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Abstract. The influence of quasi-periodic gravitational modulation of polymerization front with liquid
monomer and liquid polymer is studied in this paper. The model considered includes the heat equation, the
equation for the concentration and the Navier-Stokes equations under the Boussinesq approximation. The lin-
ear stability analysis of the problem is conducted and by using numerical simulation, the convective instability
boundary is carried out. Results obtained show that the convective instability threshold depends on the ampli-
tudes and on the frequencies ratio of the quasi-periodic gravitational modulation. Effect of Prandtl number is also

examined.

1 Introduction

Frontal polymerization is the process of converting
monomer to polymer via reaction front [1]. In this paper,
we study the influence of quasi-periodic (QP) gravitational
modulation on the convective instability of liquid-liquid
polymerization front.

The influence of convective instability on polymeriza-
tion front, in the absence of vibrations, with liquid monomer
and solid polymer was studied in [2] and the case of liquid
polymer was examined in [3]. Other works were dedicated
to analyze the effect of a periodic gravitational modulation
on the convective instability with liquid-solid polymeriza-
tion front in [4] and it was found that the propagation of the
reaction is affected by the parameters of vibration, while
the case of liquid-liquid polymerization was studied in [5]
and it was concluded that, for small vibration amplitudes,
the reaction front remains stable and it loses its stability
for sufficiently large amplitude of vibrations. Recent works
were devoted to the influence of a QP gravitational mod-
ulation on the convective instability of reaction front. For
instance, the influence of the QP gravitational modulation
on reaction front was examined in the case of porous media
described by the Darcy equation [6]. A work was dedicated
to the case of liquid-solid polymerization front in [7] using
the Navier-Stokes equations instead of the Darcy equation
and it was revealed that the amplitudes and the frequencies
ratio influence the stability region of the reaction. Also, it
was shown that for appropriate values of vibration ampli-
tudes and increasing values of the frequencies ratio, a sta-
bilizing effect is reached. The effect of the wave number
on the reaction front was examined showing that increas-
ing the wave number widens the stability domain.

Recently, the case of liquid-liquid polymerization front
was studied in [8]. This case is different from the previous
one [7] where the equation of motion is considered only af-
ter the reaction zone since the polymer is in the solid phase.
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Therefor, the equation of motion is considered before and
after the reaction zone because, both the monomer and the
polymer are liquids. In this latter work, the Prandtl number
is taken as a constant parameter. However, many studies
show a significant effect of low or high Prandtl number on
convective instability (see for instance [9-11] and the ref-
erences therein).

This paper is devoted to study the influence of QP grav-
itational modulation and Prandtl number on convective in-
stability of liquid-liquid frontal polymerization. To this end,
we consider that the acceleration b acting on the fluid is
given by g + b(t), where g is the gravity acceleration, b(f) =
Aysin(ot) + Aysin(o,t) and 44, A and o7y, 0, are, respec-
tively, the amplitudes and the frequencies of the QP vibra-
tions.

The paper is organized as follows. The next section in-
troduces the frontal polymerization model, while the inter-
face problem is given in Section 3. The numerical inves-
tigations are carried out in Section 4 and the last section
summarizes the results.

2 Frontal polymerization model

The propagation of reaction polymerization front is
modelled by the following system of equations:

%—Y; + .V)T = kdT + gW, 2.1
(Z—(: + (.V)a =W, 2.2)
@ + .V = —EVp + vAv
ot I
+g(1 + Ay sin(o1t) + A, sin(o))B(T — Ty)y, 2.3)

div(v) = 0, 24
with the following boundary conditions:

T=T,
T=T,

a=0, and v=0, 2.5)
a=1, and v=0. (2.6)

Z— 400
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and the notation:
g 1 0 0 0

Nz b 2 42 gy (2 22
o " oy? * o7’ (6x’ Ay’ 0z

),

Here (x,y, z) are the spatial coordinates, —co < x,y,z <
+00, T is the temperature, @ the concentration of the re-
action product, v the mean velocity, p the pressure, « the
coeflicient of thermal diffusivity, ¢ the adiabatic tempera-
ture rise, p an average value of density, v the coefficient of
kinematic viscosity, y the unit vector in the z-direction (up-
ward), S the coefficient of thermal expansion, g the grav-
itational acceleration, Ty a mean value of temperature, T;
the initial temperature and 7}, = T; + ¢q is the temperature
of the burned mixture. We then suppose the chemical reac-
tion is one-step of order zero. The reaction rate is defined
as follows :

_[1if a<1
¢(a)_{0ifa=1 :

The temperature dependence of the reaction rate is shown

W = k(T)¢(a),

mathematically in the Arrhenius Law k(T') = koexp(—E/RoT)

[12], where kg is the pre-exponential factor, E the activa-
tion energy (we will assume that the activation energy is
large) and Ry the universal gas constant. We assume that
the liquids are incompressible and we neglect the term of
diffusivity in the concentration equation in the way that the
diffusivity coefficient is very small comparing to the ther-
mal diffusivity coefficient.

To find the dimensionless model, we introduce the di-
mensionless spatial variables undermentioned :

xcy yc ) e}
Xy =—, y=—-— 1=, 1= >
K K K K
p c v
p=—5, cg=—, Uu=—,
cip V2 €
T-T 2kokRyT? E
6= b and = &exp(——),
qE RoTy

Here c represents the stationary reaction front velocity and

can be calculated asymptotically for large Zeldovich num-
ber [13]. To simplify, we keep the same notation for the
other variables and pressure. We can rewrite the system
(2.1)-(2.4) with the two boundary conditions (2.5)-(2.6) in
the following form :

9 o

E + (UV)@ =40 + Zexp (m) ¢(CZ), (27)
oo 0
= 0V = Zexp (s ) (@) 238

%-F(U.V)U = —Vp+PAv+PR(1+A; sin(c1 )+ sin(o21))(0+60)y,

2.9)
div(v) = 0, (2.10)
with the following conditions at infinity :
7> 400 6=-1, a=0, and v=0,
Z— —00: 6=0, a=1, and v=0.

Here P = ~ is the Prandtl number, R = gBgr®[(vc3) is the
K

Rayleigh number, Z = gE/Ry sz is the Zeldovich number,
¢ and 6, are given, respectively, by 6 = RyT/E and 6y =
(Ty = To)/q and u = 2k /c?.

3 The interface problem

To study the propagation of frontal polymerization re-
action with a liquid reactant and liquid product, we con-
sider the equation of motion before and after the reaction
zone. This changes the jump conditions and influences the
stability conditions of the reaction process. It is worthy
to notice that in the case of liquid-solid polymerization
front, the equation of motion is considered after the reac-
tion zone. The linear stability analysis leads to the follow-
ing interface problem :

In the liquid monomer z > ¢ :

06
— + (.V)8 = 46,

1
ot G-I
a =0, 3.2)
% +(.V)o = =Vp+PAv+ Q(1 + A; sino 11+ A, sin 0,1)(6 + 6y)y,
3.3)
div(v) = 0. 34
In the liquid polymer z < ¢ :
06
— V)8 = 46, .
i + (v.V)0 0 3.5)
a=1, (3.6)
0
a—'; + V)0 = ~Vp+ PAv+ Q1 + A, sino 1+ A sin )@+ 6p)y,
(3.7)
div(v) = 0. (3.3)
At the interface z = ¢ :
0c-0 =0cs0 . (3.9)
o)
6Z =—0 BZ {=+0 -
-1
ac\' (ac\ a o o
1+(=2] +[= = = py, = oy, 3.10
[+(ax) +(6y) X6t+ vxax+vyi)y UL(,( )
aoY| ()]
0z 0z
-0 140
-1
ac\: (oY e T
_22(1+(6—x) +(@ Lo exp(m)d‘r, G.11)
Uz |¢==0 = Uz |¢=+0 » (3.12)
v, v,
. = — s 3.13
0Z |r=—o 0Z |r=+0 ( )
0%, 0%,
2= = ZE 3.14
0z? =-0 0z 7=40 G149
3 3 2 2y
-2 (80
02 |y 02|y ox oy

2 247!
[(1 + (%) + (%) ) - 1](1+/11Sin(o’1l‘)+/lzsin(0'zl)) (%)
Ox dy 0z

(=+0
(3.15)
with the conditions at infinity :
7= —00 0=0, v=0,
7= 400 0=-1, v=0. (3.16)
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Fig. 1. The critical Rayleigh number versus the amplitude A, for
two different values of Prandtl number.

4 Numerical results

To study the stability of reaction front, we seek the
solution of the problem as follows :

0=16,+0, P=ps+D, v =05+,

where 6, p and ¥ are respectively small perturbation of
temperature, pressure and velocity.
We consider the perturbation as follows :

6; = (22, 1) exp j(ki x + kay),

0 = 022, 1) exp jlkix + kay),
& = e exp jlkix + koy),
where k;, i = 1,2 and &; denote, respectively, the wave
numbers (in x and y directions) and the amplitude of the
perturbation and ;2 = —1.
The propagating reaction front problem can be reduced
to the following system:

<&
aw ’ 7/ 2 2 . .
i uw’ — P(w"” — k"w) = —=Qk“(1 + A, sin(ot) + A, sin(o,1))6,
w=1v" -k,
00
— —0" —uf +k*0=0.
ot
>¢:

o

B—’f —uw' — P(w” — Kw) = —QKk*(1 + A, sin(o11) + A, sin(0»1)),
w=1v" — K,

90
5 0" —ut +k*0 = uexp(—uz,)v.

With the following boundary conditions :
6>(0,1) — 610, 1) = ue (1),
05(0,1) — 6,0, 1) = —u’e () — &,(t) + v1(0, 1),
0,0, 1) + %9’, 0,1 = —u’e, (1),

o0, = 0,0, i=0,1,2,3.

By combining the boundary conditions, we get :

Z 1 ,
61(0,1) + ;91(0, 1= - (62(0,1) — 6,(0,1)), — vo.

Fig. 1 shows the critical Rayleigh number as a function of
the amplitude A, of QP vibrations for k = 0.7, 4; = 5, u; =5,
f;—f = \5, Z = 8 and for two different values of Prandtl number.
It can be observed that for increased value of Prandtl number, the
reaction front loses its stability.
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Fig. 2. The critical Rayleigh number versus the amplitude A, for
P = 10 and different frequencies ratio.

Fig. 3. The critical Rayleigh number versus the Prandtl number
P for o = \/50'1 and oy = 5.

Fig. 2 illustrates the critical Rayleigh number versus the am-
plitude A, for different frequencies ratio, P = 10, Z = 8, k = 0.7,
A1 =5 and u; = 5. From this figure we can conclude that by in-
creasing the frequency ratio, the stability domain becomes large
in certain interval of A,. By comparing this figure with the re-
sults found in [8] where the Prandtl number, we can observe that
by increasing the Prandtl number (P = 10), the frequency ra-
tio has a destabilizing effect for small values of the amplitude A,
0 <2, <10).

The critical Rayleigh number as a function of the Prandtl
number P is given in Fig. 3 for o, = \/50'1, o1 =514 =14, =5,
Z =8 and k = 0.7. It can be concluded that, for a fixed frequency
ratio, small values of the Prandtl number has a stabilizing influ-
ence on the reaction front and by increasing P, we can observe
that the stability region is decreased. When the Prandtl number
exceeds certain value (P > 7), the effect of this parameter on the
stability of the polymerization front is negligable.

5 Conclusion

In this paper, we have studied the influence of the QP gravi-
tational modulation on the convective instability of frontal poly-
merization with liquid monomer and liquid polymer. To achieve
this, we have considered the model which includes the heat equa-
tion, the concentration equation and the Navier-Stokes ones under
boussinesq approximation.

Assuming the polymerization reaction occurs in a small zone
when the activation energy is high, we have used the Zeldovich
Frank-Kamenetskii method, called also narrow zone approxima-
tion. We have performed an asymptotic analysis to establish the
interface problem and the solution has been chosen as a perturbed
stationary solution. The numerical results show that the convec-
tive instability strongly depends on the parameters of the QP vi-
brations (frequencies ratio and amplitudes) and the Prandtl num-
ber.
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