much higher. The main mechanism that allows much higher folding strain without 
damage is due to microbuckling, and post-microbuckling response of the compressively loaded fibers 
during bending, which have been confirmed by tests[5-7]. For example, although the ultimate strain of 
high-performance carbon fibers is usually lower than 1%, continuous-carbon-fiber-reinforced EMC 
laminate can receive more than 5% equivalent bending strain. 

Fig. 1 is the sketch of microbuckling in EMC laminate during bending. Microbuckling is regarded 
as an elastic instability response of the compressively loaded reinforcement fibers. For EMCs under 
bending, as the temperature is higher than the glass transition temperature of the matrix (Tg), the 
matrix will become compliant. The compliant matrix can not supply enough shear stiffness to prevent 
the fibers from microbulking under the pressure. Therefore the reinforced fibers in the compressive 
zone can achieve much higher deformation without damage. In the meantime, microbuckles will 
dramatically decrease the stiffness of the fibers in compressive zone and induce their values to be 
much lower than that in tensile zone. Since the matrix is compliant and can not endure much higher  
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load, the mismatch of the stiffness between the compressive and tensile zones will cause the neutral 
axis of EMC laminate significantly shifting toward the tensile zone. By such deformation adjustment, 
the maximum tensile strain of the reinforced fibers can also keep under an endurable value even if the 
equivalent bending strain of EMC laminate is very high. 

Figure 1. Sketch of microbuckling in EMC laminate during bending. 

As an EMC laminate is bent, the prebuckled plate theory can be expressed as 
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where w is the plate width, κ is the bending curvature, Ex is the longitudinal composite Young’s 

modulus, t is the thickness of the laminate, νxy and νyx are respectively the axial, transverse in-plane 
composite Poisson’s ratio. the postbuckled solution given by William H. Francis IV[8] is expressed as 
the following 
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where Gxy is the in-plane composite shear modulus, εb is the equivalent bending strain defined by 
2

b
t� ��                                               (3) 

εb is not the actual strain on either the compression or tension surface because the calculation 
assumes the neutral strain surface is located at the geometric midplane. However, it is a reasonable 
indication of the magnitude of the deformation created by the bending. In order to express the moment 
in terms of the plate curvature rather than the equivalent bending strain, substituting Equation (3) into 
Equation (2) gives 
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The prebuckled plate theory, Equation (1), is valid until the transition curvature at which point the 
postbuckled solution, Equations (2) or (4), becomes effective. Therefore, this is the point at which 
microbuckling is predicted to occur. From the point onward, EMC laminate follows the postbuckled 
solution. The present article aims to provide an analytical solution to predict the transition curvature of 
EMC laminate under bending. The solution and the intersection point of the straight line given by 
Equation (1) and the curve given by Equation (4) are compared, and the reasons of errors are also 
reasonably analyzed. 

2  Analytical solution of transition curvature 

2.1 Critical microbuckling strain 
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By combining the matrix strain energy given by Rosen’s solution for shear instability-mode 
microbuckling composite[9] with Timoshenko’s elastic foundation energy[10], a suitable model and 
solution is proposed to determine the critical wavelength and critical microbuckling strain of the fiber-
microbucking in EMC laminate under pure bending. Based on the laboratory observations that the 
same wavelength of sinusoidal-like and in-plane microbuckling exist in the EMC laminate under pure 
bending[6-7], the following simplified assumptions are applied: all fibers display sinusoidal-like 
microbuckles with the same mode number; the microbuckling mode is recognized as a 1D mode 
instead of 3D mode since no out-of-plane microbuckle is observed in tests; only shear microbuckling 
is identified as the available tests exhibit that it is the dominated mode for EMC laminates under 
bending. 

Fig. 2 shows the 1D microbuckling mode used in calculating matrix shear energy 
21
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where γxy is the shear strain, and can be determined from Fig. 2 using the following expression 
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Figure 2. 1D representation of post-microbuckled EMC laminate. 

Since a fiber in EMC laminate under bending shows a sinusoidal-like microbuckling shape, it can 
be described as 

� �siny a m x l��                                                   (7) 
where m is the mode number, namely, number of waves along the fiber length and must be a positive 
integer to assure the boundary condition, a is the amplitude, and l is the length of the laminate. 

Substituting Equation (7) into Equation (6), then Equation (6) into Equation (5) and the integrating 
result gives the elastic foundation strain energy for specimen with thickness h
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where Gm is shear modulus of the matrix, c is half-spacing between adjacent fibers, and h is fiber 
diameter. 

Figure 3. Buckling of a compressively loaded bar on an elastic foundation. 

Fig. 3 shows Timoshenko’s solution for buckling of a compressively loaded bar in an elastic 

foundation. The elastic foundation is modeled by a number of springs with a stiffness of α separated 
by a distance d. The stiffness per unit length of the elastic foundation can be expressed as 
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d� ��                                                          (9) 
Therefore the strain energy stored in the elastic foundation is expressed as 
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The stiffness β of the elastic foundation in a unit length is determined by combining Equations (10) 
and (8) 
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from which the following expression can be obtained 
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The solution for the critical load at which buckling occurs in the mode of Fig. 3 is given by 
Timoshenko[10] as 
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where Ef is fiber elastic modulus, and If is fiber area moment of inertia. 
The minimized Pcr is obtained by differentiating Equation (13) with respect to m and the result is
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The Equations (14) and (12) yield a new Equation (15): 
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Hence the microbuckling wavelength can be obtained as 
2 3
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where Vm is matrix volume fraction, and it is equal to 2c/(2c+h).
Substituting Equations (14) and (16) into Equation (13), the critical load Pcr can be determined as 
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Therefore the critical stress and strain are respectively obtained as 
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Equation (16) gives a solution of microbuckling wavelength. The critical compressive stress and 
strain on the initiation of the microbuckle are respectively determined by Equations (18) and (19).

The traditional microbuckling solutions have two fundamental buckling modes, namely shear 
buckling[9] and extension-buckling[11] modes. The theoretical buckled shape for shear mode is a 
single half sine function along the length of the specimen of EMC laminate under bending. However, 
the test specimen is 250 mm in length and the fibers have a normal wavelength of around 1 mm[7]. In 
addition, the critical microbuckling wavelength predicted by the extension mode is about 0.09 mm. 
Hence, both shear- and extension-mode solutions in the classical fiber microbuckling mechanics are 
ineffective in forecasting the bending deformation of EMC laminates. Campbell et al.[12] provides a 
theoretical calculation of microbuckling wavelength in EMC laminates. The wavelength value is 

  
 

  
DOI: 10.1051/, 0 (2017)88 MATEC Web of Conferences matecconf/20178802006

CBNCM 2016 

2006 

4



1.035 mm, which is in good agreement with the test result, 1 mm. However, according to the 
expression of microbuckling wavelength the derived critical microbuckling stress goes down with 
increasing the fiber volume fraction, which is difficult to comprehend and questionable. By assuming 
a linear relation between the fiber microbuckling amplitude and the thickness of the laminate, 
Campbell and Maji[13]further proposed an improved 2D microbuckling model. Unfortunately, the 
similar shortage still exists. Francis et al.[14,8] proposes a model describing the complex post-
microbuckled behavior for EMC laminate under bending. However, this study focuses on post-
microbuckled behavior and the model does not apply for small deformations. 

Substituting those test parameters[7] into Equation (16) deduced in this study, the microbuckling 
wavelength of the continuous-carbon-fiber/resin EMC laminate is about 0.72 mm, which is 
comparable with the test result, 1 mm. Meanwhile, the expressions of the critical microbuckling stress, 
Equation (18), and strain, Equation (19), derived from the expression of microbuckling wavelength, 
Equation (16), in the proposed model are reasonable and intuitively correct. 

2.2 Solution of transition curvature 

As an EMC laminate is bent, it is assumed that it’s behavior obeys the lowest energy solution path. the 

prebuckled laminate theory is valid until the transition curvature at which point the postbuckled 
solution becomes the lower energy solution. Equation (1) is only applicable to linear laminate and is, 
thus, referred to as the prebuckled solution to differentiate it from the postbuckled solution provided in 
Equation (4). Therefore, this is the point at which microbuckling is predicted to occur. From the 
bending curvature onward, the EMC laminate follows the postbuckled solution. 

Figure. 4 Sketch of cross section of EMC laminate under transition curvature 

Fig. 4 is the sketch of cross section of EMC laminate under the transition curvature. Soft Matrix 
composite laminate behaves equivalently in tension and compression implying that the neutral axis 
will reside at the symmetry axis of cross section of laminate. The initiation of microbuckling occurs 
on the compression surface of the EMC laminate and the other parts of the EMC laminate have not 
microbuckled. The strain on the compression surface of the EMC laminate can be expressed as 

2
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where κtr is the the transition curvature. 
Equations (20) and (19) induce a new Equation (21) 
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Hence, the transition curvature of soft matrix composite laminate during bending will be obtained 
as

4
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The transition curvature, κtr, is proportional to the matrix shear module, Gm. κtr increases with the 
increase of Gm and decreases with the decrease of Gm. κtr is inversely proportional to thickness of 
compoite t, matrix volume fraction Vm, and fiber Young’s modulus Ef. Those are understandable and 
intuitively correct. 
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3. Verification of solution 
Assigning the parameters in Equations (1) and (4) the values given in Table 1 and plotting the moment 
applied across the laminate length of interest as a function of the bending curvature produces the plot 
shown in Figure 5. The straight line is given by Equation (1) and the curve is given by Equation (4) in 
Figure 5. However, due to the absence of a reliable in-plane shear modulus of composite Gxy, Gxy is 
treated as a curve fitting parameter and it is found that a value of Gxy which is lower than the value in 
Table 1 by a factor of 1.9 is needed for data/model correlation[8]. 

Table 1. Related parameters of soft matrix laminate[8] 

Symbol Unit Value Description

Ex Pa 106×109 longitudinal composite Young’s modulus

Gxy Pa 67.4×106 in-plane shear modulus of composite
vxy - 0.264 axial in-plane composite Poisson’s ratio

vyx - 0 transverse in-plane composite Poisson’s ratio

t mm 0.8, 1.5, 3 thickness of compoite
w mm 25 Width of compoite
Gm psi 3000 matrix shear module
Vm - 0.60 matrix volume fraction
Ef Pa 276×109

fiber Young’s modulus

0.0 0.4 0.8 1.2 1.6 2.0 2.4
0.0

0.1

0.2

t=0.8mm

M
 / 

N
m

����m-1 (a) 
0.0 0.4 0.8 1.2

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

t=1.5mm

M
 / 

N
m

����m-1 (b) 

0.0 0.2 0.4 0.6
0.0

0.5

1.0

1.5

2.0

2.5

3.0

t=3mm

M
 / 

N
m

����m-1 (c) 

Figure 5. The intersection point of the straight line and the curve (a) t=0.8mm,(b) t=1.5mm, (c) t=3mm 

The strain energy stored within the EMC laminate as it is bent is proportional to the area under the 
curves in Figure 5. Therefore, the lowest energy solution at a given curvature is the solution appearing 
lowest in the vertical direction. As an EMC laminate is bent, it is assumed that it’s behavior follows 

the lowest energy solution path. Equation (1) is valid until the transition curvature at which point the 
postbuckled curve becomes the lower energy curve. Therefore, this is the point at which 
microbuckling is predicted to occur. From the transition curvature onward, the laminate follows the 
postbuckled solution, Equation (4). From Figure 5, we can know that the intersection points of the 
straight lines and the curves are respectively about 1.37, 0.73, 0.36 m-1 under three different 
thicknesses of laminate (0.8, 1.5, 3.0mm). 

In keeping with the requirement of Reference[8], the experiment values will be used to represent 
the material properties rather than the predicted values and the experiment values usually have higher 

  
 

  
DOI: 10.1051/, 0 (2017)88 MATEC Web of Conferences matecconf/20178802006

CBNCM 2016 

2006 

6



reliability. The value of matrix shear module Gm in Table 1 is not the predicted value given by 
Reference[8] rather than the value given by Reference[15]. Substituting the relevant data in Table 1 
into Equation (22), the results are approximately 0.625, 0.333, 0.167 m-1 respectively under three 
different thicknesses of laminate (0.8, 1.5, 3.0mm). 

The transition curvatures in Figure 5 are approximately twice the predicted values given by 
Equation (22). The possible reasons exist in two aspects: (a) devices for measuring hard matrix are 
now used to measure soft matrix, so the errors are certainly considerable; (b) a literature[6] shows that, 
the errors may be attributed to the apparent extreme temperature sensitivity of the matrix shear 
module Gm. A temperature of 95°C would result in a Gm that is approximately two and a half times the 
Gm corresponding to 100°C. 

4. Conclusions 
This paper analyses the transition curvature of soft matrix composite laminates during Bending. By 
combining Timoshenko’s elastic foundation energy with the matrix strain energy given by Rosen’s 

solution for shear-instability-mode microbuckling composite, a model is proposed to describe the 
microbuckling deformation of a fiber in soft matrix and the critical compressive strain on the initiation 
of the microbuckle is determined. In the meanwhile, compared with other models, the proposed model 
is more closed to the real situation. When the strain on the compression surface of the EMC laminate 
is equal to the critical compressive strain on the initiation of the microbuckle, the analytical solution 
of the transition curvature is derived. By comparing with the intersection points of the straight lines 
given by the prebuckled plate theory and the curves given by the postbuckled solution, the solution 
can be used to predict the point at which microbuckling is predicted to occur, and the causes of the 
errors are also analyzed in this paper. 
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