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Abstract. Flows of the thin liquid layers on an inclined non-uniformly heated substrate are 
investigated numerically. The evaporation at the thermocapillary interface is taking into 
account. The Oberbeck-Boussinesq equations and the generalized kinematic, dynamic and 
energy conditions on a thermocapillary boundary are used for governing equations. The 
evolution  equation,  which determines  the  position of  the interface,  is obtained on the basis 
of the long-wave approximation of the equations for moderate Reynolds numbers. The 
numerical algorithm for solving of this  evolution equation  is presented. Comparison of  the 
numerical results of  flows of various  liquids is presented. 

1 Introduction  

The effects such as gravity and thermocapillary forces, additional tangential stresses and some other 
factors may affect the flows in thin liquid layers. The influences of various effects on the flow 
character are investigated analytically, numerically and experimentally [1-6]. Evaporation at the 
interface should be taken into account in the modeling of such processes [1-3, 7-9]. A number of 
works are devoted to the numerical study of flow of evaporating thin liquid layers [2-4]. The boundary 
conditions should provide a fulfillment of the conservation laws on the interface [10-12]. 

The motion of a viscous incompressible liquid film along an inclined at an angle �  impermeable 
substrate is investigated numerically. Accompanying  flow of gas moves over a liquid layer. The two-
dimensional mathematical model of the process is based on the Oberbeck-Boussinesq equations. The 
boundary conditions on thermocapillary interface are written with account of evaporation. Long-wave 
theory is applied to construct the nonlinear evolution equations for the liquid film thickness. This 
equation should incorporate the effects of gravity, viscosity, capillarity and thermocapillarity. 

2 The problem statement  

Let the interface position be determined by the equation z=h(x,t). The equation defines the solid 
substrate has the form z=0, the x-axis coincides with the direction of fluid flow (see Fig.1). The 
gravity vector has the form g=(g1, g2)=(g sin��, - g cos��), g = |g|.  
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Figure 1. Geometry of flow domain 
 

The one-sided mathematical model based on the Oberbeck-Boussinesq equations  in the 
dimensionless form can be written as follows in the case, when the Reynolds number Re=O(1) [7]: 

( )2 2
1 sin ,t x z xx zz xu uu wu u u p Tε ε γ α′+ + − = − −  

( )4 4 2
2 cos ,t x z xx zz zw uw ww w w p Tε ε ε γ α′+ + − − = − +  

0,x zu w+ =  

( )2 2 .t x z xx zzPr T uT Tw T Tε ε+ + − =  
Here � is the small parameter of the problem, �=d/l (d and l are the transverse and longitudinal 
characteristic lengths), v=(u, w) is the velocity vector; p' is the modified pressure (p’ = p – �1(�T*)-1 x 
sin� + �2(�T*)-1 z cos�); T is the temperature; � – some relative value of the liquid density; Pr=�/� is 
the Prandtl number; �1=Gr/�; �2=Gr; Gr=d3g�T*/�2 is the Grashof number; the Reynolds number is 
Re=u*l/�; �, �, � is the coefficients of the kinematic viscosity, thermal diffusivity and thermal 
expansion; �* is the characteristic temperature drop; u*  is the characteristic longitudinal velocity of the 
liquid. 

The generalized kinematic, dynamic and energy conditions [7, 12] can be written in the following 
dimensionless form after simplifications: 

( ) ,t x evh h u w EJε− + − =  

( )( ) ,z Ma x x zu x,t T h Tτα τ α= − +   ( )1 ,g
Ca xxp p h Tσα α= − −  

3 6 .z ev xx evT J h Jβ β− = +  

Here Jev is the local mass flux at the thermocapillary interface, E=	T/(
U ��) is the evaporation 
parameter, 	 is the heat conductivity coefficient, 
U is the latent heat of vaporization, ��=MaCa/Pr, 
Ma=�TT*l/(���) is the Marangoni number, Ca=u*��/�0 is the capillary number, �T is the temperature 
coefficient of surface tension, �0 is the value of the coefficient of surface tension � at the some value 
of temperature (we assume the linear dependence of the surface tension on temperature  �=�0-�T(T-

T0)), �Ma=Ma�/Pr, �Ca=�/Ca, / hτα ρνυε= , ,ρ ν  – ratio of the density and the coefficient of 

kinematic viscosity of the gas and liquid, * */gu uυ = , h  – ratio of the characteristic scale of gas layer 

to l, 3β ε= , ( )6 1 1 / / ( )UCaβ ρ ε= − , 2
*/UU uλ= . The local mass flux of vapor at the interface Jev is 

determined by the Hertz-Knudsen equation [2] : Jev =�JT|z=h(x,t)., where 

( )( )
1/2

3
* */ / 2J s U g sT J M R Tα αρ λ π= , � is an accommodation coefficient, �s is the vapor density, J* – 

is the characteristic value of the vapor mass flux, 
 is the molecular weight, Rg is the universal gas 
constant, Ts – saturated vapor temperature. 

The no-slip conditions for velocity and the non-uniform heating are given on the solid plate :  
u|z=0 = 0,  w|z=0 = 0. 
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3 The thin layer equation: scheme of the numerical solution  

The problem of finding of the unknown functions  (longitudinal and transverse velocities, pressure 
and temperature) will be solved  after obtaining the layer  thickness h. Let us consider the problem 
statement for the zero-th order terms of  the expansion  in powers of  � of the input functions.  The 
following evolution equation determines the interface position (a consequence of the kinematic 
condition) [7]:  

( ) (
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Here the function �0 defines the heating of the solid substrate, functions A, C0 and C1 are determined 
from the following relations: 

( )3 6 0

3 61
J xx J

J xx J

h
A

h h

β α β α

β α β α

+ Θ
=

− −
, 

( )
2

0 1
0 2 0 21 cos sin cos

2
g

Ca xx

h
C (x,t) p � h � � � �(A � h) x h ,

Buσ

γ
α γ α= − − − + − +   (2) 

2 3

1 0 1 0 2 0sin cos .
2 6 2Ma x x x

h h h
C (x,t) � �(x,t) � � (C ) h � �h(A � h) � �(A (� ) )τ= − − − + − +�  (3) 

Here ( ) 0
0 0x xx

� A h � h A,  � Ah �= + + = +� .  
The periodic problem of finding the function h satisfying the equation (1) on the interval [-L; L] is 

considered. The following periodic conditions on the boundaries x=-L, x=L are fulfilled: 
| | , | | , | | , | | .x L x L x x L x x L xx x L xx x L xxx x L xxx x Lh h h h h h h h=− = =− = =− = =− == = = =  

After substitution of expressions (2) and (3) the equation (1) can be rewritten as follows: 

4 3 2 1 0t xxxx xxx xxh A h A h A h A h D+ + + + + = .�     (4) 

The coefficients A4, A3, A2, A1, D are the functions which depend on  A, h, �0 and their derivatives. 
Equation (4) is solved numerically by using the following implicit finite-difference scheme�[13]: 

1
1 1 1 1

4 3 2 1 0
k k

k k k k k k k k k
xxxx xxx xx

h h
A h A h A h A h D

τ

+
+ + + +−

+ + + + + = . �   (5) 

The scheme (5) is solved with use of the finite-difference analogues of the second-order 
approximation for all derivatives with respect to x. The uniform finite-difference mesh x1, x2, ..., xN+1 

(xn= –L+(n–1)�x, �x=2L/N) is used for  implementation of the scheme (5). 
The scheme leads to  a system of  linear algebraic equations which can be solved by using the five-

point Thomas algorithm and Thomas algorithm with parameter. The unknown value of the liquid layer 
thickness h at x=-L, x=L is chosen as the parameter. 

Periodic movement of ethanol and HFE-7100 is studied numerically. The initial position of the 
thermocapillary boundary is given by the equation h0 = 1 – �1coskx, where �1=0.01, k=�/2. 
Nonuniformly heating of the substrate is determined using the function �0 = 1 + �0cosk1x·cosk2t, 
where �0=0.25, k1=�/2, k2=2. 

Figure 2 presents the process of evaporation of the thin layer for the two liquids: HFE-7100 and 
ethanol in the case of low gravity (g=9.81·10-2 m/s). The angle of inclination of the substrate � is 
equal to �/6. Numerical investigation shows that the character of change of layer thickness is similar 
for different fluids but the quantitative results differ and the difference increases over time. 
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Figure 2. The behaviour of the liquid layer thickness, the case of low gravity (g=9.81·10-2 m/s): 1 – "HFE-7100-
nitrogen" system, t=10-4, 2 – "HFE-7100-nitrogen" system, t=10-2, 3 – "ethanol-nitrogen" system, t=10-4, 4 – 
"ethanol-nitrogen" system, t=10-2. 
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