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Abstract. The structure of underground waters and water permeability of 
rocks must be taken into account when choosing the location of 
construction objects, the design of tunnels, hydraulic and underground 
structures. The model of filtration for suspension in solid porous medium 
during its displacement with clean water is considered. The numerical 
calculation of boundary of two phases is carried out and concentrations of 
suspended and retained particles are calculated for different values of 
porosity and permeability of the porous medium. 

1 Introduction 
The structure of underground waters and water permeability of rocks must be taken into 
account when choosing the location of construction objects, the design of tunnels, hydraulic 
and underground structures [1]. Underground waters significantly effect the construction 
properties of soils. Intensive filtration of water flows leads to soil loosening and reducing 
its strength. Solution of filtration problems allows forecasting flooding of multistory 
buildings and estimates the long-term sustainability of building structures. 

Underground waters passing through the porous rocks and soil transport a lot of small 
solid particles. The fluid of particles in liquid is called the suspension. Fine migration – 
one-dimensional problem of particle filtration in the solid porous medium during its 
displacement with pure water is considered [2,3]. The pores in the filter form intersecting 
channels of different lengths and shapes. In this paper the mathematical model of the 
particles motion in the filter based on the mechanical-geometric interaction of particles with 
porous medium is considered. Assume that all the particles are solid balls of equal size, and 
the channels have circular cross-section of constant diameter throughout its length. When 
constructing the particle diffusion models the influence of fluid viscosity and electrical 
interaction of the particles with the channel walls are neglected. It is assumed that the solid 
particles pass freely through the large pores and get stuck in the throat of small pores which 
are smaller than the particle diameter [4,5]. The retained particles cannot be driven out by 
the fluid flow or other particles. Deep bed filtration is described by the equation of mass 
balance of suspended and retained particles of suspension and the kinetic equation for 
deposit growth [6]. During long-time filtration the number of free small pores is 
significantly reduced, and the porosity and permeability of the porous medium are changed. 
To take into account this phenomenon, in contrast to the classical equations of filtration the 
dependence of coefficients of the mass balance equation on deposit concentration ( , )S x t  is 
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introduced [7]. It is assumed that the deposit growth is proportional to the concentration 
( , )C x t  of suspended particles. The proportionality coefficient depends on the deposit 

concentration and is called the filtration coefficient [8]. 
The solution of the problem of particle diffusion in the filter describes the process of 

particles transport through the pores of the filter and the dynamics of precipitation. Exact 
and asymptotic solutions of filtration problems are found for some important special cases 
[6, 9-15], but in general, the problem does not have an analytical solution. 

In problem considered at the initial moment the porous medium is filled with 
suspension with given concentrations of suspended and retained particles. At the filter inlet 
the clean water begins to flow. It is gradually displacing the suspension and filling the 
porous medium. In a part of the porous medium, which is after water front, filtration of the 
suspension is terminated, the concentration of suspended particles becomes zero, and the 
concentration of retained particles is constant. 

2 Mathematical model
In the domain {0 1, 0}x t�� � � �  the suspended and retained particles concentrations 

( , ), ( , )C x t S x t  satisfy the equations 
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with border and initial conditions  
0: 0x C� � ; (3)

0 00 : ( ), ( )t C C x S S x� � � . (4)
Here porosity ( )g S , permeability ( )f S , the filter coefficient ( )S
  and initial 
concentrations 0 0( ), ( )C x S x are continuous positive functions.

Equations (1), (2) form a quasi-linear hyperbolic system of the first order. The 
characteristic curve emerging from the origin is the boundary � of two phases, it divides the 
domain � into two subdomains 

w
�  and 

s
�  containing water and suspense, respectively 

(see Fig. 1). In 
w

�  the suspended particles concentration is zero, the retained particles 
concentration does not depend on time; in

s
� the concentrations ( , ), ( , )C x t S x t are

variable и positive. According to the method of characteristics since the conditions (3) and 
(4) disagree at the origin, the solution ( , )C x t has a strong discontinuity on the boundary �.
The solution ( , )S x t  is continuous in � and has a weak break on the water front �.
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Fig. 1. A schematic solution of the problem (1)–(4).
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If the functions included in the equation (1) are constant and  positive  
0 0( ) 0, ( ) 0g S g f S f� � � � , (5)

then the boundary � of two phases and the characteristic of the equation (1) is a straight line
0 0,t x g f� � � � . (6)

For non-permanent functions ( ), ( )g S f S  the boundary � is a curved line, for which
there is no analytical expression.

In general, the problem (1)-(4) does not have an analytic solution. The results of 
numerical calculation by finite differences method as in [16] are given below. 

3 Calculation of fine migration process
Calculation of boundary of two phases is performed for the filter coefficient 

( ) 2S S
 �  , porosity ( ) 1 3g S S� 	  and constant initial conditions 0: 1, 0.5t C S� � �
at different values of permeability: ( ) 1 2f S S� 	 (Fig. 2, a) and ( ) 1 0.1f S S� 	  (Fig. 2, 
b). 

      a) b)

Fig. 2. The boundary between water and suspence.

Calculation of filtration problem is performed by finite difference method for the 
explicit scheme. The relationship between step � in time and step h in coordinate x is 
selected from the Courant condition

,
min( ( ) ( ))

x t

g S f S h� � � . However, the best option is 

reached at 4
h

�
� , when the numerical solution reflects well the behavior of solutions in 

discontinuity points. Numerical solution of the problem (1)-(4) is obtained for the 
coefficients of the equations and constant initial conditions mentioned above for Fig. 2, b) 
(blue solid line is in Fig. 3-6). Red dotted line represents the solution of the problem for the 
permanent porosity and permeability ( ) ( ) 1g S f S� � . 
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     a)    b)
Fig. 3. Suspended particles concentrations for a) 0.5x � ; b) 1x � . 

    a) b)
Fig. 4. Suspended particles concentrations for a) 0.5t � ; b) 1t � . 

      a) b)
Fig. 5. Retained particles concentrations for a) 0.5x � ; b) 1x � . 
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a) b)
Fig. 6. Retained particles concentrations for a) 0.5t � ; b) 1t � . 

a) b)
Fig. 7. 3D-graphs a) Suspended particles concentration; b) Retained particles concentration. 

4 Conclusion 
In this paper a numerical solution of the problem of the displacement of a suspension by
clean water flow in porous medium is obtained. The boundary of two phases is found,
three-dimensional graphics of the concentration of suspended and retained particles and 
their two-dimensional cross-sections at a fixed time and at a given distance from the filter 
inlet are constructed. 

Calculations show that the boundary of two phases depends on the coefficients of the 
equations (1) and (2). If ( ) ( )g S f S�  then the boundary is a straight line segment. The 
greater the ratio ( ) ( )g S f S  differs from the constant, the more the curve � deviates from a 
straight line.

The introduction of variable porosity and permeability significantly changes the 
relationship of suspended and retained particles concentrations depending on the time and 
location. It follows from Fig. 3, 4, 6 that the filtering model with constant functions of 
porosity and permeability can not serve as a linear approximation of the general non-linear 
model. 

For the numerical calculation the blocking filtration coefficient ( ) 2S S
 �  is
selected. In this case for an unlimited time of filtration the retained particles concentration
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( , ) 2S x t �  and the suspended particles concentration ( , ) 1C x t � . However water forces 
out the suspension from a porous medium and prevents particles concentrations to achieve 
limit values (Fig. 3, 5). 
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