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Abstract. New full-statement 3D mathematical model of joint motion of thin liquid film and 
gas in a microchannel at local heating developed by taking into account the heat transfer by 
flows, evaporation and condensation, as well as the heat transfer at the gas-liquid interface is 
derived. The model is based on the full system of the Navier-Stokes equations, taking into 
account the convective terms of motion equations in the phases. Comparison of the numerical 
results obtained using the model based on the full Navier-Stokes equations and using the 
simplified model developed in the framework of the thin layer approximation has been 
performed. The comparison shows that at low Reynolds numbers, simplified model well 
describes all the main characteristics of the gas and liquid motion. With the gas Reynolds 
numbers significant increase difference between numerical results starts to grow. 

1 Introduction 

Flows of thin liquid films driven by various forces such as gas flow, gravity, capillarity, 
thermocapillarity and intermolecular forces are encountered in cooling devices, heat-exchangers, 
microfluidic devices, in wetting and spreading, in condensers, as well as in biomedical and 
geophysical applications. Over the past decades, numerous theoretical and experimental research 
works have been focused on the dynamics and heat transfer in thin liquid films, evaporation and 
condensation processes were taken into account in many studies [l, 2, 3, 4, 5]. Particularly, big variety 
of mathematical models taking into account different features of the liquid motion and heating has 
been developed using the lubrication theory [6, 7, 8], and also numerical simulation of the full Navier­
Stokes equations under certain conditions [9] has been performed. Method of the integral proportions 
proposed by Prof. V.Ya. Shkadov also gives good results [10], but the question about impact of the 
gas phase on the free surface phenomena remains poorly studied. Generally, investigation of joint 
influence ofthermocapillary and mass forces is conducted within the framework of generally accepted 
models, while full understanding of mechanisms of the structures formation and of influence of heat 
and mass transfer effects requires the use of new and more complex mathematical models taking into 
account the convective terms of equations. The first model of joint liquid and gas motion taking into 
account convective heat transfer in liquid and gas phases, as well as evaporation, which has been 
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described by the convective diffusion equation in the gas phase has been proposed in [11] for laminar 
stratify flow with nondeformable free interface. In [12, 13] a 3D simulation of evaporating liquid and 
gas joint motion in a microchannel at local heating is presented. The hydrodynamics has been 
described in the framework of the lubrication approximation, whereas convective heat transport in 
both phases and convective diffusive vapor transport in the gas phase have been taken into account. It 
should be noted that full statement three-dimensional models, describing the liquid films motion 
taking into account the gas phase and the phase changes at the free boundaries are still very rare in 
literature. In the present work new full statement three-dimensional mathematical model of joint 
motion of a viscous liquid film and gas in a microchannel at local heating developed by taking into the 
inertial terms in motion equations as well as convective heat transport in both phases and convective 
diffusive vapor transport in the gas phase. Gas compressibility is neglected. 

2 Problem statement 

Consider a thin film of incompressible viscous liquid sheared by gas inside a microchannel of given 
height He. The microchannel is assumed to be unbounded in x and y directions. A part of wall at the 
side of liquid film is heated (Fig. 1). The transport processes in the liquid and in the gas are described 
by the Navier-Stokes, continuity and energy equations, as well as by diffusion equation in the gas 
phase. 
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Figure 1. A sketch of the physical model. 

The initial film thickness, tangential stresses, the pressure drop, and velocity fields in the liquid 
and gas phases are determined from the exact solution of the problem of isothermal laminar co-current 
flow in the channel with straight streamlines. The upper wall is assumed to be adiabatic and 
impermeable. At the bottom wall no slip condition and thermal boundary conditions, prescribing the 
constant heat flux, q, or constant temperature distribution, T 1, at the heater, are posed. At the gas­
liquid interface the condition of continuity of the tangential component of the velocity vector (no-slip 
condition of two viscous media), mass conservation for the fluid comprising evaporating film and 
mass conservation conditions, dynamic condition with the term expressing the mechanical effect of 
the evaporated matter on the liquid, thermal boundary condition, taking into account the energy 
spending on the phase transition, as well as condition of local thermodynamic equilibrium are posed. 
The concentration, surface tension and dynamic viscosity are assumed to be temperature dependent. 
All details with regard to the problem statement could be found in [11 , 12] for the case of the 
lubrication approximation. 

3 Development of the mathematical model 

In the [11] the lubrication theory has been employed to derive reduced set of equations, so the film 
aspect ratio has been taken asymptotically small£= H0 /l << 1 . And considering inertial terms to be 

negligible, the system of equations with boundary conditions has been rewritten in dimensionless 
form . And afterwards has been reduced to a solution of five governing equations: for the film 
thickness, temperature distribution in liquid and gas, vapor concentration in the gas and gas pressure. 
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Let us assume here that inertial terms in the motion equations are not negligible and should be 
taken into account. To derive the full statement mathematical model, let us perform the change of 
variables in the liquid and gas phases as follows: 

/ 1 1 1 c;=z H,u =uH,v =vH,w =w-uc;Hx-vc;Hy, (1) 

OJ-1 HOJ-Hc 1 Hc-H 
T/ = z - , ug = ug, 

Hc-H Hc-H OJ-1 
(2) 

Where OJ= H c /HO . This change of variables leads to simplification of the problem: spatial 

variables become nondependent on time and having flat free border and the kinematic interfacial 
conditions is simplified and becomes linear. Then the governing equations with boundary conditions 
could be rewritten in the layer ~E (0, I), YJE (I, m), -w<x, y<co. The continuity equations in the 
liquid and in the gas retain their form in new variables but kinematic condition at the free interface 
simplifies. To rewrite governing equations with boundary conditions in the dimensionless form let us 
define scales for the liquid velocity, longitudinal length and temperature as follows: 

µo [O'oH& :1/3 QoHo U =--,/ = --2 ,µ0 = µ(T0 ),[T J = -- or [T J = max(Ji (t,x,y )-T0 ). (3) 
pHo pU KSo t,x,y 

Here Qo/So is the average heat flux at the heater, So the heating area. System of equations with 
boundary conditions has been rewritten in dimensionless form with the following dimensionless 
criteria of similarity and coefficients: 

_ gcosaH5 C- gsinaH0 
A- 2 ' - 2 ' 

Ul U 

Ma= O'r[TJHo' L= J.pgD 
µoUl K{Tj' 

Sh = µgO C = O'T [T] C -1 = µoUl2 R = __Ej_ p = cpµO , r , a 2 , 2 , r , 
PgD O'o O'oHo HoU K 

(4) 

Pr = cpgµgo 
g K 

g 

P Dl2 K p 
P = _g __ k = µOg k = __¥_ k = _j£_ 

3 , 1 , 2 , 3 · 
O'oHo µo K P 

Where a - channel inclination angle, K - thermal conductivity , A - latent heat of vaporization, µ -
liquid dynamic viscosity, p - liquid density, CJ' - surface tension, D - diffusion coefficient, cp -
specific heat of the liquid. Afterwards dimensionless system of equations with boundary conditions 
has been reduced to a solution of five governing equations: for the film thickness, temperature 
distribution in liquid and gas, vapor concentration in gas phase and gas pressure. Numerical solution 
of the problem is implemented by the finite difference method. The alternating directions implicit 
(ADI) method is used to solve the system of grid equations with boundary conditions. To solve the 
problem on each fractional grid step the Thomas algorithm is used. Channel height average pressure in 
liquid and gas has been calculated using the following formulas: 

l m 

p(x,y,t) = f p(x,y,c;,t)dc;, Pg(x,y,t) = (1/ ( m-1)) f Pg(x,y,c;,t)dc;. (5) 
0 1 

This leads to a simplification of the numerical solution of the problem. Material constants correspond 
to water and nitrogen, inclination angle is equal to 0° [14]. 

4 Results 

Calculations have been performed for the constant channel height He = 500 µm, a=0, heater size is 
equal to 3 x 6 mm2 (length x width) and the heat flux q = 0.5 W/cm2. The initial temperature is equal 
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to 30°C. Nondimensional evaporation rate from the gas-liquid interface, J101a1, is calculated using 

formula J total= f--1- ac I dxdy , here A is the area of calculations, C - mass fraction of moisture 
Ah( X, y) 8c; <;'=I 

in the gas phase. JiotaI is proportional by physical meaning to the value (CoDp1;f2)/Ho [kg/s]. Reynolds 

numbers Re= Qp/ µ0 , Reg = QgPg / µ 0g characterize flow intensity in the liquid and gas, here 

Q, Qg - fluid and gas flow rates per unit width, correspondingly. All values presented in the graphs 

are non-dimensional, namely t = ii I U, T = T0 + [T]f, H = H 0h. Influence of the liquid and gas 

Reynolds numbers values on the main process characteristics including the interface deformations, 
maximum temperature and evaporation has been investigated numerically. Reynolds numbers in the 
liquid and gas are varied from 2 to 25 and from 15 to 200, correspondingly, Fig. 2-3. 
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Figure 2. Minimum film thickness versus time. Dashed lines - full Navier-Stokes equations, solid lines -
lubrication approximation. (I) - Re= 25 and Reg= 200; (2) - Re= 2,5 and Reg= 20. 
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Figure 3. (1) - Maximum dimensionless temperature at the gas -liquid interface. (2) - Evaporation rate from the 
gas-liquid interface. Dashed lines - full Navier-Stokes equations, solid lines - lubrication approximation. (1) - Re 
= 25 and Reg= 200; (2) - Re= 2,5 and Reg= 20. 
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In addition, comparison of the numerical results obtained using the model based on the full Navier­
Stokes equations and using the simplified model developed in the framework of the thin layer 
approximation has been performed. The comparison shows that at low values of Reynolds numbers, 
simplified model well describes all the main characteristics of the gas and liquid motion. As one can 
see in Fig. 2 and 3 the difference between the calculated parameters for both models does not exceed 
4%. Lines I and 2 correspond to the Reynolds numbers Re= 25 and Reg= 200 as well as lines 3 and 4 
to the Re= 2,5 and Reg= 20. With the gas Reynolds number significant increase differences between 
numerical results starts to grow. 

5 Conclusion 

New full statement three-dimensional mathematical model of joint motion of a viscous liquid film and 
gas in a microchannel at local heating developed by taking into account the heat transfer by flows, 
evaporation and heat transfer at the gas-liquid interface is derived. The model is based on the full 
system of Navier-Stokes equations, taking into account the inertial terms in motion equations. 
Comparison of the numerical results obtained using the model based on the full Navier-Stokes 
equations and using the simplified model developed in the framework of the thin layer approximation 
is performed. The comparison shows that at low Reynolds numbers, simplified model well describes 
all the main characteristics of the gas and liquid motion. With the gas Reynolds numbers significant 
increase difference between numerical results starts to grow. 
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